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1 Probability measure

theory Probability-Measure
imports HOL— Analysis. Analysis
begin

locale prob-space = finite-measure +
assumes emeasure-space-1: emeasure M (space M) = 1

lemma prob-spacel [ Pure.introl]:
assumes x: emeasure M (space M) = 1
shows prob-space M
by (simp add: assms finite-measurel prob-space-azioms.intro prob-space-def)

lemma prob-space-imp-sigma-finite: prob-space M = sigma-finite-measure M
unfolding prob-space-def finite-measure-def by simp

abbreviation (in prob-space) events = sets M

abbreviation (in prob-space) prob = measure M

abbreviation (in prob-space) random-variable M’ X = X € measurable M M’
abbreviation (in prob-space) expectation = integral® M

abbreviation (in prob-space) variance X = integral® M (\z. (X © — expectation
X)?)

lemma (in prob-space) finite-measure [simp|: finite-measure M
by unfold-locales

lemma (in prob-space) prob-space-distr:

assumes f: f € measurable M M' shows prob-space (distr M M’ f)
proof (rule prob-spacel)

have f —¢ space M’ N space M = space M using f by (auto dest: measur-
able-space)

with f show emeasure (distr M M’ f) (space (distr M M’ f)) = 1

by (auto simp: emeasure-distr emeasure-space-1)

qed

lemma prob-space-distrD:
assumes f: f € measurable M N and M: prob-space (distr M N f) shows
prob-space M
proof
interpret M: prob-space distr M N f by fact
have f —‘ space N N space M = space M
using f[THEN measurable-space] by auto
then show emeasure M (space M) = 1
using M.emeasure-space-1 by (simp add: emeasure-distr[OF f])
qed

lemma (in prob-space) prob-space: prob (space M) = 1
by (simp add: emeasure-space-1 measure-eq-emeasure-eg-ennreal)
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lemma (in prob-space) prob-le-1[simp, intro]: prob A < 1
using bounded-measure[of A] by (simp add: prob-space)

lemma (in prob-space) not-empty: space M # {}
using prob-space by auto

lemma (in prob-space) emeasure-eq-1-AE:
Sesets M = AExzin M. x € § = emeasure M S = 1
by (subst emeasure-eq-AE[where B=space M]) (auto simp: emeasure-space-1)

lemma (in prob-space) emeasure-le-1: emeasure M S < 1
unfolding ennreal-1[symmetric] emeasure-eq-measure by (subst ennreal-le-iff)
auto

lemma (in prob-space) emeasure-ge-1-iff: emeasure M A > 1 +— emeasure M A
=1
by (rule iffI, intro antisym emeasure-le-1) simp-all

lemma (in prob-space) AE-iff-emeasure-eg-1:

assumes [measurable]: Measurable.pred M P

shows (AE z in M. P z) +— emeasure M {x€space M. P z} = 1
proof —

have *: {z € space M. = P z} = space M — {x€space M. P x}

by auto
show %thesis
by (auto simp add: ennreal-minus-eq-0 * emeasure-compl emeasure-space-1
AE-iff-measurable[OF - refl]
intro: antisym emeasure-le-1)

qed

lemma (in prob-space) measure-le-1: emeasure M X < 1
using emeasure-space[of M X] by (simp add: emeasure-space-1)

lemma (in prob-space) measure-ge-1-iff: measure M A > 1 <— measure M A =
1
by (auto intro!: antisym)

lemma (in prob-space) AE-I-eq-1:
assumes emeasure M {z€space M. P z} = 1 {x€space M. P z} € sets M
shows AE zin M. P x
proof (rule AE-I)
show emeasure M (space M — {x € space M. P z}) = 0
using assms emeasure-space-1 by (simp add: emeasure-compl)
qed (insert assms, auto)

lemma prob-space-restrict-space:
S € sets M = emeasure M S = 1 = prob-space (restrict-space M S)
by (intro prob-spacel)
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(simp add: emeasure-restrict-space space-restrict-space)

lemma (in prob-space) prob-compl:
assumes A: A € events
shows prob (space M — A) = 1 — prob A
using finite-measure-compl|OF A] by (simp add: prob-space)

lemma (in prob-space) AE-in-set-eq-1:
assumes A[measurable]: A € events shows (AE zin M. z € A) <— prob A =
1
proof —
have *: {z€space M. x € A} = A
using A[THEN sets.sets-into-space] by auto
show ?thesis
by (subst AE-iff-emeasure-eq-1) (auto simp: emeasure-eq-measure *)
qed

lemma (in prob-space) AE-False: (AE = in M. False) «— False
proof
assume AFE z in M. Fualse
then have AF z in M. x € {} by simp
then show Fualse
by (subst (asm) AE-in-set-eq-1) auto
qed simp

lemma (in prob-space) AE-prob-1:
assumes prob A = 1 shows AEzin M.z € A
proof —
from «prob A = 1> have A € events
by (metis measure-notin-sets zero-neg-one)
with AF-in-set-eq-1 assms show ?thesis by simp
qed

lemma (in prob-space) AE-const[simp|: (AE z in M. P) +— P
by (cases P) (auto simp: AE-False)

lemma (in prob-space) ae-filter-bot: ae-filter M # bot
by (simp add: trivial-limit-def)

lemma (in prob-space) AE-contr:
assumes ae: AFwin M. Pw AEwin M. - Pw
shows Fulse

proof —
from ae have AE w in M. False by eventually-elim auto
then show Fulse by auto

qed

lemma (in prob-space) integral-ge-const:
fixes c :: real
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shows integrable M f = (AEzin M. ¢ < fz) = ¢ < ([z. fz OM)
using integral-mono-AE[of M Ax. ¢ f] prob-space by simp

lemma (in prob-space) integral-le-const:
fixes c :: real
shows integrable M f = (AEzin M. fz < ¢) = ([z. fz OM) < ¢
using integral-mono-AE[of M f Az. c| prob-space by simp

lemma (in prob-space) nn-integral-ge-const:
(AEzin M. c< fz) = ¢ < ([tz. fz OM)
using nn-integral-mono-AE[of Az. ¢ f M| emeasure-space-1
by (simp split: if-split-asm)

lemma (in prob-space) expectation-less:
fixes X :: - = real
assumes [simp]: integrable M X
assumes gt: AEzin M. Xz <b
shows expectation X < b
proof —
have expectation X < expectation (Az. b)
using gt emeasure-space-1
by (intro integral-less-AE-space) auto
then show ?thesis using prob-space by simp
qed

lemma (in prob-space) expectation-greater:
fixes X :: - = real
assumes [simp]: integrable M X
assumes gt: AEzin M. a < Xz
shows a < expectation X
proof —
have ezpectation (Az. a) < expectation X
using gt emeasure-space-1
by (intro integral-less-AE-space) auto
then show ?thesis using prob-space by simp
qed

lemma (in prob-space) jensens-inequality:
fixes q :: real = real
assumes X: integrable M X AExin M. X x € I
assumes I: I = {a <.< b} VIi={a<.} VI={.<b}VvI=UNIV
assumes ¢: integrable M (Az. ¢ (X x)) convez-on I q
shows ¢ (expectation X) < expectation (Az. q (X x))
proof —
let ?2F = Xz. Inf (At. (qz — qt) / (z — ) ‘({z<..} N I))
from X (2) AE-False have I # {} by auto

from [ have open I by auto

10
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note [
moreover
{ assume I C {a <..}
with X have a < ezpectation X
by (intro expectation-greater) auto }
moreover
{ assume I C {..< b}
with X have expectation X < b
by (intro expectation-less) auto }
ultimately have expectation X € I
by (elim disjE) (auto simp: subset-eq)
moreover
{ fix y assume y: y € I
with ¢(2) <open I» have Sup (Az. gz + ?Fxx(y —x)) ‘I)=qy
by (auto introl: cSup-eq-mazimum convez-le-Inf-differential image-eql [OF -
y] simp: interior-open) }
ultimately have ¢ (expectation X) = Sup ((Az. ¢ x + ¢F x x (expectation X —
) 1)
by simp
also have ... < ezpectation (Aw. q (X w))
proof (rule cSup-least)
show (\z. ¢ x + ¢F z * (expectation X — z)) ‘I # {}
using <I # {}> by auto
next
fix k assume k € (Az. ¢z + ?F z * (expectation X — z)) ‘1
then obtain z
where z: k= gz + (INFte{z<.} NI. (qz — qt)/ (x —t)) = (expectation
X—-z)zel.
have ¢ © + 2F x * (expectation X — x) = expectation (Aw. ¢ x + ¢F x * (X
w - )
using prob-space by (simp add: X)
also have ... < expectation (Aw. q (X w))
using «z € I» <open I+ X(2)
apply (intro integral-mono-AE Bochner-Integration.integrable-add Bochner-Integration.integrable-mult-rigl
Bochner-Integration.integrable-diff
integrable-const X q)
apply (elim eventually-mono)
apply (intro convez-le-Inf-differential)
apply (auto simp: interior-open q)
done
finally show k < expectation (Aw. ¢ (X w)) using z by auto
qed
finally show ¢ (ezpectation X) < expectation (Az. ¢ (X z)) .
qed

lemma (in prob-space) finite-borel-measurable-integrable:
assumes fe borel-measurable M
and finite (f(space M))
shows integrable M f
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proof —
have simple-function M f using assms by (simp add: simple-function-borel-measurable)
moreover have emeasure M {y € space M. fy # 0} # oo by simp
ultimately have Bochner-Integration.simple-bochner-integrable M f
using Bochner-Integration.simple-bochner-integrable.simps by blast
hence has-bochner-integral M f (Bochner-Integration.simple-bochner-integral M
5
using has-bochner-integral-simple-bochner-integrable by auto
thus ?thesis using integrable.simps by auto
qed

1.1 Introduce binder for probability

syntax

-prob :: pttrn = logic = logic = logic (<("P'((/- in -./ -)"))»)
syntax-consts

-prob == measure
translations

P(z in M. P) => CONST measure M {z € CONST space M. P}

print-translation «
let
fun to-pattern (Const (const-syntax «Pairs, -) $ 1§ r) =
Syntaz.const const-syntax <Pair> :: to-pattern | Q to-pattern r
| to-pattern (t as (Const (syntaz-const-boundy, -)) $ -) = [¢]

fun mk-pattern ((t, n) = xs) = mk-patterns n zs |[>> curry list-comb t
and mk-patterns 0 xs = ([], zs)
| mk-patterns n xs =
let
val (t, xs’) = mk-pattern xs
val (ts, zs'") = mk-patterns (n — 1) zs’
mn
(t :: ts, xs'’)
end

fun unnest-tuples
(Const (syntax-const -patterns, -) $

t1$

(t as (Const (syntax-const <-patterny, -) $ - § -)))
= let

val (- $ t2 § t8) = unnest-tuples t
m

Syntaz.const syntax-const (-pattern) $
unnest-tuples t1 $
(Syntaz.const syntaz-const-patterns> $ t2 $ t3)
end
| unnest-tuples pat = pat
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fun tr’ ctat [sig-alg, Const (const-syntax <Collecty, -) $ t] =
let
val bound-dummyT = Const (syntax-const-boundy, dummyT)

fun go pattern elem
(Const (const-syntax conj, -) $
(Const (const-syntax «Set.members, -) $ elem’$ (Const (const-syntax <spacey,
-) $ sig-alg’)) $
u)
= let
val - = if sig-alg aconv sig-alg’ andalso to-pattern elem’ = rev elem then
() else raise Match;
val (pat, rest) = mk-pattern (rev pattern);

val - = case rest of [| => () | - => raise Match
m
Syntaz.const syntax-const -proby $ unnest-tuples pat $ sig-alg $ u
end
| go pattern elem (Abs abs) =
let
val (z as (- $ tx), t) = Syntax-Trans.atomic-abs-tr’ ctat abs
in
go ((z, 0) :: pattern) (bound-dummyT $ tz :: elem) ¢
end
| go pattern elem (Const (const-syntax case-prod>, -) $ t) =
go

((Syntaz.const syntax-const«<-patterny, 2) :: pattern)
(Syntaz.const const-syntax (Pairy :: elem)
t
m
go [I ] t
end
m
[(const-syntax «Sigma-Algebra.measurey, tr')]
end

definition
cond-prob M P Q =Plwin M. Pw A Q) / Plwin M. Q w)

syntax

-conditional-prob :: pttrn = logic = logic = logic = logic (<("P'(- in -. - |/ -"))»)
syntax-consts

-conditional-prob == cond-prob
translations

P(zin M. P| Q) => CONST cond-prob M (Az. P) (Az. Q)

lemma (in prob-space) AE-E-prob:
assumes ae: AExin M. Pz
obtains S where S C {z € space M. P z} S € events prob S = 1
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proof —
from ae[THEN AE-E] obtain N
where {z € space M. = P 2} C N emeasure M N = 0 N € events by auto
then show thesis
by (intro that[of space M — NJ)
(auto simp: prob-compl prob-space emeasure-eq-measure measure-nonneg)
qed

lemma (in prob-space) prob-neg: {x€space M. P z} € events = P(z in M.~ P
z)=1—P(zin M. P x)
by (auto intro!: arg-cong[where f=prob| simp add: prob-compl[symmetric])

lemma (in prob-space) prob-eq-AE:

(AEzin M. Pz +— Qxz) = {x€space M. P 2} € events = {x€space M. Q
z} € events = P(zin M. Pz) = P(zin M. Q x)

by (rule finite-measure-eq-AFE) auto

lemma (in prob-space) prob-eq-0-AE:

assumes not: AE z in M. = P x shows P(zin M. Pz) =0
proof cases

assume {z€space M. P z} € events

with not have P(z in M. P x) = P(z in M. False)

by (intro prob-eq-AE) auto

then show ?thesis by simp

qed (simp add: measure-notin-sets)

lemma (in prob-space) prob-Collect-eq-0:
{z € space M. Pz} € sets M = P(xin M. Pz) =0 <— (AEzin M. - P x)
using AE-iff-measurable[OF - refl, of M Ax. = P z] by (simp add: emea-
sure-eg-measure Measure-nonney)

lemma (in prob-space) prob-Collect-eq-1:
{z € space M. Pz} € sets M = P(zin M. Pz) =1 — (AEzin M. P 1)
using AE-in-set-eq-1[of {z€space M. P z}] by simp

lemma (in prob-space) prob-eq-0:
A€ sets M = prob A=0<+— (AEzin M.z ¢ A)
using AE-iff-measurable[OF - refl, of M A\z. © ¢ A]
by (auto simp add: emeasure-eq-measure Int-def[symmetric] measure-nonneg)

lemma (in prob-space) prob-eq-1:
A€ sets M = prob A=1<«+— (AEzin M. z € A)
using AFE-in-set-eq-1[of A] by simp

lemma (in prob-space) prob-sums:
assumes P: An. {z€space M. P n ¢} € events
assumes @Q: {z€space M. Q z} € events
assumes ae: AExin M. (Vn. Pnz — Qz) A (Qz — (I!n. Pnx))
shows (An. P(z in M. P n z)) sums P(z in M. Q x)
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proof —
from ae[THEN AE-E-prob] obtain S
where S:
SC{xespace M. Vn. Pnz — Qz) N (Qz — (I!n. Pnux))}
S € events
prob S = 1
by auto

then have disj: disjoint-family (An. {x€space M. P n z} N S)
by (auto simp: disjoint-family-on-def)

from S have ae-S:
AE zin M. z € {z€space M. Q z} «— z € (Un. {z€space M. P nz} N S)
An. AE zin M. z € {z€space M. P n z} +— z € {x€space M. Pnz} N S
using ae by (auto dest!: AE-prob-1)

from ae-S have x:
P(zin M. Q x) = prob (Un. {z€space M. P n x} N S)
using P @ S by (intro finite-measure-eq-AE) auto

from ae-S have *x:
An. P(zin M. P n z) = prob ({x€space M. P n z} N S)
using P @ S by (intro finite-measure-eq-AE) auto

show ?thesis
unfolding * *x using S P disj
by (intro finite-measure-UNION) auto

qed

lemma (in prob-space) prob-sum:

assumes [simp, introl: finite I

assumes P: An. n € I = {z€space M. P n z} € events

assumes @Q: {z€space M. Q z} € events

assumes ae: AExin M. (WVnel. Pnz — Q) A (Q z — (3!n€l. P n x))

shows P(zin M. Q z) = (3 nel. P(zin M. P n x))
proof —

from ae[THEN AE-E-prob] obtain S

where S:
S C{z € space M. ¥nel. Pnz — Qz) AN (Qz — (3ln.ne I APn

)

S € events
prob S = 1
by auto

then have disj: disjoint-family-on (An. {z€space M. Pnz} N S) I
by (auto simp: disjoint-family-on-def)
from S have ae-S:
AE zin M. z € {z€space M. Q z} «— z € (Unel. {z€space M. Pnz} N S)
An.nel = AEzin M. z € {z€space M. P n z} <— z € {z€space M. P
nz}NS
using ae by (auto dest!: AE-prob-1)
from ae-S have *:
P(zin M. Q ) = prob (Unel. {z€space M. P n z} N S)
using P @ S by (intro finite-measure-eq-AE) (auto intro!: sets.Int)
from ae-S have xx:
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An.nel = P(zin M. Pnx)= prob ({z€space M. P n z} N S)
using P @ S by (intro finite-measure-eq-AE) auto
show ?thesis
using S P disj
by (auto simp add: * *x simp del: UN-simps introl: finite-measure-finite- Union)
qed

lemma (in prob-space) prob-EX-countable:
assumes sets: \i. i € I = {x€space M. P iz} € sets M and I: countable T
assumes disj: AEzin M.Viel.Vjel. Pix — Pjz — i=j
shows P(z in M. Jiel. Pixz) = ([1i. P(zin M. P iz) dcount-space I)
proof —
let YN= Az. 3liel. Pix
have ennreal (P(z in M. 3i€l. Pixz)) = P(zin M. (3i€l. Piz A ?N z))
unfolding ennreal-inj[OF measure-nonneg measure-nonneg|
proof (rule prob-eq-AE)
show AF zin M. (3i€l. Piz) = (3icl. Pix A ?N 1)
using disj by eventually-elim blast
qed (auto introl: sets.sets-Collect-countable-Ex' sets.sets-Collect-conj sets.sets-Collect-countable-Ex1’
1 sets)+
also have P(z in M. (3i€l. Pix A ?N z)) = emeasure M (|Ji€l. {xEspace
M. Pixz A ?Nz})
unfolding emeasure-eq-measure by (auto intro!: arg-cong[where f=prob] simp:
measure-nonneq)
also have ... = ([ *i. emeasure M {z€space M. P iz A\ ?N z} dcount-space I)
by (rule emeasure-UN-countable)
(auto introl: sets.sets-Collect-countable-Ex' sets.sets-Collect-conj sets.sets-Collect-countable-Ex1’
I sets
stmp: disjoint-family-on-def)
also have ... = ([ "i. P(zin M. P i z) dcount-space I)
unfolding emeasure-eq-measure using disj
by (intro nn-integral-cong ennreal-inj| THEN iffD2] prob-eq-AE)
(auto introl: sets.sets-Collect-countable-Ex' sets.sets-Collect-conj sets.sets-Collect-countable-Ex1’
I sets measure-nonneg)+
finally show ?thesis .
qed

lemma (in prob-space) cond-prob-eq-AE:

assumes P: AEzin M. Q x — Pz <— P’z {z€space M. P x} € events
{z€space M. P’ z} € events

assumes @Q: AE zin M. Q z +— Q' z {z€space M. Q =} € events {zEspace
M. Q' z} € events

shows cond-prob M P () = cond-prob M P’ Q'

using P @

by (auto simp: cond-prob-def introl: arg-cong2|where f=(/)] prob-eq-AE sets.sets-Collect-cony)

lemma (in prob-space) joint-distribution- Times-le-fst:
random-variable MX X = random-variable MY Y = A € sets MX — B €
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sets MY
= emeasure (distr M (MX @y MY) (Az. (X z, Y 2))) (A x B) < emeasure
(distr M MX X) A
by (auto simp: emeasure-distr measurable-pair-iff comp-def introl: emeasure-mono
measurable-sets)

lemma (in prob-space) joint-distribution- Times-le-snd:
random-variable MX X = random-variable MY Y = A € sets MX — B €
sets MY
= emeasure (distr M (MX @y MY) (Az. (X z, Y z))) (A x B) < emeasure
(distr M MY Y) B
by (auto simp: emeasure-distr measurable-pair-iff comp-def introl: emeasure-mono
measurable-sets)

lemma (in prob-space) variance-eq:
fixes X :: 'a = real
assumes [simp]: integrable M X
assumes [simp|: integrable M (Az. (X z)?)
shows variance X = expectation (\z. (X z)?) — (eapectation X)?
by (simp add: field-simps prob-space power2-diff power2-eq-square[symmetric])

lemma (in prob-space) variance-positive: 0 < variance (X::'a = real)
by (intro integral-nonneg-AFE) (auto introl: integral-nonneg-AE)

lemma (in prob-space) variance-mean-zero:
expectation X = 0 = variance X = expectation (Az. (X z)72)
by simp

theorem (in prob-space) Chebyshev-inequality:
assumes [measurable]: random-variable borel f
assumes integrable M (A\z. fz ~ 2)
defines 1 = expectation f
assumes a > 0
shows prob {z€space M. |fz — pu| > a} < variance f | a®
unfolding p-def
proof (rule second-moment-method)
have integrable: integrable M f
using assms by (blast dest: square-integrable-imp-integrable)
show integrable M (A\z. (f © — expectation f)?)
using assms integrable unfolding power2-eq-square ring-distribs
by (intro Bochner-Integration.integrable-diff) auto
qed (use assms in auto)

locale pair-prob-space = pair-sigma-finite M1 M2 + M1: prob-space M1 + M2:
prob-space M2 for M1 M2

sublocale pair-prob-space C P?: prob-space M1 @ nr M2
proof
show emeasure (M1 @ M2) (space (M1 @ v M2)) = 1
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by (simp add: M2.emeasure-pair-measure-Times M1 .emeasure-space-1 M2.emeasure-space-1
space-pair-measure)
qed

locale product-prob-space = product-sigma-finite M for M :: 'i = 'a measure +
fixes I :: i set
assumes prob-space: \i. prob-space (M 1)

sublocale product-prob-space C M?: prob-space M i for i
by (rule prob-space)

locale finite-product-prob-space = finite-product-sigma-finite M I + product-prob-space
MI for M1

sublocale finite-product-prob-space C prob-space Ilp; i€l. M i
proof

show emeasure (Ilp i€1. M 7) (space (I1py i€I. M i) = 1

by (simp add: measure-times M.emeasure-space-1 prod.neutral-const space-PiM)
qed

lemma (in finite-product-prob-space) prob-times:
assumes X: N\i. i € I = X i € sets (M 1)
shows prob (Ilg i€l. X i) = ([[i€l. M.prob i (X 7))
proof —
have ennreal (measure (Il i€I. M i) (g i€l. X 7)) = emeasure (I1py i€l. M
i) (g iel. X i)
using X by (simp add: emeasure-eq-measure)

also have ... = ([[i€l. emeasure (M i) (X 1))
using measure-times X by simp
also have ... = ennreal (] i€l. measure (M i) (X 7))

using X by (simp add: M.emeasure-eq-measure prod-ennreal measure-nonneg)
finally show ?thesis by (simp add: measure-nonneg prod-nonneg)
qed

lemma product-prob-spacel:
assumes Ai. prob-space (M 1)
shows product-prob-space M
unfolding product-prob-space-def product-prob-space-axioms-def product-sigma-finite-def
proof safe
fix ¢
interpret prob-space M
by (rule assms)
show sigma-finite-measure (M i) prob-space (M 1)
by unfold-locales
qed
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1.2 Distributions

definition distributed :: 'a measure = 'b measure = ('a = 'b) = (b = ennreal)
= bool
where

distributed M N X f <—

distr M N X = density N f A f € borel-measurable N N\ X € measurable M N

lemma
assumes distributed M N X f
shows distributed-distr-eq-density: distr M N X = density N f
and distributed-measurable: X € measurable M N
and distributed-borel-measurable: f € borel-measurable N
using assms by (simp-all add: distributed-def)

lemma
assumes D: distributed M N X f
shows distributed-measurable’|measurable-dest]:
g € measurable L M = (Az. X (g z)) € measurable L N
and distributed-borel-measurable’[measurable-dest):
h € measurable L N = (Az. f (h z)) € borel-measurable L
using distributed-measurable]OF D] distributed-borel-measurable[OF D]
by simp-all

lemma distributed-real-measurable:

(Az. z € space N = 0 < fx) = distributed M N X (A\z. ennreal (f z)) = f
€ borel-measurable N

by (simp-all add: distributed-def)

lemma distributed-real-measurable’:
(Az. z € space N = 0 < fz) = distributed M N X (Az. ennreal (f 1)) =
h € measurable L N = (Az. f (h z)) € borel-measurable L
using distributed-real-measurable[measurable] by simp

lemma joint-distributed-measurablel :

distributed M (S @ m T) (A\z. (X z, Y2)) f = h1 € measurable N M = (Az.
X (k! z)) € measurable N S

by simp

lemma joint-distributed-measurable2:

distributed M (S @ m T) (A\z. (X z, Y2)) f = h2 € measurable N M = (Az.
Y (h2 z)) € measurable N T

by simp

lemma distributed-count-space:
assumes X: distributed M (count-space A) X P and a: a € A and A: finite A
shows P a = emeasure M (X —‘{a} N space M)

proof —
have emeasure M (X —‘{a} N space M) = emeasure (distr M (count-space A)

X) {a}
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using X a A by (simp add: emeasure-distr)

also have ... = emeasure (density (count-space A) P) {a}
using X by (simp add: distributed-distr-eq-density)
also have ... = ([ Tz. P a  indicator {a} z Ocount-space A)

using X a by (auto simp add: emeasure-density distributed-def indicator-def
intro!: nn-integral-cong)
also have ... = Pa
using X a by (subst nn-integral-cmult-indicator) (auto simp: distributed-def
one-ennreal-def [symmetric] AE-count-space)
finally show ?thesis ..
qged

lemma distributed-cong-density:
(AEzin N. fz = g 2) = g € borel-measurable N = f € borel-measurable N
=
distributed M N X f <— distributed M N X g
by (auto simp: distributed-def introl: density-cong)

lemma (in prob-space) distributed-imp-emeasure-nonzero:
assumes X: distributed M MX X Pz
shows emeasure MX {z € space MX. Pxx # 0} # 0
proof
note Pr = distributed-borel-measurable] OF X
interpret X: prob-space distr M MX X
using distributed-measurable|OF X| by (rule prob-space-distr)

assume emeasure MX {z € space MX. Prx # 0} = 0
with Pz have AE z in MX. Prx = 0
by (intro AE-I[OF subset-refl]) (auto simp: borel-measurable-ennreal-iff)
moreover
from X.emeasure-space-1 have ([ *z. Pr z OMX) = 1
unfolding distributed-distr-eq-density[OF X] using Pz
by (subst (asm) emeasure-density)
(auto simp: borel-measurable-ennreal-iff intro!: integral-cong cong: nn-integral-cong)
ultimately show Fulse
by (simp add: nn-integral-cong-AFE)
qed

lemma subdensity:
assumes T: T € measurable P Q
assumes f: distributed M P X f
assumes ¢: distributed M Q Y g
assumes Y: YV =T o X
shows AEzinP.g(Tx)=0— fz =20
proof —
have {z€space Q. g x = 0} € null-sets (distr M Q (T o X))
using g Y by (auto simp: null-sets-density-iff distributed-def)
also have distr M Q (T o X) = distr (distr M PX) QT
using T f[THEN distributed-measurable] by (rule distr-distr[symmetric])
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finally have T —‘ {z€space Q. g x = 0} N space P € null-sets (distr M P X)
using T by (subst (asm) null-sets-distr-iff) auto
also have T —* {z€space Q. g x = 0} N space P = {x€space P. g (T z) = 0}
using T by (auto dest: measurable-space)
finally show ?thesis
using f g by (auto simp add: null-sets-density-iff distributed-def)
qed

lemma subdensity-real:

fixes g :: ‘a = real and f :: 'b = real

assumes 1: T € measurable P Q

assumes f: distributed M P X f

assumes ¢: distributed M Q Y g

assumes Y: Y =T o X

shows (AEzin P. 0 < g (Tz)) = (AEzin P. 0 < fz) = AEzinP. g (T
x)=0—fz=20

using subdensity|OF T, of M X Az. ennreal (fz) Y Az. ennreal (g x)] assms

by auto

lemma distributed-emeasure:

distributed M N X f = A € sets N = emeasure M (X —° A N space M) =
(J ta. fz = indicator A x ON)

by (auto simp: distributed-distr-eq-density[symmetric] emeasure-density[symmetric]
emeasure-distr)

lemma distributed-nn-integral:

distributed M N X f = g € borel-measurable N = ([ Tz. fz % gz ON) =
(f Tz g (X z) OM)

by (auto simp: distributed-distr-eq-density[symmetric] nn-integral-density|symmetric]
nn-integral-distr)

lemma distributed-integral:
distributed M N X f = g € borel-measurable N = (A\z. € space N = 0 <
fz) =
(Jz.fzxgazdN)=([z g (Xz)OM)
supply distributed-real-measurable[measurable]
by (auto simp: distributed-distr-eq-density[symmetric] integral-real-density|symmetric]
integral-distr)

lemma distributed-transform-integral:

assumes Prz: distributed M N X Px N\z. z € space N = 0 < Prx

assumes distributed M P 'Y Py Nz. © € space P— 0 < Py x

assumes Y: Y =T o Xand T: T € measurable N P and f: f € borel-measurable
P

shows ([z. Pyx x fz OP) = ([x. Pxz = f (T z) ON)
proof —

have ([z. Pyxz x fz OP) = ([=. f (Y z) OM)

by (rule distributed-integral) fact+
also have ... = ([z. f (T (X z)) OM)



THEORY “Probability-Measure” 22

using Y by simp
also have ... = ([z. Pra * f (T z) ON)
using measurable-comp|OF T f| Pz by (intro distributed-integral[symmetric])
(auto simp: comp-def)
finally show ?thesis .
qed

lemma (in prob-space) distributed-unique:
assumes Pzx: distributed M S X Pz
assumes Py: distributed M S X Py
shows AE xin S. Prx = Py x
proof —
interpret X: prob-space distr M S X
using Pz by (intro prob-space-distr) simp
have sigma-finite-measure (distr M S X) ..
with sigma-finite-density-unique[of Px S Py | Pz Py
show ?thesis
by (auto simp: distributed-def)
qed

lemma (in prob-space) distributed-jointl:

assumes sigma-finite-measure S sigma-finite-measure T

assumes X |[measurable]: X € measurable M S and Y [measurable]: Y € measur-
able M' T

assumes [measurable]: f € borel-measurable (S @ r T) and f: AE zin S Q m
T.0<fz

assumes eq: NA B. A € sets S = B € sets T =

emeasure M {z € space M. Xz € AN Yz e B} = ([Tz. ([Ty. f (2, y) =

indicator B y OT) x indicator A z 95)

shows distributed M (S @ n T) (Az. (X z, Y)) f

unfolding distributed-def
proof safe

interpret S: sigma-finite-measure S by fact

interpret T': sigma-finite-measure T by fact

interpret ST: pair-sigma-finite S T ..

from ST.sigma-finite-up-in-pair-measure-generator
obtain F :: nat = ('b x ‘c) set
where F: range F C {A x B|A B. A € sets S AN B € sets T} A incseq F' N
U (range F) = space S x space T A (Vi. emeasure (S @ n T) (F i) # 00) ..
let 7E = {a x blab. a€ sets S NDE sets T}
let P =5 ®]\4 T
show distr M ?P (Az. (X z, Y z)) = density ?P f (is ?L = ?R)
proof (rule measure-eql-generator-eq(OF Int-stable-pair-measure-generator[of S
all
show ?E C Pow (space ?P)
using sets.space-closed[of S| sets.space-closed|[of T by (auto simp: space-pair-measure)
show sets 7L = sigma-sets (space ?P) ?F
by (simp add: sets-pair-measure space-pair-measure)
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then show sets ?R = sigma-sets (space ?P) ?E
by simp
next
interpret L: prob-space 7L
by (rule prob-space-distr) (auto intro!: measurable-Pair)
show range F C 2F (4. F i) = space P \i. emeasure ?L (F i) # o0
using F by (auto simp: space-pair-measure)
next
fix £ assume E € 7F
then obtain A B where E[simp|: E = A x B
and A[measurable]: A € sets S and B[measurable]: B € sets T by auto
have emeasure ?L E = emeasure M {z € space M. Xz € AN Yz € B}
by (auto intro!: arg-conglwhere f=emeasure M| simp add: emeasure-distr
measurable-Pair)
also have ... = ([ Tz. ([ Ty. (f (z, y) * indicator B y) * indicator A z OT)
99)
using [ by (auto simp add: eq nn-integral-multc intro!: nn-integral-cong)
also have ... = emeasure ?R E
by (auto simp add: emeasure-density T.nn-integral-fst[symmetric]
introl: nn-integral-cong split: split-indicator)
finally show emeasure ?L. E = emeasure ?R F .
qed
qed (auto simp: f)

lemma (in prob-space) distributed-swap:

assumes sigma-finite-measure S sigma-finite-measure T

assumes Pry: distributed M (S @ m T) (Az. (X z, Y z)) Pay

shows distributed M (T @ p S) (Az. (Y z, X 2)) (A(z, v). Pzy (y, x))
proof —

interpret S: sigma-finite-measure S by fact

interpret T: sigma-finite-measure T by fact

interpret ST: pair-sigma-finite S T ..

interpret T'S: pair-sigma-finite T S ..

note Pzy[measurable]
show ?thesis
apply (subst TS.distr-pair-swap)
unfolding distributed-def
proof safe
let D =distr (SQ@u T) (T @ um S) (A=, y). (y, x))
show 1: (A(z, y). Pzy (y, z)) € borel-measurable 7D
by auto
show 2: random-variable (distr (S @ m T) (T @ m S) (M (z, y)- (v, x))) (Ax.
(Yz, X z))
using Pzxy by auto
{ fix A assume A4: A € sets (T Qm S5)
let B = (A(z, y). (v, )) —* AN space (S Qum T)
from sets.sets-into-space[OF A]
have emeasure M ((Az. (Y z, X x)) —° A N space M) =
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emeasure M ((Az. (X z, Yz)) —¢ B N space M)
by (auto intro!: arg-cong2[where f=emeasure] simp: space-pair-measure)
also have ... = ([ " z. Pzy z * indicator Bz (S @ m T))
using Pry A by (intro distributed-emeasure) auto
finally have emeasure M ((A\z. (Y z, X z)) —* A N space M) =
(J* z. Pry x * indicator A (snd z, fst ) (S @ m T))
by (auto intro!: nn-integral-cong split: split-indicator) }
note x = this
show distr M ?D (Az. (Y z, X z)) = density ?D (M=, y). Pxy (y, z))
apply (intro measure-eql)
apply (simp-all add: emeasure-distr[OF 2] emeasure-density|OF 1])
apply (subst nn-integral-distr)
apply (auto introl: x simp: comp-def split-beta)
done
qed
qed

lemma (in prob-space) distr-marginall:
assumes sigma-finite-measure S sigma-finite-measure T
assumes Pry: distributed M (S @ n T) (Az. (X z, Y z)) Pay
defines Pz = A\z. ([ "z Pay (z, 2) OT)
shows distributed M S X Pz
unfolding distributed-def
proof safe
interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..

note Pzy[measurable]
show X: X € measurable M S by simp

show borel: Px € borel-measurable S
by (auto intro!: T.nn-integral-fst simp: Px-def)

interpret Pzy: prob-space distr M (S @ m T) (Az. (X z, Y z))
by (intro prob-space-distr) simp

show distr M S X = density S Pz
proof (rule measure-eql)
fix A assume A: A € sets (distr M S X)
with X measurable-spacelof Y M T]
have emeasure (distr M S X) A = emeasure (distr M (S @ um T) (A\z. (X z,
Y ))) (A x space T)

by (auto simp add: emeasure-distr introl: arg-cong[where f=emeasure M])

also have ... = emeasure (density (S Q@ ym T) Pry) (A x space T)
using Pzy by (simp add: distributed-def)
also have ... = [* z. [T y. Pry (z, y) = indicator (A x space T) (z, y) OT
08

using A borel Pry
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by (simp add: emeasure-density T.nn-integral-fst[symmetric])
also have ... = [T z. Pz z * indicator A z S
proof (rule nn-integral-cong)
fix z assume z € space S
moreover have eq: \y. y € space T = indicator (A x space T) (z, y) =
indicator A x
by (auto simp: indicator-def)
ultimately have ([ y. Pzy (z, y) * indicator (A x space T) (z, y) 0T) =
(J* y. Pry (z, y) OT) * indicator A x
by (simp add: eq nn-integral-multc cong: nn-integral-cong)
also have ([t y. Pzy (z, y) 0T) = Pz x
by (simp add: Px-def)
finally show ([T y. Pzy (z, y) * indicator (A x space T) (z, y) 0T) = Pz
x * indicator A z .
qed
finally show emeasure (distr M S X) A = emeasure (density S Pz) A
using A borel Pry by (simp add: emeasure-density)
qed simp
qed

lemma (in prob-space) distr-marginal2:
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Pry: distributed M (S @ m T) (A\z. (X z, Y z)) Pay
shows distributed M T Y (\y. ([ Tz. Pry (z, y) 99))
using distr-marginall [OF T S distributed-swap|OF S T]] Pxy by simp

lemma (in prob-space) distributed-marginal-eq-joint1:
assumes 71': sigma-finite-measure T
assumes S: sigma-finite-measure S
assumes Pzx: distributed M S X Pz
assumes Pry: distributed M (S @ m T) (M\z. (X z, Y z)) Pay
shows AE zin S. Prz = ([ ty. Pry (z, y) 0T)
using Pz distr-marginall [OF S T Pzy] by (rule distributed-unique)

lemma (in prob-space) distributed-marginal-eq-joint2:
assumes 71 sigma-finite-measure T
assumes S: sigma-finite-measure S
assumes Py: distributed M T'Y Py
assumes Pry: distributed M (S @ m T) (A\z. (X z, Y z)) Pay
shows AE yin T. Py y = ([ Tz. Pry (z, y) 95)
using Py distr-marginal2[OF S T Pxy] by (rule distributed-unique)

lemma (in prob-space) distributed-joint-indep':

assumes S: sigma-finite-measure S and T: sigma-finite-measure T

assumes X[measurable]: distributed M S X Px and Y[measurable]: distributed
MTY Py

assumes indep: distr M S X @ distr M TY = distr M (S Qum T) (Az. (X
z, Yx))

shows distributed M (S @ nm T) (Az. (X z, Y z)) (Mz, y). Prz x Py y)
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unfolding distributed-def

proof safe
interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..

interpret X: prob-space density S Px
unfolding distributed-distr-eq-density|OF X, symmetric]
by (rule prob-space-distr) simp

have sf-X: sigma-finite-measure (density S Px) ..

interpret Y: prob-space density T Py
unfolding distributed-distr-eq-density|OF Y, symmetric]
by (rule prob-space-distr) simp

have sf-Y: sigma-finite-measure (density T Py) ..

show distr M (S Qm T) (Mz. (X z, Y z)) = density (S Qm T) (Mz, y). Pz
v Pyy)
unfolding indep[symmetric| distributed-distr-eq-density| OF X| distributed-distr-eq-density]| OF
v)
using distributed-borel-measurable] OF X]
using distributed-borel-measurable[OF Y]
by (rule pair-measure-density[OF - - T sf-Y])

show random-variable (S Q p T) (Az. (X z, Y z)) by auto

show Pxy: (M, y). Px x * Py y) € borel-measurable (S @ am T) by auto
qed

lemma distributed-integrable:
distributed M N X f = g € borel-measurable N = (A\z. z € space N = 0 <
fzr) =
integrable N (\z. fx x g ) +— integrable M (Az. g (X x))
supply distributed-real-measurable[measurable]
by (auto simp: distributed-distr-eq-density[symmetric| integrable-real-density|symmetric]
integrable-distr-eq)

lemma distributed-transform-integrable:
assumes Pz: distributed M N X P A\z. © € space N = 0 < Prx
assumes distributed M P Y Py Nz. © € space P — 0 < Py z
assumes Y: YV = (Az. T (X z)) and T: T € measurable N P and f: f €
borel-measurable P
shows integrable P (Ax. Py = x f ) <— integrable N (Az. Prx * f (T z))
proof —
have integrable P (Az. Py x % f x) +— integrable M (\z. f (Y z))
by (rule distributed-integrable) fact+
also have ... +— integrable M (Az. f (T (X z)))
using Y by simp
also have ... «— integrable N (Az. Pz x x f (T z))
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using measurable-comp|OF T f] Pz by (intro distributed-integrable[symmetric))
(auto simp: comp-def)
finally show ?thesis .
qed

lemma distributed-integrable-var:
fixes X :: ‘a = real
shows distributed M lborel X (Az. ennreal (f z)) = (Az. 0 < fz) =
integrable lborel (Az. fx * ©) = integrable M X
using distributed-integrable[of M lborel X f Ax. x| by simp

lemma (in prob-space) distributed-variance:

fixes f::real = real

assumes D: distributed M lborel X f and [simp]: Nz. 0 < fz

shows variance X = ([ z. 2% = f (z + expectation X) dlborel)
proof (subst distributed-integral] OF D, symmetric])

show ([ z. fz x (z — expectation X)? dlborel) = ([ z. z* = f (z + expectation
X) Olborel)

by (subst lborel-integral-real-affinelwhere c=1 and t=ezpectation X|) (auto

simp: ac-simps)
qed simp-all

lemma (in prob-space) variance-affine:
fixes f::real = real
assumes [arith]: b # 0
assumes D[introl]: distributed M lborel X f
assumes [simp|: prob-space (density lborel f)
assumes [[simp]: integrable M X
assumes [2[simp]: integrable M (Az. (X x)?)
shows variance (A\r. a + b x X z) = b% % variance X
by (subst variance-eq)
(auto simp: power2-sum power-mult-distrib prob-space variance-eq right-diff-distrib)

definition
simple-distributed M X f «—
V. 0 < fzx) A
distributed M (count-space (X ‘space M)) X (Az. ennreal (f z)) A
finite (X‘space M)

lemma simple-distributed-nonneg|dest]: simple-distributed M X f = 0 < fz
by (auto simp: simple-distributed-def)

lemma simple-distributed:
simple-distributed M X Pr = distributed M (count-space (X ‘space M)) X Pz
unfolding simple-distributed-def by auto

lemma simple-distributed-finite[dest]: simple-distributed M X P = finite (X ‘space
M)
by (simp add: simple-distributed-def)
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lemma (in prob-space) distributed-simple-function-superset:
assumes X: simple-function M X Nz. z € X ‘ space M = P x = measure M
(X —“{z} N space M)
assumes A: X‘space M C A finite A
defines S = count-space A and P’ = (A\z. if z € X‘space M then P z else 0)
shows distributed M S X P’
unfolding distributed-def
proof safe
show (Az. ennreal (P’ x)) € borel-measurable S unfolding S-def by simp
show distr M S X = density S P’
proof (rule measure-eql-finite)
show sets (distr M S X) = Pow A sets (density S P') = Pow A
using A unfolding S-def by auto
show finite A by fact
fix ¢ assume a: a € A
then have a ¢ X‘space M = X —*{a} N space M = {} by auto
with 4 a X have emeasure (distr M S X) {a} = P’ a
by (subst emeasure-distr)
(auto simp add: S-def P’-def simple-functionD emeasure-eq-measure mea-
surable-count-space-eq2
intro!: arg-cong[where f=prob])
also have ... = ([ Tz. ennreal (P’ a) * indicator {a} z 95)
using A X a
by (subst nn-integral-cmult-indicator)
(auto simp: S-def P’-def simple-distributed-def simple-functionD mea-
sure-nonneg)

also have ... = ([ Tz. ennreal (P’ z)  indicator {a} z 85)
by (auto simp: indicator-def introl: nn-integral-cong)
also have ... = emeasure (density S P') {a}

using a A by (intro emeasure-density[symmetric]) (auto simp: S-def)
finally show emeasure (distr M S X) {a} = emeasure (density S P') {a} .
qed
show random-variable S X
using X (1) A by (auto simp: measurable-def simple-functionD S-def)
qed

lemma (in prob-space) simple-distributedl:
assumes X: simple-function M X
Ne. 0 < Pz
Nz. 2 € X “space M = P z = measure M (X —‘{z} N space M)
shows simple-distributed M X P
unfolding simple-distributed-def
proof (safe intro!: X)
have distributed M (count-space (X * space M)) X (Az. ennreal (if x € X‘space
M then P z else 0))
(is 74)
using simple-functionD[OF X (1)] by (intro distributed-simple-function-superset| OF
X(1,3)]) auto
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also have ?A +— distributed M (count-space (X ‘ space M)) X (Az. ennreal (P
z))
by (rule distributed-cong-density) auto
finally show ... .
qed (rule simple-functionD[OF X(1)])

lemma simple-distributed-joint-finite:
assumes X: simple-distributed M (A\z. (X z, Y z)) Pz
shows finite (X  space M) finite (Y * space M)
proof —
have finite (A\z. (X z, Y )) * space M)
using X by (auto simp: simple-distributed-def simple-functionD)
then have finite (fst ‘ (Az. (X z, Y z)) ‘ space M) finite (snd ‘ (Az. (X z, Y x))
‘ space M)
by auto
then show fin: finite (X ¢ space M) finite (Y * space M)
by (auto simp: image-image)
qed

lemma simple-distributed-joint2-finite:
assumes X: simple-distributed M (Az. (X z, Yz, Zz)) Pz
shows finite (X ‘ space M) finite (Y ‘ space M) finite (Z ¢ space M)
proof —
have finite (A\z. (X z, Yz, Z z))  space M)
using X by (auto simp: simple-distributed-def simple-functionD)
then have finite (fst * (A\z. (X z, Yz, Z x)) ‘ space M)
finite ((fst o snd) “(M\zx. (X z, Yz, Z1x)) ‘ space M)
finite ((snd o snd) * (\z. (X z, Y, Z x)) ‘ space M)
by auto
then show fin: finite (X  space M) finite (Y  space M) finite (Z * space M)
by (auto simp: image-image)
qed

lemma simple-distributed-simple-function:
simple-distributed M X Pr = simple-function M X
unfolding simple-distributed-def distributed-def
by (auto simp: simple-function-def measurable-count-space-eq2)

lemma simple-distributed-measure:

simple-distributed M X P = a € X‘space M = P a = measure M (X —‘{a}
N space M)

using distributed-count-space[of M X‘space M X P a, symmetric]

by (auto simp: simple-distributed-def measure-def)

lemma (in prob-space) simple-distributed-joint:
assumes X: simple-distributed M (A\z. (X z, Y z)) Px
defines S = count-space (X‘space M) @ ar count-space (Y'space M)
defines P = (Az. if v € (\z. (X z, Y z)) ‘space M then Px z else 0)
shows distributed M S (Az. (X z, Y z)) P
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proof —
from simple-distributed-joint-finite|OF X, simp)
have S-eq: S = count-space (X‘space M x Y‘space M)
by (simp add: S-def pair-measure-count-space)
show ?thesis
unfolding S-eq P-def
proof (rule distributed-simple-function-superset)
show simple-function M (\z. (X z, Y x))
using X by (rule simple-distributed-simple-function)
fix x assume z € (\z. (X 2, Y x))  space M
from simple-distributed-measure|OF X this]
show Pz z = prob (A\z. (X z, Y z)) —‘ {z} N space M) .
qged auto
qed

lemma (in prob-space) simple-distributed-joint2:
assumes X: simple-distributed M (\z. (X z, Y z, Z z)) Pz
defines S = count-space (X‘space M) Q) n count-space (Yispace M) Q) am
count-space (Z‘space M)
defines P = (Az. if € (\z. (X z, Yz, Z x)) ‘space M then Pz x else 0)
shows distributed M S (A\z. (X z, Yz, Zx)) P
proof —
from simple-distributed-joint2-finite]OF X, simp]
have S-eq: S = count-space (X‘space M x Y‘space M x Z‘space M)
by (simp add: S-def pair-measure-count-space)
show %thesis
unfolding S-eq P-def
proof (rule distributed-simple-function-superset)
show simple-function M (Az. (X z, Y z, Z x))
using X by (rule simple-distributed-simple-function)
fix x assume z € (\z. (X o, Yz, Zx)) ¢ space M
from simple-distributed-measure|OF X this]
show Pz x = prob (M. (X z, Yz, Zx)) —*{z} N space M) .
qged auto
qed

lemma (in prob-space) simple-distributed-sum-space:
assumes X: simple-distributed M X f
shows sum f (X‘space M) = 1
proof —
from X have sum f (X‘space M) = prob (i€ X space M. X —*{i} N space M)
by (subst finite-measure-finite-Union)
(auto simp add: disjoint-family-on-def simple-distributed-measure simple-distributed-simple-function
simple-functionD
introl: sum.cong arg-conglwhere f=prob|)
also have ... = prob (space M)
by (auto intro!: arg-conglwhere f=prob))
finally show ?thesis
using emeasure-space-1 by (simp add: emeasure-eg-measure)
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qed

lemma (in prob-space) distributed-marginal-eq-joint-simple:
assumes Pz: simple-function M X
assumes Py: simple-distributed M Y Py
assumes Pzy: simple-distributed M (Az. (X z, Y z)) Pxy
assumes y: y € Y'space M
shows Py y = (3 z€X‘space M. if (z,y) € (Az. (X z, Y z)) ‘ space M then Pxy
(z, y) else 0)
proof —
note Px = simple-distributed][OF Px measure-nonneg refl]
have AFE y in count-space (Y * space M). ennreal (Py y) =
[tz ennreal (if (z, y) € (A\z. (X z, Y z))  space M then Pzy (z, y) else
0) dcount-space (X * space M)
using sigma-finite-measure-count-space-finite sigma-finite-measure-count-space-finite
simple-distributed|OF Py| simple-distributed-joint| OF Py
by (rule distributed-marginal-eq-joint2)
(auto intro: Py Pz simple-distributed-finite)
then have ennreal (Py y) =
(> zeXspace M. ennreal (if (x, y) € (Az. (X z, Y x)) ‘ space M then Pry (x,
y) else 0))
using y Pz[THEN simple-distributed-finite]
by (auto simp: AE-count-space nn-integral-count-space-finite)
also have ... = (> z€X‘space M. if (z, y) € (Mz. (X =, Y z))  space M then
Pzy (z, y) else 0)
using Pzy by (intro sum-ennreal) auto
finally show ?thesis
using simple-distributed-nonneg| OF Py| simple-distributed-nonneg| OF Py
by (subst (asm) ennreal-inj) (auto intro: sum-nonneg)
qed

lemma distributedl-real:
fixes f :: 'a = real
assumes gen: sets M1 = sigma-sets (space M1) E and Int-stable E
and A: range A C F (Ji::nat. A i) = space M1 \i. emeasure (distr M M1 X)
(44) # o0
and X: X € measurable M M1
and f: f € borel-measurable M1 AE x in M1. 0 < fx
and eq¢: NA. A € E = emeasure M (X —* A N space M) = ([t z. fz =
indicator A x OM1)
shows distributed M M1 X f
unfolding distributed-def
proof (intro conjI)
show distr M M1 X = density M1 f
proof (rule measure-eql-generator-eq[where A=A])
{ fix A assume 4: A € F
then have A € sigma-sets (space M1) E by auto
then have A € sets M1
using gen by simp
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with f A eq[of A] X show emeasure (distr M M1 X) A = emeasure (density
M1f) A
by (auto simp add: emeasure-distr emeasure-density ennreal-indicator
introl: nn-integral-cong split: split-indicator) }
note eq-F = this
show Int-stable E by fact
{ fix e assume ¢ € E
then have e € sigma-sets (space M1) E by auto
then have e € sets M1 unfolding gen .
then have e C space M1 by (rule sets.sets-into-space) }
then show F C Pow (space M1) by auto
show sets (distr M M1 X) = sigma-sets (space M1) E
sets (density M1 (Az. ennreal (f x))) = sigma-sets (space M1) E
unfolding gen[symmetric] by auto
qed fact+
qed (insert X f, auto)

lemma distributedI-borel-atMost:
fixes f :: real = real
assumes [measurable]: X € borel-measurable M
and [measurable]: f € borel-measurable borel and f[simp|: AE z in lborel. 0 <
fx
and g-eq: Na. ([ Tz. fz * indicator {..a} z dlborel) = ennreal (g a)
and M-eq: Na. emeasure M {z€space M. X x < a} = ennreal (g a)
shows distributed M Ilborel X f
proof (rule distributedI-real)
show sets (lborel::real measure) = sigma-sets (space lborel) (range atMost)
by (simp add: borel-eq-atMost)
show Int-stable (range atMost :: real set set)
by (auto simp: Int-stable-def)
have vimage-eq: Na. (X —*{..a} N space M) = {x€space M. X = < a} by auto
define A where A { = {.. real i} for i :: nat
then show range A C range atMost (|Ji. A i) = space lborel
Ni. emeasure (distr M lborel X) (A i) # o0
by (auto simp: real-arch-simple emeasure-distr vimage-eq M-eq)

fix A :: real set assume A € range atMost
then obtain ¢ where A: A = {..a} by auto
show emeasure M (X —“ A N space M) = ([ Tz. fz = indicator A z dlborel)
unfolding vimage-eq A M-eq g-eq ..
qed auto

lemma (in prob-space) uniform-distributed-params:
assumes X: distributed M MX X (Az. indicator A x | measure MX A)
shows A € sets MX measure MX A # 0
proof —
interpret X: prob-space distr M MX X
using distributed-measurable[OF X| by (rule prob-space-distr)
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show measure MX A # 0
proof
assume measure MX A = 0
with X.emeasure-space-1 X.prob-space distributed-distr-eq-density| OF X]
show Fulse
by (simp add: emeasure-density zero-ennreal-def[symmetric])
qed
with measure-notin-sets[of A MX] show A € sets MX
by blast
qged

lemma prob-space-uniform-measure:
assumes A: emeasure M A # 0 emeasure M A # oo
shows prob-space (uniform-measure M A)
proof
show emeasure (uniform-measure M A) (space (uniform-measure M A)) = 1
using emeasure-uniform-measure|OF emeasure-neq-0-sets|OF A(1)], of space
%
using sets.sets-into-space| OF emeasure-neq-0-sets|OF A(1)]] A
by (simp add: Int-absorb2 less-top)
qed

lemma prob-space-uniform-count-measure: finite A — A # {} = prob-space
(uniform-count-measure A)

by standard (auto simp: emeasure-uniform-count-measure space-uniform-count-measure
one-ennreal-def)

lemma (in prob-space) measure-uniform-measure-eq-cond-prob:
assumes [measurable]: Measurable.pred M P Measurable.pred M @
shows P(z in uniform-measure M {z€space M. Q z}. P x) = P(zin M. Pz |
Q z)
proof cases
assume Q: measure M {z€space M. Q =} = 0
then have x: AEzin M. - Qzx
by (simp add: prob-eq-0)
then have density M (\x. indicator {xz € space M. Q z} x / emeasure M {z €
space M. Q z}) = density M (A\z. 0)
by (intro density-cong) auto
with x show ?thesis
unfolding uniform-measure-def
by (simp add: emeasure-density measure-def cond-prob-def emeasure-eq-0-AE)
next
assume Q: measure M {z€space M. Q z} # 0
then show P(z in uniform-measure M {x € space M. Q z}. P x) = cond-prob
MPQ
by (subst measure-uniform-measure)
(auto simp: emeasure-eq-measure cond-prob-def measure-nonneg introl: arg-cong[where
f=prob])
qed
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lemma prob-space-point-measure:

finite S = (\s. s € § = 0 < ps) = (3 s€S. ps) =1 = prob-space
(point-measure S p)

by (rule prob-spacel) (simp add: space-point-measure emeasure-point-measure-finite)

lemma (in prob-space) distr-pair-fst: distr (N @y M) N fst = N
proof (intro measure-eql)
fix A assume A: A € sets (distr (N @ p M) N fst)
from A have emeasure (distr (N @y M) N fst) A = emeasure (N @ pr M)
(A x space M)
by (auto simp add: emeasure-distr space-pair-measure dest: sets.sets-into-space
introl: arg-cong2|where f=emeasure])
with A show emeasure (distr (N @ M) N fst) A = emeasure N A
by (simp add: emeasure-pair-measure-Times emeasure-space-1)
qed simp

lemma (in product-prob-space) distr-reorder:
assumes inj-ont Jt € J — K finite K
shows distr (PiM K M) (Pipy J (Az. M (t z))) (Qw. An€J. w (t n)) = PiM J
(Az. M (t z))
proof (rule product-sigma-finite. PiM-eqI)
show product-sigma-finite (Ax. M (t z)) ..
have t‘J C K using assms by auto
then show [simp]: finite J
by (rule finite-imageD|OF finite-subset]) fact+
fix A assume A: \i. i € J = A i € sets (M (t 1))
moreover have ((Aw. An€J. w (t n)) —‘ Pig J A N space (Piyy K M)) =
(Ilg i€K. if i € t'J then A (the-inv-into J t i) else space (M 7))
using A A[THEN sets.sets-into-space] <t € J — K> <inj-on t J»
by (subst prod-emb-Pi[symmetric]) (auto simp: space-PiM PiE-iff the-inv-into-f-f
prod-emb-def)
ultimately show distr (Pipy K M) (Piyg J (Az. M (¢t z))) (Aw. AneJ. w (¢ n))
(Pig JA) = (]]ied. M (ti) (A9))
using assms
apply (subst emeasure-distr)
apply (auto intro!: sets-PiM-I-finite simp: Pi-iff)
apply (subst emeasure-PiM)
apply (auto simp: the-inv-into-f-f <inj-on t J» prod.reindex[OF <inj-on t J»]
if-distrib[where f=emeasure (M -)| prod.If-cases emeasure-space-1 Int-absorbl
@t J C K»)
done
qed simp

lemma (in product-prob-space) distr-restrict:

J C K = finite K = (I i€J. M 4) = distr (Iyy i€K. M 4) (Iy; i€J. M
i) (Mf. restrict f J)

using distr-reorder[of Az. x J K| by (simp add: Pi-iff subset-eq)
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lemma (in product-prob-space) emeasure-prod-emb[simpl:
assumes L: J C L finite L and X: X € sets (Pipy J M)
shows emeasure (Pipy L M) (prod-emb L M J X) = emeasure (Pipr J M) X
by (subst distr-restrict|OF L))
(simp add: prod-emb-def space-PiM emeasure-distr measurable-restrict-subset L
X)

lemma emeasure-distr-restrict:

assumes I C K and Q[measurable-cong|: sets Q = sets (PiM K M) and
A[measurable]: A € sets (PiM I M)

shows emeasure (distr @Q (PiM I M) (Dw. restrict w I)) A = emeasure Q
(prod-emb K M I A)

using (JCK) sets-eq-imp-space-eq[OF Q)

by (subst emeasure-distr)

(auto simp: measurable-cong-sets|OF Q] prod-emb-def space-PiM [symmetric]

intro!: measurable-restrict)

lemma (in prob-space) prob-space-completion: prob-space (completion M)
by (rule prob-spacel) (simp add: emeasure-space-1)

lemma distr- PiM-finite-prob-space:
assumes fin: finite I
assumes product-prob-space M
assumes product-prob-space M’
assumes [measurable]: Ni. i € I = f € measurable (M i) (M’ %)
shows distr (PiM I M) (PiM I M') (compose I f) = PiM I (\i. distr (M i)
(M) f)
proof —
interpret M: product-prob-space M by fact
interpret M’ product-prob-space M’ by fact
define N where N = (\i. if ¢ € I then distr (M i) (M’ 1) felse M’ i)
have [intro]: prob-space (N i) for ¢
by (auto simp: N-def introl: M.M.prob-space-distr M’.prob-space)

interpret N: product-prob-space N
by (intro product-prob-spacel) (auto simp: N-def M'.prob-space intro: M. M .prob-space-distr)

have distr (PiM I M) (PiM I M') (compose I f) = PIMI N
proof (rule N.PiM-eqI)
have N-cvents-eq: sets (Pipy I N) = sets (Pips I M)
unfolding N-def by (intro sets-PiM-cong) auto

also have ... = sets (distr (Pipy I M) (Pipg I M) (compose I f))
by simp
finally show sets (distr (Pipg I M) (Pipg I M) (compose I f)) = sets (Pips I
N)

fix A assume A: \i. i € ] = A i € N.M.events i
have emeasure (distr (Pipy I M) (Pipg I M) (compose I f)) (Pig I A) =
emeasure (Pipg I M) (compose I f —¢ Pig I AN space (Piy I M))
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proof (intro emeasure-distr)
show compose I f € Pipy I M —py Pipy I M’
unfolding compose-def by measurable
show Pig I A € sets (Piyg I M)
unfolding N-events-eq [symmetric] by (intro sets-PiM-I-finite fin A)
qed
also have compose I f —‘ Pig I A N space (Pipg IM) = Pig I (Ni. f — A
N space (M 1))
using A by (auto simp: space-PiM PiE-def Pi-def extensional-def N-def
compose-def)
also have emeasure (Pipg I M) (Pig I (Mi. f —¢A i N space (M 7)) =
(ITé€l. emeasure (M ) (f —“A i N space (M 7)))
using A by (intro M.emeasure-PiM fin) (auto simp: N-def)

also have ... = ([[¢€l. emeasure (distr (M i) (M’ %) f) (A 1))
using A by (intro prod.cong emeasure-distr [symmetric]) (auto simp: N-def)
also have ... = ([[i€l. emeasure (N i) (4 7))

unfolding N-def by (intro prod.cong) (auto simp: N-def)
finally show emeasure (distr (Pipy I M) (Pipg I M) (compose I f)) (Pig I
A)y=....
qed fact+
also have PiM I N = PiM I (\i. distr (M i) (M’ %) f)
by (intro PiM-cong) (auto simp: N-def)
finally show ?thesis .
qed

end

2 Distribution Functions

Shows that the cumulative distribution function (cdf) of a distribution (a
measure on the reals) is nondecreasing and right continuous, which tends to
0 and 1 in either direction.

Conversely, every such function is the cdf of a unique distribution. This
direction defines the measure in the obvious way on half-open intervals, and
then applies the Caratheodory extension theorem.

theory Distribution-Functions
imports Probability-Measure
begin

lemma UN-Ioc-eq-UNIV: ((Un. { —real n <.. real n}) = UNIV
by auto
(metis le-less-trans minus-minus neg-less-iff-less not-le real-arch-simple
of-nat-0-le-iff reals-Archimedean2)

2.1 Properties of cdf’s

definition
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cdf :: real measure = real = real
where
cdf M = Xx. measure M {..x}

lemma cdf-def2: cdf M x = measure M {..x}
by (simp add: cdf-def)

locale finite-borel-measure = finite-measure M for M ::

assumes M-is-borel: sets M = sets borel
begin

lemma sets-Mintro]: a € sets borel = a € sets M
using M-is-borel by auto

lemma cdf-diff-eq:

assumes r < y

shows cdf My — cdf M x = measure M {z<..y}
proof —

from assms have x: {.2} U {z<..y} = {..y} by auto

real measure +

have measure M {..y} = measure M {..z} + measure M {z<..y}
by (subst finite-measure-Union [symmetric], auto simp add: )

thus ?thesis
unfolding cdf-def by auto
qed

lemma cdf-nondecreasing: x < y = cdf M x < cdf M y

unfolding cdf-def by (auto intro!: finite-measure-mono)

lemma borel-UNIV: space M = UNIV

by (metis in-mono sets.sets-into-space space-in-borel top-le M-is-borel)

lemma cdf-nonneg: cdf Mz > 0
unfolding cdf-def by (rule measure-nonneg)

lemma cdf-bounded: cdf M z < measure M (space M)
unfolding cdf-def by (intro bounded-measure)

lemma cdf-lim-infty:
((N\i. cdf M (real ©)) —— measure M (space M))
proof —

have (\i. edf M (real i)) ——— measure M (|J i::nat. {..real i})
unfolding cdf-def by (rule finite-Lim-measure-incseq) (auto simp: incseq-def)

also have (|J i:nat. {..real i}) = space M
by (auto simp: borel-UNIV intro: real-arch-simple)
finally show ?thesis .
qed

lemma cdf-lim-at-top: (cdf M —— measure M (space M)) at-top

by (rule tendsto-at-topl-sequentially-real)

37
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(simp-all add: mono-def cdf-nondecreasing cdf-lim-infty)

lemma cdf-lim-neg-infty: ((Ai. cdf M (— real i)) —— 0)
proof —
have (Ai. cdf M (— real {)) ——— measure M ([ i:nat. {.. — real © })
unfolding cdf-def by (rule finite-Lim-measure-decseq) (auto simp: decseq-def)
also have ([ i:nat. {..— real i}) = {}
by auto (metis leD le-minus-iff reals-Archimedean?)
finally show ?thesis
by simp
qged

lemma cdf-lim-at-bot: (cdf M —— 0) at-bot
proof —
have *: ((A\z :: real. — edf M (— z)) —— 0) at-top
by (intro tendsto-at-topl-sequentially-real monol)
(auto simp: cdf-nondecreasing cdf-lim-neg-infty tendsto-minus-cancel-left[symmetric])
from filterlim-compose |OF x, OF filterlim-uminus-at-top-at-bot]
show ?thesis
unfolding tendsto-minus-cancel-left[symmetric] by simp
qed

lemma cdf-is-right-cont: continuous (at-right a) (cdf M)
unfolding continuous-within
proof (rule tendsto-at-right-sequentially[where b=a + 1])
fix f :: nat = real and r assume f: decseq ff —— a
then have (An. cdf M (f n)) —— measure M (4. {.. fi})
using <decseq f» unfolding cdf-def
by (intro finite-Lim-measure-decseq) (auto simp: decseg-def)
also have (i. {.. fi}) = {.. a}
using decseq-ge[OF f] by (auto intro: order-trans LIMSEQ-le-const[OF f(2)])
finally show (An. cdf M (fn)) —— cdf M a
by (simp add: cdf-def)
qed simp

lemma cdf-at-left: (cdf M —— measure M {..<a}) (at-left a)
proof (rule tendsto-at-left-sequentially[of a — 1])
fix f :: nat = real and x assume f: incseq ff —— a \z. fz < a Nz. a — 1
< fz
then have (An. cdf M (f n)) —— measure M (|Ji. {.. fi})
using <incseq f» unfolding cdf-def
by (intro finite-Lim-measure-incseq) (auto simp: incseq-def)
also have (|Ji. {.. fi}) = {.<a}
by (auto dest!: order-tendstoD(1)[OF f(2)] eventually-happens’|OF sequen-
tially-bot|
intro: less-imp-le le-less-trans f(3))
finally show (An. cdf M (f n)) —— measure M {..<a}
by (simp add: cdf-def)
qed auto
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lemma isCont-cdf: isCont (cdf M) © <— measure M {z} = 0
proof —
have isCont (cdf M) x +— cdf M © = measure M {..<z}
by (auto simp: continuous-at-split cdf-is-right-cont continuous-within|where

s={..< -}]
cdf-at-left tendsto-unique[OF - cdf-at-left])
also have cdf M © = measure M {..<z} <— measure M {x} = 0
unfolding cdf-def ivl-disj-un(2)[symmetric]
by (subst finite-measure-Union) auto
finally show ?thesis .
qed

lemma countable-atoms: countable {x. measure M {z} > 0}
using countable-support unfolding zero-less-measure-iff .

end

locale real-distribution = prob-space M for M :: real measure +
assumes events-eq-borel [simp, measurable-cong|: sets M = sets borel
begin

lemma finite-borel-measure-M: finite-borel-measure M
by standard auto

sublocale finite-borel-measure M
by (rule finite-borel-measure-M)

lemma space-eq-univ [simp|: space M = UNIV
using events-eq-borel|[ THEN sets-eq-imp-space-eq| by simp

lemma cdf-bounded-prob: Nxz. cdf Mz < 1
by (subst prob-space [symmetric], rule cdf-bounded)

lemma cdf-lim-infty-prob: (Ai. cdf M (real i)) —— 1
by (subst prob-space [symmetric], rule cdf-lim-infty)

lemma cdf-lim-at-top-prob: (cdf M —— 1) at-top
by (subst prob-space [symmetric], rule cdf-lim-at-top)

lemma measurable-finite-borel [simp]:
f € borel-measurable borel = f € borel-measurable M
by (rule borel-measurable-subalgebra[where N=borel]) auto

end
lemma (in prob-space) real-distribution-distr [intro, simp):

random-variable borel X = real-distribution (distr M borel X)
unfolding real-distribution-def real-distribution-azioms-def by (auto intro!: prob-space-distr)
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2.2 Uniqueness

lemma (in finite-borel-measure) emeasure-Ioc:
assumes a < b shows emeasure M {a <.. b} = cdf M b — c¢df M a
proof —
have {a <.. b} = {..b} — {..a}
by auto
moreover have {..z} € sets M for z
using atMost-borel[of ©] M-is-borel by auto
moreover note a < b
ultimately show %thesis
by (simp add: emeasure-eq-measure finite-measure-Diff cdf-def)
qed

lemma cdf-unique’:
fixes M1 M2
assumes finite-borel-measure M1 and finite-borel-measure M2
assumes cdf M1 = cdf M2
shows M1 = M2
proof (rule measure-eql-generator-eqiwhere Q=UNIV])
fix X assume X € range (A(a, b). {a<..b::real})
then obtain a b where Xeq: X = {a<..b} by auto
then show emeasure M1 X = emeasure M2 X
by (cases a < b)
(simp-all add: assms(1,2)[THEN finite-borel-measure.emeasure-Ioc] assms(3))
next
show (|Ji. {— real (i::nat)<..real i}) = UNIV
by (rule UN-Ioc-eq-UNIV)
qed (auto simp: finite-borel-measure.emeasure-Ioc|OF assms(1)]
assms(1,2)[THEN finite-borel-measure. M-is-borel] borel-sigma-sets-Toc
Int-stable-def)

lemma cdf-unique:

real-distribution M1 = real-distribution M2 —> cdf M1 = cdf M2 — M1 =
M2

using cdf-unique’[of M1 M2] by (simp add: real-distribution.finite-borel-measure-M)

lemma
fixes F :: real = real
assumes nondecF : Nzy. z<y=— Faz < Fy
and right-cont-F : \a. continuous (at-right a) F
and lim-F-at-bot : (F —— 0) at-bot
and lim-F-at-top : (F —— m) at-top
and m: 0 < m
shows interval-measure-UNIV: emeasure (interval-measure F') UNIV = m
and finite-borel-measure-interval-measure: finite-borel-measure (interval-measure
F)
proof —
let F = interval-measure F

{ have ennreal (m — 0) = (SUP i. ennreal (F (real i) — F (— real 7)))



THEORY “Distribution-Functions” 41

by (intro LIMSEQ-unique| OF - LIMSEQ-SUP] tendsto-ennreall tendsto-intros
lim-F-at-bot[THEN filterlim-compose] lim-F-at-top[ THEN filter-
lim-compose]
lim-F-at-bot[ THEN filterlim-compose] filterlim-real-sequentially
filterlim-uminus-at-top| THEN ffD1])
(auto simp: incseq-def nondecF intro!: diff-mono)

also have ... = (SUP i. emeasure ?F {— real i<..real i})
by (subst emeasure-interval-measure-Ioc) (simp-all add: nondecF right-cont-F)
also have ... = emeasure ?F (|Ji::nat. {— real i<..real i})

by (rule SUP-emeasure-incseq) (auto simp: incseq-def)
also have (|Ji. {— real (i::nat)<..real i}) = space ?F
by (simp add: UN-IToc-eq-UNIV)
finally have emeasure ?F (space ?F) = m
by simp }
note x = this
then show emeasure (interval-measure F) UNIV = m
by simp

interpret finite-measure ?F
proof
show emeasure ?F (space ?F) # oo
using * by simp
qed
show finite-borel-measure (interval-measure F)
proof qed simp-all
qged

lemma real-distribution-interval-measure:
fixes F :: real = real
assumes nondecF : N zy. 2 < y=— Fz < Fyand
right-cont-F : Na. continuous (at-right a) F and
lim-F-at-bot : (F —— 0) at-bot and
lim-F-at-top : (F —— 1) at-top
shows real-distribution (interval-measure F)
proof —
let ?F = interval-measure F
interpret prob-space 7F
proof ged (use interval-measure-UNIV[OF assms] in simp)
show ?thesis
proof qed simp-all
qed

lemma
fixes F' :: real = real
assumes nondecF : N zy. 2 < y=— Fa < Fyand
right-cont-F : Na. continuous (at-right a) F and
lim-F-at-bot : (F —— 0) at-bot
shows emeasure-interval-measure-Iic: emeasure (interval-measure F) {.. 2} = F
T
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and measure-interval-measure-Iic: measure (interval-measure F) {.. 2} = F ¢
unfolding cdf-def
proof —
have F-nonneg[simp]: 0 < F y for y
using lim-F-at-bot by (rule tendsto-upperbound) (auto simp: eventually-at-bot-linorder
nondecF intro: exI[of - y])

have emeasure (interval-measure F) (| i:nat. {—real i <.. z}) = F © — ennreal
0
proof (intro LIMSEQ-unique[OF Lim-emeasure-incseq))
have (\i. Fz — F (— real i)) —— Fz — 0
by (intro tendsto-intros lim-F-at-bot| THEN filterlim-compose] filterlim-real-sequentially
filterlim-uminus-at-top| THEN 1iffD1])
from tendsto-ennreall[OF this]
show (Ai. emeasure (interval-measure F) {— real i<..z}) —— F x — ennreal
0
apply (rule filterlim-cong[THEN iffD1, rotated 3])
apply simp
apply simp
apply (rule eventually-sequentiallyl [where c=nat (ceiling (— z))])
apply (simp add: emeasure-interval-measure-Ioc right-cont-F nondecF)
done
qed (auto simp: incseq-def)
also have (|Ji::nat. {—real i <.. z}) = {..2}
by auto (metis minus-minus neg-less-iff-less reals- Archimedean2)
finally show emeasure (interval-measure F) {..2} = F x
by simp
then show measure (interval-measure F) {..x} = F x
by (simp add: measure-def)
qed

lemma cdf-interval-measure:

ANzy z2<y= Fuz<Fy) = (\a. continuous (at-right a) F) = (F ——
0) at-bot = cdf (interval-measure F) = F

by (simp add: cdf-def fun-eq-iff measure-interval-measure-Iic)

end

3 Weak Convergence of Functions and Distribu-
tions

Properties of weak convergence of functions and measures, including the
portmanteau theorem.

theory Weak-Convergence
imports Distribution-Functions
begin
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4 Weak Convergence of Functions

definition
weak-conv :: (nat = (real = real)) = (real = real) = bool
where
weak-conv F-seq F =V z. isCont F x — (An. F-seqn ) —— Fz

5 Weak Convergence of Distributions

definition

weak-conv-m :: (nat = real measure) = real measure = bool
where

weak-conv-m M-seq M = weak-conv (An. cdf (M-seq n)) (cdf M)

6 Skorohod’s theorem

locale right-continuous-mono =
fixes f :: real = real and a b :: real
assumes cont: Az. continuous (at-right x) f
assumes mono: mono f
assumes bot: (f —— a) at-bot
assumes top: (f —— b) at-top

begin

abbreviation [ :: real = real where
Tw=Inf{z w<fz}

lemma pseudoinverse: assumes ¢ < ww < bshowsw < fr+— Tw <z
proof
let 7F = {z. w < fa}
obtain y where fy < w
by (metis eventually-happens’ trivial-limit-at-bot-linorder order-tendstoD(2) bot
@ < wy)
with mono have bdd: bdd-below ?F
by (auto intro!: bdd-belowl|[of - y] elim: mono-invE[OF - less-le-trans))

have ne: ?F # {}
using order-tendstoD(1)[OF top w < b]
by (auto dest!: eventually-happens’| OF trivial-limit-at-top-linorder] intro: less-imp-le)

showw < fr =T w<z2
by (auto intro!: cInf-lower bdd)

{ assume x: J w < z
have w < (INF se{z. w < fz}. fs)
by (rule cINF-greatest|OF ne]) auto
also have ... = f (I w)
using continuous-at-Inf-mono[OF mono cont ne bdd] ..
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also have ... < fz
using * by (rule monoD[OF <mono f))
finally show w < fz . }
qed

lemma pseudoinverse” Vwe{a<..<b}. Ve. w < fr+— Tw <z
by (intro balll alll impl pseudoinverse) auto

lemma mono-I: mono-on {a <..< b} I
unfolding mono-on-def by (metis order.trans order.refl pseudoinverse’)

end

locale cdf-distribution = real-distribution
begin

abbreviation C = cdf M

sublocale right-continuous-mono C 0 1
by standard
(auto intro: cdf-nondecreasing cdf-is-right-cont cdf-lim-at-top-prob cdf-lim-at-bot
monol)

lemma measurable-C|measurable]: C € borel-measurable borel
by (intro borel-measurable-mono mono)

lemma measurable-CI[measurable]: I € borel-measurable (restrict-space borel {0<..<1})
by (intro borel-measurable-mono-on-fnc mono-I)

lemma emeasure-distr-I: emeasure (distr (restrict-space lborel {0<..<1::real}) borel
I) UNIV = 1
by (simp add: emeasure-distr space-restrict-space emeasure-restrict-space )

lemma distr-I-eq-M: distr (restrict-space lborel {0<..<1:real}) borel I = M (is
I = -)
proof (intro cdf-unique ext)

let 2Q = restrict-space lborel {0<..<1}::real measure

interpret Q: prob-space 2

by (auto simp add: emeasure-restrict-space space-restrict-space intro!: prob-spacel)

show real-distribution 21

by auto

fix z
have cdf ?I & = measure lborel {we{0<..<1}. w < Cz}
by (subst cdf-def)
(auto simp: pseudoinverse[symmetric] measure-distr space-restrict-space mea-
sure-restrict-space
introl: arg-cong2[where f=measure])
also have ... = measure lborel {0 <..< C z}
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using cdf-bounded-prob|of x| AE-lborel-singleton[of C ]
by (auto intro!: arg-cong[where f=enn2real] emeasure-eq-AE simp: measure-def)
also have ... = Cz
by (simp add: cdf-nonneg)
finally show cdf (distr % borel I) z = Cx .
qed standard

end

context
fixes u :: nat = real measure
and M :: real measure
assumes p: An. real-distribution (p n)
assumes M: real-distribution M
assumes [-to-M: weak-conv-m u M
begin

theorem Skorohod:
3 (Q :: real measure) (Y-seq :: nat = real = real) (Y :: real = real).
prob-space Q0 A
(Vn. Y-seq n € measurable Q borel) A
(V. distr Q borel (Y-seqn) = pn) A
Y € measurable Q lborel N
distr Q borel Y = M A
(Vz € space Q. (An. Y-seqn z) —— Y x)
proof —
interpret u: cdf-distribution p n for n
unfolding cdf-distribution-def by (rule )
interpret M: cdf-distribution M
unfolding cdf-distribution-def by (rule M)

have conv: measure M {z} = 0 = (An. u.C nz) —— M.C z for z
using p-to-M M.isCont-cdf by (auto simp: weak-conv-m-def weak-conv-def)

let 20 = restrict-space lborel {0<..<1} :: real measure
have prob-space 7}

by (auto simp: space-restrict-space emeasure-restrict-space introl: prob-spacel )
interpret Q: prob-space )

by fact

have Y-distr: distr 2Q) borel M.I = M
by (rule M.distr-I-eq-M)

have Y-cts-cnv: (An. p.Inw) —— M.J w
if w:w e {0<..<1} isCont M.I w for w :: real
proof (intro limsup-le-liminf-real)
show liminf (An. p.Inw) > M.I w
unfolding le-Liminf-iff
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proof safe
fix B :: ereal assume B: B < M.I w
then show V ¢ n in sequentially. B < p.In w
proof (cases B)
case (real 1)
with B have rmr < M.J w
by simp
then obtain z where z: r < z < M.I w measure M {z} = 0
using open-minus-countable]OF M.countable-support, of {r<..<M.I w}]
by auto
then have Fz-less: M.Cz < w
using M.pseudoinverse’ w not-less by blast

have V p n in sequentially. un.Cn z < w
using order-tendstoD(2)[OF conv[OF x(3)] Fu-less] .
then have V p n in sequentially. x < p.In w
by eventually-elim (insert w p.pseudoinverse[symmetric], simp add:
not-le[symmetric))
then show ?thesis
by eventually-elim (insert (1), simp add: real)
qed auto
qed

have «: limsup (An. p.In w) < M.J w’
if w0 <ww <1w<w forw': real
proof (rule dense-ge-bounded)
fix B" assume ereal (M.I w’) < B' B’ < ereal (M.I w’' + 1)
then obtain B where M. w’ < B and [simp]: B’ = ereal B
by (cases B’) auto
then obtain y where y: M.] w’ < yy < B measure M {y} = 0
using open-minus-countable] OF M .countable-support, of {M.I w'<..<B}]
by auto
then have w' < M.C (M.I w’)
using M .pseudoinverse’ w’ by (metis greater ThanLess Than-iff order-refl)
also have ... < M.Cy
using M.mono y unfolding mono-def by auto
finally have Fy-gt: w < M.C'y
using w'(8) by simp

have V g n in sequentially. w < u.Cny
using order-tendstoD(1)[OF conv|OF y(8)] Fy-gt] by eventually-elim (rule
less-imp-le)
then have 2: Vp n in sequentially. p.In w < ereal y
by simp (subst p.pseudoinverse’[rule-format, OF w(1), symmetric])
then show limsup (An. p.In w) < B’
using <y < B»
by (intro Limsup-bounded[rotated]) (auto intro: le-less-trans elim: eventu-
ally-mono)
qed simp
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have xx: (M.I —— ereal (M.I w)) (at-right w)
using w(2) by (auto intro: tendsto-within-subset simp: continuous-at)
show limsup (An. p.Inw) < M.J w
using w
by (intro tendsto-lowerbound[OF xx])
(auto introl: exl[of - 1] * simp: eventually-at-right[of - 1])
qed

let D = {we{0<..<1}. = isCont M.I w}
have D-countable: countable 7D
using mono-on-ctble-discont[OF M.mono-I] by (simp add: at-within-open|of -
{0 <..< 1}] cong: conj-cong)
hence D: emeasure %0 ?D = 0
using emeasure-lborel-countable] OF D-countable]
by (subst emeasure-restrict-space) auto

define Y’ where Y'w = (if w € 2D then 0 else M.I w) for w
have Y'-AE: AE win 0. Y'w=MIw
by (rule AE-I [OF - D)) (auto simp: space-restrict-space sets-restrict-space-iff
Y'-def)

define Y-seq’ where Y-seq’ n w = (if w € 2D then 0 else u.I n w) for n w
have Y-seq’-AE: An. AF w in Q. Y-se¢' nw = p.Inw
by (rule AE-I [OF - D)) (auto simp: space-restrict-space sets-restrict-space-iff
Y-seq’-def)

have Y'-cnv: Vwe{0<..<1}. (An. Y-se¢' nw) —— Y'w
by (auto simp: Y'-def Y-seq’-def Y-cts-cnv)

have [simp]: Y-seq’ n € borel-measurable 72 for n
by (rule measurable-discrete-difference[of p.In - - 2D])
(insert p.measurable-CI[of n] D-countable, auto simp: sets-restrict-space
Y-seq’-def)
moreover have distr ?Q borel (Y-seq’ n) = p n for n
using p.distr-I-eq¢-M [of n] Y-seq’-AE [of n)
by (subst distr-cong-AE[where f = Y-seq’ n and g = p.I n], auto)
moreover have [simp]: Y’ € borel-measurable %
by (rule measurable-discrete-differencelof M.I - - ¢D])
(insert M.measurable-CI D-countable, auto simp: sets-restrict-space Y'-def)
moreover have distr % borel Y/ = M
using M.distr-I-eq-M Y'-AE
by (subst distr-cong-AE[where f = Y’ and g = M.I], auto)
ultimately have prob-space %Q A (Vn. Y-seq’ n € borel-measurable Q) A
(Vn. distr 2Q borel (Y-seq’ n) = p n) A Y’ € measurable 2Q lborel A distr Q0
borel Y = M A
(Vz€space 2. (An. Y-seq’ nz) —— Y' 1)
using Y'-cnv «prob-space % by (auto simp: space-restrict-space)
thus ?thesis by metis
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qed

The Portmanteau theorem, that is, the equivalence of various definitions of
weak convergence.

theorem weak-conv-imp-bdd-ae-continuous-conv:
fixes
f = real = 'a:{banach, second-countable-topology}
assumes
discont-null: M ({z. = isCont fz}) = 0 and
f-bdd: Az. norm (fz) < B and
[measurable]: f € borel-measurable borel
shows
(X n. integral® (u n) f) ——— integral® M f
proof —
have 0 < B
using norm-ge-zero f-bdd by (rule order-trans)
note Skorohod
then obtain Omega Y-seq Y where
ps-Omega [simp]: prob-space Omega and
Y-seq-measurable [measurable]: An. Y-seq n € borel-measurable Omega and
distr-Y-seq: A\n. distr Omega borel (Y-seq n) = p n and
Y-measurable [measurable]: Y € borel-measurable Omega and
distr-Y: distr Omega borel Y = M and
YnY: Az :: real. € space Omega —> (An. Y-seq n ) —— Y z by force
interpret prob-space Omega by fact
have *: emeasure Omega (Y —*{x. = isCont f x} N space Omega) = 0
by (subst emeasure-distr [symmetric, where N=borel]) (auto simp: distr-Y
discont-null)
have x: AE z in Omega. (An. f (Y-seq n z)) —— f (Y z)
by (rule AE-I [OF - x]) (auto intro: isCont-tendsto-compose YnY')
show ?thesis
by (auto intro!: integral-dominated-convergence[where w=>Az. B]
simp: f-bdd * integral-distr distr-Y-seq [symmetric] distr-Y [symmetric])
qed

theorem weak-conv-imp-integral-bdd-continuous-conv:
fixes f :: real = ‘a::{banach, second-countable-topology}
assumes
Nz. isCont f x and
Nz. norm (fz) < B
shows
(X n. integral” (u n) f) —— integral’ M f
using assms
by (intro weak-conv-imp-bdd-ae-continuous-conv)
(auto intro!: borel-measurable-continuous-onl continuous-at-imp-continuous-on)

theorem weak-conv-imp-continuity-set-conv:
fixes f :: real = real
assumes [measurable]: A € sets borel and M (frontier A) = 0



THEORY “Weak-Convergence” 49

shows (An. measure (u n) A) —— measure M A
proof —

interpret M: real-distribution M by fact

interpret u: real-distribution p n for n by fact

have (An. ([ z. indicator A = dp n) :: real) —— ([ z. indicator A x OM)
by (intro weak-conv-imp-bdd-ae-continuous-conv[where B=1])
(auto intro: assms simp: isCont-indicator)
then show ?thesis
by simp
qged

end

definition
cts-step :: real = real = real = real
where
cts-step a b v = if v < a then 1 else if x > b then 0 else (b — z) / (b — a)

lemma cts-step-uniformly-continuous:
assumes [arith]: a < b
shows uniformly-continuous-on UNIV (cts-step a b)
unfolding uniformly-continuous-on-def
proof clarsimp
fix e :: real assume [arith]: 0 < e
let 2d = min (e x (b — a)) (b — a)
have 7d > 0
by (auto simp add: field-simps)
moreover have dist ¢’z < ?d = dist (cts-step a b x’) (cts-step a b z) < e for
x
by (auto simp: dist-real-def divide-simps cts-step-def)
ultimately show 3d > 0. Vaz'. dist 2’ © < d — dist (cts-step a b x') (cts-step
abz) <e
by blast
qed

lemma (in real-distribution) integrable-cts-step: a < b = integrable M (cts-step
ab)
by (rule integrable-const-bound [of - 1]) (auto simp: cts-step-def|abs-def])

lemma (in real-distribution) cdf-cts-step:
assumes [arith]: < y
shows cdf M z < integral” M (cts-step x y) and integral” M (cts-step x ) <
cdf My
proof —
have cdf M z = integral’ M (indicator {..z})
by (simp add: cdf-def)
also have ... < expectation (cts-step z y)
by (intro integral-mono integrable-cts-step)
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(auto simp: cts-step-def less-top[symmetric] split: split-indicator)
finally show cdf M z < expectation (cts-step z y) .
next
have expectation (cts-step z y) < integral® M (indicator {..y})
by (intro integral-mono integrable-cts-step)
(auto simp: cts-step-def less-top[symmetric] split: split-indicator)
also have ... = cdf M y
by (simp add: cdf-def)
finally show expectation (cts-step z y) < cdf My .
qged

context
fixes M-seq :: nat = real measure
and M :: real measure
assumes distr-M-seq [simp]: \n. real-distribution (M-seq n)
assumes distr-M [simp]: real-distribution M
begin

theorem continuity-set-conv-imp-weak-conv:

fixes f :: real = real

assumes x: \A. A € sets borel = M (frontier A) = 0 = (A n. (measure
(M-seq n) A)) —— measure M A

shows weak-conv-m M-seq M
proof —

interpret real-distribution M by simp

show ?thesis

by (auto introl: * simp: frontier-real-atMost isCont-cdf emeasure-eq-measure

weak-conv-m-def weak-conv-def cdf-def2)
qed

theorem integral-cts-step-conv-imp-weak-conv:
assumes integral-conv: Nz y. ¥ < y = (\n. integrall (M-seq n) (cts-step z y))
—— integral® M (cts-step z y)
shows weak-conv-m M-seq M
unfolding weak-conv-m-def weak-conv-def
proof (clarsimp)
interpret real-distribution M by (rule distr-M)
fix z assume isCont (cdf M) x
hence left-cont: continuous (at-left ) (cdf M)
unfolding continuous-at-split ..
{ fix y :: real assume [arith]: z < y
have limsup (An. cdf (M-seq n) z) < limsup (An. integral® (M-seq n) (cts-step
z y))
by (auto intro!: Limsup-mono always-eventually real-distribution.cdf-cts-step)
also have ... = integral® M (cts-step z y)
by (intro lim-imp-Limsup) (auto intro: integral-conv)
also have ... < cdf M y
by (simp add: cdf-cts-step)
finally have limsup (An. cdf (M-seqn) z) < cdf My .
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} note x = this
{ fix y :: real assume [arith]: © > y
have cdf M y < ereal (integral® M (cts-step y z))
by (simp add: cdf-cts-step)
also have ... = liminf (An. integral” (M-seq n) (cts-step y 1))
by (intro lim-imp-Liminf[symmetric]) (auto intro: integral-conv)
also have ... < liminf (An. cdf (M-seq n) x)
by (auto introl: Liminf-mono always-eventually real-distribution. cdf-cts-step)
finally have liminf (An. edf (M-seqn) x) > cdf M y .
} note xx = this

have limsup (An. cdf (M-seq n) z) < cdf M z
proof (rule tendsto-lowerbound)
show V g i in at-right z. limsup (Aza. ereal (cdf (M-seq xza) z)) < ereal (cdf M
i)
by (subst eventually-at-right[of - x + 1]) (auto simp: x intro: exl [of - x+1])
qed (insert cdf-is-right-cont, auto simp: continuous-within)
moreover have cdf M z < liminf (An. cdf (M-seq n) z)
proof (rule tendsto-upperbound)
show V g i in at-left x. ereal (cdf M ) < liminf (Aza. ereal (cdf (M-seq xa) x))
by (subst eventually-at-left[of © — 1]) (auto simp: *xx intro: exI [of - x—1])
qed (insert left-cont, auto simp: continuous-within)
ultimately show (An. cdf (M-seq n) ©) —— cdf M x
by (elim limsup-le-liminf-real)
qed

theorem integral-bdd-continuous-conv-imp-weak-conv:
assumes
Af. (Az. isCont f z) = (Az. abs (f z) < 1) = (An. integral” (M-seq n)
fureal) ——— integral’ M f
shows
weak-conv-m M-seq M
apply (rule integral-cts-step-conv-imp-weak-conv [OF assms])
apply (rule continuous-on-interior)
apply (rule uniformly-continuous-imp-continuous)
apply (rule cts-step-uniformly-continuous)
apply (auto simp: cts-step-def)
done

end

end

7 The Giry monad

theory Giry-Monad
imports Probability-Measure HOL— Library. Monad-Syntaz
begin
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7.1 Sub-probability spaces

locale subprob-space = finite-measure +
assumes emeasure-space-le-1: emeasure M (space M) < 1
assumes subprob-not-empty: space M # {}

lemma subprob-spacel [ Pure.introl]:
assumes *: emeasure M (space M) < 1
assumes space M # {}
shows subprob-space M
proof —
interpret finite-measure M
proof
show emeasure M (space M) # oo using * by (auto simp: top-unique)
qed
show subprob-space M by standard fact+
qed

lemma (in subprob-space) emeasure-subprob-space-less-top: emeasure M A # top
by simp

lemma prob-space-imp-subprob-space:
prob-space M = subprob-space M
by (rule subprob-spacel) (simp-all add: prob-space.emeasure-space-1 prob-space.not-empty)

lemma subprob-space-imp-sigma-finite: subprob-space M = sigma-finite-measure
M
unfolding subprob-space-def finite-measure-def by simp

sublocale prob-space C subprob-space
by (rule subprob-spacel) (simp-all add: emeasure-space-1 not-empty)

lemma subprob-space-sigma [simp]: Q # {} = subprob-space (sigma Q X)
by (rule subprob-spacel)(simp-all add: emeasure-sigma space-measure-of-conv)

lemma subprob-space-null-measure: space M # {} = subprob-space (null-measure
M)
by(simp add: null-measure-def)

lemma (in subprob-space) subprob-space-distr:

assumes f: f € measurable M M’ and space M’ # {} shows subprob-space (distr
MM’ f)
proof (rule subprob-spacel)

have f —¢ space M’ N space M = space M using f by (auto dest: measur-
able-space)

with f show emeasure (distr M M’ ) (space (distr M M’ f)) < 1

by (auto simp: emeasure-distr emeasure-space-le-1)

show space (distr M M’ f) # {} by (simp add: assms)

qed
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lemma (in subprob-space) subprob-emeasure-le-1: emeasure M X < 1
by (rule order.trans|OF emeasure-space emeasure-space-le-1])

lemma (in subprob-space) subprob-measure-le-1: measure M X < 1
using subprob-emeasure-le-1[of X| by (simp add: emeasure-eq-measure)

lemma (in subprob-space) nn-integral-le-const:
assumes 0 < c AExzin M. fz < ¢
shows ([ Tz. fz OM) < ¢
proof —
have ([T z. fz OM) < ([t z. ¢ OM)
by (rule nn-integral-mono-AE) fact
also have ... < ¢ * emeasure M (space M)
using <0 < ¢» by simp
also have ... < ¢ x 1 using emeasure-space-le-1 <0 < ¢ by(rule mult-left-mono)
finally show ?thesis by simp
qed

lemma emeasure-density-distr-interval:
fixes h :: real = real and ¢ :: real = real and g’ :: real = real
assumes [simp]: a < b
assumes Mf[measurable]: f € borel-measurable borel
assumes Mg[measurable]: g € borel-measurable borel
assumes Mg'[measurable]: g’ € borel-measurable borel
assumes Mh[measurable]: h € borel-measurable borel
assumes prob: subprob-space (density lborel f)
assumes nonnegf: Az. fz > 0
assumes derivg: Az. © € {a..b} = (g has-real-derivative ¢’ ) (at x)
assumes contg”: continuous-on {a..b} g’
assumes mono: strict-mono-on {a..b} g and inv: Az. h z € {a..b} = g (h )
=z
assumes range: {a..b} C range h
shows emeasure (distr (density lborel f) lborel h) {a..b} =
emeasure (density lborel (A\x. f (g z) * ¢’ z)) {a..b}
proof (cases a < b)
assume a < b
from mono have inj: inj-on g {a..b} by (rule strict-mono-on-imp-inj-on)
from mono have mono’: mono-on {a..b} g by (rule strict-mono-on-imp-mono-on)
from mono’ derivg have Az. z € {a<.<b} = ¢’z > 0
by (rule mono-on-imp-deriv-nonneg) auto
from contg’ this have derivg-nonneg: \z. z € {a..b} = g’z > 0
by (rule continuous-ge-on-Ioo) (simp-all add: <a < b)

from derivg have contg: continuous-on {a..b} g by (rule has-real-derivative-imp-continuous-on)
have A: h —‘{a..b} = {g a..g b}
proof (intro equalityl subsetl)

fix  assume z: x € h —‘ {a..b}

hence g (h z) € {g a..g b} by (auto intro: mono-onD[OF mono’])

with inv and = show z € {g a..g b} by simp
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next
fix y assume y: y € {g a..g b}
with IVT'[OF - - - contyg, of y] obtain z where z € {a..b} y = g = by auto
with range and inv show y € h —‘ {a..b} by auto

qged

have prob”. subprob-space (distr (density lborel f) lborel h)
by (rule subprob-space.subprob-space-distr|OF prob)) (simp-all add: Mh)
have B: emeasure (distr (density lborel f) lborel h) {a..b} =
[ ta. fa « indicator (b —* {a..b}) x dlborel
by (subst emeasure-distr) (simp-all add: emeasure-density Mf Mh measur-
able-sets-borel| OF Mh))
also note A
also have emeasure (distr (density lborel f) lborel h) {a..b} < 1
by (rule subprob-space.subprob-emeasure-le-1) (rule prob’)
hence emeasure (distr (density lborel f) lborel h) {a..b} # oo by (auto simp:
top-unique)
with assms have ([ Vz. fz = indicator {g a..g b} x dlborel) =
(J*a. f (g z) * g’ © % indicator {a..b} x dlborel)
by (intro nn-integral-substitution-auz)
(auto simp: derivg-nonneg A B emeasure-density mult.commute <a < by)
also have ... = emeasure (density lborel (A\x. f (g z) x g’ z)) {a..b}
by (simp add: emeasure-density)
finally show ?thesis .
next
assume —a < b
with ¢ < b have [simp]: b = a by (simp add: not-less del: <a < by)
from inv and range have h —‘ {a} = {g a} by auto
thus ?thesis by (simp-all add: emeasure-distr emeasure-density measurable-sets-borel| OF
Mhl)
qed

locale pair-subprob-space =
pair-sigma-finite M1 M2 + M1: subprob-space M1 + M2: subprob-space M2 for
M1 M2

sublocale pair-subprob-space C P?: subprob-space M1 @ nr M2
proof
from mult-le-one| OF M1.emeasure-space-le-1 - M2.emeasure-space-le-1]
show emeasure (M1 @ yp M2) (space (M1 @ M2)) < 1
by (simp add: M2.emeasure-pair-measure-Times space-pair-measure)
from M1.subprob-not-empty and M2.subprob-not-empty show space (M1 &) m
M2) £ {)
by (simp add: space-pair-measure)
qed

lemma subprob-space-null-measure-iff:
subprob-space (null-measure M) <— space M # {}
by (auto intro!: subprob-spacel dest: subprob-space.subprob-not-empty)
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lemma subprob-space-restrict-space:
assumes M: subprob-space M
and A: A N space M € sets M A N space M # {}
shows subprob-space (restrict-space M A)
proof (rule subprob-spacel)
have emeasure (restrict-space M A) (space (restrict-space M A)) = emeasure M
(A N space M)
using A by(simp add: emeasure-restrict-space space-restrict-space)
also have ... < I by(rule subprob-space.subprob-emeasure-le-1)(rule M)
finally show emeasure (restrict-space M A) (space (restrict-space M A)) < 1 .
next
show space (restrict-space M A) # {}
using A by(simp add: space-restrict-space)
qed

definition subprob-algebra :: 'a measure = 'a measure measure where
subprob-algebra K =
(SUP A € sets K. vimage-algebra {M. subprob-space M N sets M = sets K}
(AM. emeasure M A) borel)

lemma space-subprob-algebra: space (subprob-algebra A) = {M. subprob-space M
A sets M = sets A}
by (auto simp add: subprob-algebra-def space-Sup-eq-UN)

lemma subprob-algebra-cong: sets M = sets N = subprob-algebra M = sub-
prob-algebra N
by (simp add: subprob-algebra-def)

lemma measurable-emeasure-subprob-algebra[measurable]:
a € sets A = (AM. emeasure M a) € borel-measurable (subprob-algebra A)
by (auto intro!: measurable-Sup1 measurable-vimage-algebral simp: subprob-algebra-def)

lemma measurable-measure-subprob-algebra|measurable]:
a € sets A => (AM. measure M a) € borel-measurable (subprob-algebra A)
unfolding measure-def by measurable

lemma subprob-measurableD:
assumes N: N € measurable M (subprob-algebra S) and x: x € space M
shows space (N z) = space S
and sets (N z) = sets S
and measurable (N z) K = measurable S K
and measurable K (N z) = measurable K S
using measurable-space|OF N z]
by (auto simp: space-subprob-algebra introl: measurable-cong-sets dest: sets-eq-imp-space-eq)

ML «

fun subprob-cong thm ctxt = (
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let
val thm' = Thm.transfer’ ctzt thm
val free = thm' |> Thm.concl-of |> HOLogic.dest- Trueprop |> dest-comb |> fst
|>
dest-comb |> snd |> strip-abs-body |> head-of |> is-Free
mn
if free then ([], Measurable.add-local-cong (thm' RS @Q{thm subprob-measurableD(2)})
ctxt)
else ([], ctxzt)
end
handle THM - => ([], ctzt) | TERM - => (][], ctxt))

setup <«
Context.theory-map (Measurable.add-preprocessor subprob-cong subprob-cong)
)

context
fixes K M N assumes K: K € measurable M (subprob-algebra N)
begin

lemma subprob-space-kernel: a € space M = subprob-space (K a)
using measurable-space| OF K| by (simp add: space-subprob-algebra)

lemma sets-kernel: a € space M = sets (K a) = sets N
using measurable-space| OF K] by (simp add: space-subprob-algebra)

lemma measurable-emeasure-kernel[measurable]:
A € sets N = (Aa. emeasure (K a) A) € borel-measurable M
using measurable-compose|OF K measurable-emeasure-subprob-algebra) .

end

lemma measurable-subprob-algebra:

(Aa. a € space M = subprob-space (K a)) =

(Aa. a € space M = sets (K a) = sets N) =

(ANA. A € sets N => (Aa. emeasure (K a) A) € borel-measurable M) =

K € measurable M (subprob-algebra N)

by (auto intro!: measurable-Sup2 measurable-vimage-algebra2 simp: subprob-algebra-def)

lemma measurable-submarkouv:
K € measurable M (subprob-algebra M) <—
(Vzespace M. subprob-space (K x) N sets (K x) = sets M) A
(VAesets M. (Az. emeasure (K x) A) € measurable M borel)
proof
assume (Vz€space M. subprob-space (K x) N sets (K x) = sets M) A
(V Aesets M. (Az. emeasure (K x) A) € borel-measurable M)
then show K € measurable M (subprob-algebra M)
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by (intro measurable-subprob-algebra) auto
next
assume K € measurable M (subprob-algebra M)
then show (Vz€space M. subprob-space (K ) A sets (K z) = sets M) A
(V Aesets M. (Az. emeasure (K x) A) € borel-measurable M)
by (auto dest: subprob-space-kernel sets-kernel)
qed

lemma measurable-subprob-algebra-generated:
assumes eq: sets N = sigma-sets G and Int-stable G G C Pow 2
assumes subsp: Na. a € space M => subprob-space (K a)
assumes sets: A\a. a € space M = sets (K a) = sets N
assumes AA. A € G = (Aa. emeasure (K a) A) € borel-measurable M
assumes Q: (Aa. emeasure (K a) Q) € borel-measurable M
shows K € measurable M (subprob-algebra N)
proof (rule measurable-subprob-algebra)
fix a assume o € space M then show subprob-space (K a) sets (K a) = sets N
by fact+
next
interpret G: sigma-algebra Q) sigma-sets Q G
using «G C Pow ) by (rule sigma-algebra-sigma-sets)
fix A assume A € sets N with assms(2,3) show (A\a. emeasure (K a) A) €
borel-measurable M
unfolding (sets N = sigma-sets Q G»
proof (induction rule: sigma-sets-induct-disjoint)
case (basic A) then show ?Zcase by fact
next
case empty then show ?case by simp
next
case (compl A)
have (Aa. emeasure (K a) (Q — A)) € borel-measurable M +—
(Aa. emeasure (K a) Q — emeasure (K a) A) € borel-measurable M
using G.top G.sets-into-space sets eq compl subprob-space.emeasure-subprob-space-less-top[ OF
subsp]
by (intro measurable-cong emeasure-Diff) auto
with compl Q) show ?case
by simp
next
case (union F)
moreover have (Aa. emeasure (K a) (|Ji. F' 1)) € borel-measurable M +—
(Aa. Y i. emeasure (K a) (F 7)) € borel-measurable M
using sets union eq
by (intro measurable-cong suminf-emeasure[symmetric]) auto
ultimately show ?case
by auto
qed
qed

lemma space-subprob-algebra-empty-iff:
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space (subprob-algebra N) = {} +— space N = {}
proof
have Az. © € space N = density N (A-. 0) € space (subprob-algebra N)
by (auto simp: space-subprob-algebra emeasure-density introl: subprob-spacel)
then show space (subprob-algebra N) = {} = space N = {}
by auto
next
assume space N = {}
hence sets N = {{}} by (simp add: space-empty-iff)
moreover have AM. subprob-space M = sets M # {{}}
by (simp add: subprob-space.subprob-not-empty space-empty-iff [symmetric])
ultimately show space (subprob-algebra N) = {} by (auto simp: space-subprob-algebra)
qed

lemma nn-integral-measurable-subprob-algebra|measurable]:
assumes f: f € borel-measurable N
shows (AM. integral™ M f) € borel-measurable (subprob-algebra N) (is - € ?B)
using f
proof induct
case (cong f g)
moreover have (AM'. [+M". f M" OM') € ?B «— (A\M". [+M". g M"" OM’)
€ 7B
by (intro measurable-cong nn-integral-cong cong)
(auto simp: space-subprob-algebra dest!: sets-eq-imp-space-eq)
ultimately show ?case by simp
next
case (set B)
then have (AM’. [*M". indicator B M" OM') € ?B +— (AM'. emeasure M’
B) € 7B
by (intro measurable-cong nn-integral-indicator) (simp add: space-subprob-algebra)
with set show ?case
by (simp add: measurable-emeasure-subprob-algebra)
next
case (mult f ¢)
then have (AM'. [TM". ¢ x fM" OM') € ?B +— (AM'. ¢« [TM". fM"
oM') € ?B
by (intro measurable-cong nn-integral-cmult) (auto simp add: space-subprob-algebra)
with mult show ?case
by simp
next
case (add f g)
then have (AM'. [*M". fM" + g M" OM') € 2B +— (AM". ([+M". f M"
OM'y + ([*M". g M" OM')) € ?B
by (intro measurable-cong nn-integral-add) (auto simp add: space-subprob-algebra)
with add show ?case
by (simp add: ac-simps)
next
case (seq F)
then have (AM'. [*M". (SUP i. F i) M" OM') € B +— (AM'. SUP i.
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(JtTM". FiM"oM')) e ?B
unfolding SUP-apply
by (intro measurable-cong nn-integral-monotone-convergence-SUP) (auto simp
add: space-subprob-algebra)
with seq show ?case
by (simp add: ac-simps)
qed

lemma measurable-distr:

assumes [measurable]: f € measurable M N

shows (AM'. distr M’ N f) € measurable (subprob-algebra M) (subprob-algebra
N)
proof (cases space N = {})

case Fulse

show ?thesis

proof (rule measurable-subprob-algebra)

fix A assume A: A € sets N

then have (AM'. emeasure (distr M' N f) A) € borel-measurable (subprob-algebra

M) +—
(AM’. emeasure M’ (f —¢ A N space M)) € borel-measurable (subprob-algebra

M)
by (intro measurable-cong)
(auto simp: emeasure-distr space-subprob-algebra
introl: arg-cong2[where f=emeasure] sets-eq-imp-space-eq arg-cong2|where
f=)])
also have ...

using A by (intro measurable-emeasure-subprob-algebra) simp
finally show (AM'. emeasure (distr M’ N f) A) € borel-measurable (subprob-algebra
M) .
qged (auto introl: subprob-space.subprob-space-distr simp: space-subprob-algebra
False cong: measurable-cong-sets)
qged (use assms in <auto simp: measurable-empty-iff space-subprob-algebra-empty-iff»)

lemma emeasure-space-subprob-algebra[measurable]:
(Aa. emeasure a (space a)) € borel-measurable (subprob-algebra N)
proof—
have (\a. emeasure a (space N)) € borel-measurable (subprob-algebra N) (is ?f
€ ?M)
by (rule measurable-emeasure-subprob-algebra) simp
also have ?f € ?M <— (Aa. emeasure a (space a)) € M
by (rule measurable-cong) (auto simp: space-subprob-algebra dest: sets-eq-imp-space-eq)
finally show ?thesis .
qged

lemma integrable-measurable-subprob-algebra[measurable):

fixes f :: 'a = 'b::{banach, second-countable-topology}

assumes [measurable]: f € borel-measurable N

shows Measurable.pred (subprob-algebra N) (AM. integrable M f)
proof (rule measurable-cong| THEN iffD2])
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show M € space (subprob-algebra N) = integrable M f «— ([ Tx. norm (f z)
OM) < oo for M
by (auto simp: space-subprob-algebra integrable-iff-bounded)
qed measurable

lemma integral-measurable-subprob-algebra|measurable]:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [ [measurable]: f € borel-measurable N
shows (AM. integral® M f) € subprob-algebra N — s borel
proof —
from borel-measurable-implies-sequence-metric|OF f, of 0]
obtain F' where F: Ai. simple-function N (F 1)
Nz. z € space N = (M\i. Fiz) —— fx
Niz. z € space N = norm (F i z) < 2 x norm (f x)
unfolding norm-conv-dist by blast

have [measurable]: F i € N — ) count-space UNIV for i
using F(1) by (rule measurable-simple-function)

define F’ where [abs-def]:
F' M i = (if integrable M f then integral® M (F i) else 0) for M i

have (AM. F' M i) € subprob-algebra N — s borel for i
proof (rule measurable-cong| THEN iffD2])
fix M assume M € space (subprob-algebra N)
then have [simp]: sets M = sets N space M = space N subprob-space M
by (auto simp: space-subprob-algebra intro!: sets-eq-imp-space-eq)
interpret subprob-space M by fact
have F'' M i = (if integrable M f then Bochner-Integration.simple-bochner-integral
M (F i) else 0)
using F(1)
by (subst simple-bochner-integrable-eg-integral)
(auto simp: simple-bochner-integrable.simps simple-function-def F'-def)
then show F' M i = (if integrable M f then Y  y€F i ‘ space N. measure M
{z€space N. F iz = y} xg y else 0)
unfolding simple-bochner-integral-def by simp
qged measurable
moreover
have F' M —— integral® M f if M: M € space (subprob-algebra N) for M
proof cases
from M have [simp]: sets M = sets N space M = space N
by (auto simp: space-subprob-algebra introl: sets-eq-imp-space-eq)
assume integrable M f then show ?thesis
unfolding F'-def using F(1)[THEN borel-measurable-simple-function] F
by (auto intro!: integral-dominated-convergence[where w=>Az. 2 * norm (f z)]
cong: measurable-cong-sets)
qged (auto simp: F'-def not-integrable-integral-eq)
ultimately show ?thesis
by (rule borel-measurable-LIMSEQ-metric)
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qed

lemma measurable-pair-measure:
assumes f: f € measurable M (subprob-algebra N)
assumes ¢: g € measurable M (subprob-algebra L)
shows (A\z. fz @ am g ) € measurable M (subprob-algebra (N @ ar L))
proof (rule measurable-subprob-algebra)
{ fix = assume z € space M
with measurable-space[OF f] measurable-space[OF g
have fr: fz € space (subprob-algebra N) and gz: g z € space (subprob-algebra
)
by auto
interpret F: subprob-space f x
using fr by (simp add: space-subprob-algebra)
interpret G: subprob-space g x
using gz by (simp add: space-subprob-algebra)

interpret pair-subprob-space fx g x ..

show subprob-space (f x @ ar g ) by unfold-locales

show sets-eq: sets (fx @ g x) = sets (N Q@ ar L)
using fr gz by (simp add: space-subprob-algebra)

have 1: AA B. A € sets N = B € sets L = emeasure (fz @ m g z) (A %
B) = emeasure (f x) A x emeasure (g x) B
using fz gz by (intro G.emeasure-pair-measure-Times) (auto simp: space-subprob-algebra)
have emeasure (fx @ r g ) (space (fx @ g ) =
emeasure (f z) (space (f x)) * emeasure (g z) (space (g ))
by (subst G.emeasure-pair-measure- Times[symmetric]) (simp-all add: space-pair-measure)
hence 2: NA. A € sets (N @ nm L) = emeasure (fz @ a g ) (space N X
space L — A) =
.. — emeasure (fox @m gz) A
using emeasure-compl[simplified, OF - P.emeasure-finite]
unfolding sets-eq
unfolding sets-eq-imp-space-eq| OF sets-eq]
by (simp add: space-pair-measure G.emeasure-pair-measure-Times)
note 1 2 sets-eq }
note Times = this(1) and Compl = this(2) and sets-eq = this(3)

fix A assume A: A € sets (N Q@ m L)
show (Aa. emeasure (f a @ g a) A) € borel-measurable M

using Int-stable-pair-measure-generator pair-measure-closed A

unfolding sets-pair-measure
proof (induct A rule: sigma-sets-induct-disjoint)

case (basic A) then show ?case

by (auto introl: borel-measurable-times-ennreal simp: Times cong: measur-
able-cong)
(auto introl: measurable-emeasure-kernel f g)

next
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case (compl A)

then have A: A € sets (N Q@ m L)
by (auto simp: sets-pair-measure)

have (Az. emeasure (f z) (space (f z)) x emeasure (g x) (space (g x)) —

emeasure (fx @ g ) A) € borel-measurable M (is ¢f € ?M)

using compl(2) f g by measurable

thus ?case by (simp add: Compl A cong: measurable-cong)

next

case (union A)

then have range A C sets (N @ v L) disjoint-family A
by (auto simp: sets-pair-measure)

then have (\a. emeasure (fa @y g a) (Ji. A 7)) € borel-measurable M +—
(Aa. > 4. emeasure (fa @ g a) (A ©)) € borel-measurable M
by (intro measurable-cong suminf-emeasure[symmetric))

(auto simp: sets-eq)

also have ...
using union by auto

finally show ?case .

qed simp
qed

lemma restrict-space-measurable:
assumes X: X # {} X € sets K
assumes N: N € measurable M (subprob-algebra K)
shows (Az. restrict-space (N ) X) € measurable M (subprob-algebra (restrict-space
K X))
proof (rule measurable-subprob-algebra)
fix a assume a: a € space M
from N[THEN measurable-space, OF this|
have subprob-space (N a) and [simp]: sets (N a) = sets K space (N a) = space
K
by (auto simp add: space-subprob-algebra dest: sets-eq-imp-space-eq)
then interpret subprob-space N a
by simp
show subprob-space (restrict-space (N a) X)
proof
show space (restrict-space (N a) X) # {}
using X by (auto simp add: space-restrict-space)
show emeasure (restrict-space (N a) X) (space (restrict-space (N a) X)) < 1
using X by (simp add: emeasure-restrict-space space-restrict-space sub-
prob-emeasure-le-1)
qed
show sets (restrict-space (N a) X) = sets (restrict-space K X)
by (intro sets-restrict-space-cong) fact
next
fix A assume A: A € sets (restrict-space K X)
show (\a. emeasure (restrict-space (N a) X) A) € borel-measurable M
proof (subst measurable-cong)
fix a assume a € space M
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from N[THEN measurable-space, OF this
have [simp]: sets (N a) = sets K space (N a) = space K
by (auto simp add: space-subprob-algebra dest: sets-eq-imp-space-eq)
show emeasure (restrict-space (N a) X) A = emeasure (N a) (4 N X)
using X A by (subst emeasure-restrict-space) (auto simp add: sets-restrict-space
ac-simps)
next
show (Aw. emeasure (N w) (A N X)) € borel-measurable M
using A X
by (intro measurable-compose]OF N measurable-emeasure-subprob-algebra))
(auto simp: sets-restrict-space)
qed
qed

7.2 Properties of “return”

definition return :: ‘a measure = ‘a = 'a measure where
return R © = measure-of (space R) (sets R) (AA. indicator A x)

lemma space-return[simpl: space (return M z) = space M
by (simp add: return-def)

lemma sets-return[simp): sets (return M x) = sets M
by (simp add: return-def)

lemma measurable-returni [simp]: measurable (return N z) L = measurable N L
by (simp cong: measurable-cong-sets)

lemma measurable-return2[simp): measurable L (return N x) = measurable L N
by (simp cong: measurable-cong-sets)

lemma return-sets-cong: sets M = sets N = return M = return N
by (auto dest: sets-eq-imp-space-eq simp: fun-eg-iff return-def)

lemma return-cong: sets A = sets B = return A © = return B z
by (auto simp add: return-def dest: sets-eq-imp-space-eq)

lemma emeasure-return|simp]:
assumes A € sets M
shows emeasure (return M z) A = indicator A z
proof (rule emeasure-measure-of[OF return-def])
show sets M C Pow (space M) by (rule sets.space-closed)
show positive (sets (return M z)) (AA. indicator A x) by (simp add: positive-def)
from assms show A € sets (return M z) unfolding return-def by simp
show countably-additive (sets (return M z)) (AA. indicator A x)
by (auto introl: countably-additivel suminf-indicator)
qed

lemma prob-space-return: = € space M = prob-space (return M x)
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by rule simp

lemma subprob-space-return: x € space M = subprob-space (return M z)
by (intro prob-space-return prob-space-imp-subprob-space)

lemma subprob-space-return-ne:

assumes space M # {} shows subprob-space (return M z)

by (metis assms emeasure-return indicator-simps(2) sets.top space-return sub-
prob-spacel subprob-space-return zero-le)

lemma measure-return: assumes X: X € sets M shows measure (return M z) X
= indicator X z
unfolding measure-def emeasure-return[OF X, of ] by (simp split: split-indicator)

lemma AFE-return:
assumes [simp]: z € space M and [measurable]: Measurable.pred M P
shows (AFE y in return M z. P y) +— Pz
proof —
have (AE y in return M x. y ¢ {x€space M. =~ P z}) +— Px
by (subst AE-iff-null-sets[symmetric]) (simp-all add: null-sets-def split: split-indicator)
also have (AFE y in return M z. y ¢ {x€space M. = P z}) +— (AE y in return
Mzx. Py)
by (rule AE-cong) auto
finally show ?thesis .
qed

lemma nn-integral-return:
assumes x € space M g € borel-measurable M
shows ([ a. g a Oreturn M z) = gz
proof—
interpret prob-space return M x by (rule prob-space-return|OF <z € space M>))
have ([ a. g a Oreturn M z) = ([ " a. g x Oreturn M z) using assms
by (intro nn-integral-cong-AE) (auto simp: AE-return)
also have ... = gz
using nn-integral-const|of return M x] emeasure-space-1 by simp
finally show ?thesis .
qed

lemma integral-return:
fixes g :: - = ’a :: {banach, second-countable-topology}
assumes x € space M g € borel-measurable M
shows ([ a. g a dreturn M z) = g x
proof—
interpret prob-space return M x by (rule prob-space-return[OF <z € space M>))
have ([ a. g a Oreturn M z) = ([ a. g  dreturn M z) using assms
by (intro integral-cong-AE) (auto simp: AE-return)
then show ?thesis
using prob-space by simp
qed
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lemma return-measurable[measurable]: return N € measurable N (subprob-algebra
N)
by (rule measurable-subprob-algebra) (auto simp: subprob-space-return)

lemma distr-return:
assumes f € measurable M N and z € space M
shows distr (return M z) N f = return N (f z)
using assms by (intro measure-eql) (simp-all add: indicator-def emeasure-distr)

lemma return-restrict-space:
Q€ sets M = return (restrict-space M Q) z = restrict-space (return M x) §2
by (auto intro!: measure-eql simp: sets-restrict-space emeasure-restrict-space)

lemma measurable-distr2:
assumes f[measurable]: case-prod f € measurable (L @ p M) N
assumes g[measurable]: g € measurable L (subprob-algebra M)
shows (Az. distr (g ) N (f z)) € measurable L (subprob-algebra N)
proof —
have (\z. distr (g9 ) N (f z)) € measurable L (subprob-algebra N)
—— (Az. distr (return Lz @ apr g ) N (case-prod f)) € measurable L (subprob-algebra
)
proof (rule measurable-cong)
fix z assume z: x € space L
have gz: g © € space (subprob-algebra M)
using measurable-space|OF g x| .
then have [simp]: sets (g z) = sets M
by (simp add: space-subprob-algebra)
then have [simp]: space (g x) = space M
by (rule sets-eq-imp-space-eq)
let R = return L x
from measurable-compose-Pairl [OF x f] have f-M": fx € measurable M N
by simp
interpret subprob-space g x
using gz by (simp add: space-subprob-algebra)
have space-pair-M [simp]: AX. space (X Q m g z) = space (X @ m M)
by (simp add: space-pair-measure)
show distr (g z) N (fz) = distr (R @ nm g x) N (case-prod f) (is 2l = ?r)
proof (rule measure-eql)
show sets 2l = sets r
by simp
next
fix A assume A € sets ?I
then have A[measurable]: A € sets N
by simp
then have emeasure ?r A = emeasure (R @ v g z) (M=, y). fry) — A
N space (R @ g )
by (auto simp add: emeasure-distr f-M' cong: measurable-cong-sets)
also have ... = ([ TM". emeasure (g z) (f M" —* A N space M) O?R)
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apply (subst emeasure-pair-measure-alt)
apply (force simp add: f-M' cong: measurable-cong-sets introl: measur-
able-sets|OF - A])
apply (intro nn-integral-cong arg-cong|where f=emeasure (g z)])
apply (auto simp: space-subprob-algebra space-pair-measure)
done
also have ... = emeasure (g z) (fx —* A N space M)
by (subst nn-integral-return)
(auto simp: x intro!: measurable-emeasure)
also have ... = emeasure 21 A
by (simp add: emeasure-distr f-M' cong: measurable-cong-sets)
finally show emeasure ?l A = emeasure ?r A ..
qed
qed
also have ...
proof (intro measurable-compose[ OF measurable-pair-measure measurable-distr])
show return L € L —p; subprob-algebra L
by (rule return-measurable)
qed measurable
finally show ?thesis .
qed

lemma nn-integral-measurable-subprob-algebra?2:
assumes f[measurable]: (A\(z, y). fz y) € borel-measurable (M @ ar N)
assumes N[measurable]: L € measurable M (subprob-algebra N)
shows (Az. integral™ (L z) (f 7)) € borel-measurable M
proof —
note nn-integral-measurable-subprob-algebra[measurable]
note measurable-distr2[measurable]
have (A\z. integral™ (distr (L ) (M @ m N) (A\y. (z, v))) (A (z, y). fzy)) €
borel-measurable M
by measurable
then show (A\z. integral’™ (L z) (f x)) € borel-measurable M
by (rule measurable-cong[THEN iffD1, rotated])
(simp add: nn-integral-distr)
qed

lemma emeasure-measurable-subprob-algebra2:
assumes A[measurable]: (SIGMA z:space M. A z) € sets (M @y N)
assumes L[measurable]: L € measurable M (subprob-algebra N)
shows (Az. emeasure (L x) (A z)) € borel-measurable M
proof —
{ fix z assume z € space M
then have Pair x —* Sigma (space M) A = Az
by auto
with sets-Pairl [OF A, of z] have A z € sets N
by auto }
note *x = this
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have *: Az. fst © € space M = snd z € A (fst ) «— z € (SIGMA z:space M.
A x)
by (auto simp: fun-eq-iff)
have MN: Measurable.pred (M @ rr N) (Aw. w € Sigma (space M) A)
by auto
then have (\(z, y). indicator (A z) y::ennreal) € borel-measurable (M &) pr N)
apply measurable
by (smt (verit, best) MN measurable-cong mem-Sigma-iff prod.collapse space-pair-measure)
then have (\z. integral™ (L x) (indicator (A z))) € borel-measurable M
by (intro nn-integral-measurable-subprob-algebra2|where N=N] L)
then show (A\z. emeasure (L z) (A x)) € borel-measurable M
by (smt (verit) xx L measurable-cong-simp nn-integral-indicator sets-kernel)
qed

lemma measure-measurable-subprob-algebra?2:
assumes A[measurable]: (SIGMA z:space M. A z) € sets (M @y N)
assumes L[measurable]: L € measurable M (subprob-algebra N)
shows (Az. measure (L z) (A z)) € borel-measurable M
unfolding measure-def
by (intro borel-measurable-enn2real emeasure-measurable-subprob-algebra2[OF assms])

definition select-sets M = (SOME N. sets M = sets (subprob-algebra N))

lemma select-sets1:

sets M = sets (subprob-algebra N) = sets M = sets (subprob-algebra (select-sets
)

unfolding select-sets-def by (rule somel)

lemma sets-select-sets|simp]:
assumes sets: sets M = sets (subprob-algebra N)
shows sets (select-sets M) = sets N
unfolding select-sets-def
proof (rule somel2)
show sets M = sets (subprob-algebra N)
by fact
next
fix L assume sets M = sets (subprob-algebra L)
with sets have eq: space (subprob-algebra N) = space (subprob-algebra L)
by (intro sets-eq-imp-space-eq) simp
show sets L = sets N
proof cases
assume space (subprob-algebra N) = {}
with space-subprob-algebra-empty-iff[of N| space-subprob-algebra-empty-iff [of
1
show ?thesis
by (simp add: eq space-empty-iff)
next
assume space (subprob-algebra N) # {}
with eq show ?thesis
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by (smt (verit) equalsOI mem-Collect-eq space-subprob-algebra)
qed
qed

lemma space-select-sets[simp):
sets M = sets (subprob-algebra N) = space (select-sets M) = space N
by (intro sets-eq-imp-space-eq sets-select-sets)

7.3 Join

definition join :: ‘a measure measure = 'a measure where
join M = measure-of (space (select-sets M)) (sets (select-sets M)) (AB. [+ M".
emeasure M’ B OM)

lemma
shows space-join[simp]: space (join M) = space (select-sets M)
and sets-join[simp]: sets (join M) = sets (select-sets M)
by (simp-all add: join-def)

lemma emeasure-join:
assumes M |[simp, measurable-cong|: sets M = sets (subprob-algebra N) and A:
A € sets N
shows emeasure (join M) A = ([T M’ emeasure M' A OM)
proof (rule emeasure-measure-of [OF join-def])
show countably-additive (sets (join M)) (AB. [+ M'. emeasure M' B OM)
proof (rule countably-additivel)
fix A :: nat = 'a set assume A: range A C sets (join M) disjoint-family A
have (}_i. [T M’ emeasure M' (A i) OM) = ([ *M'. (3" i. emeasure M’ (A
i)) OM)
using A by (subst nn-integral-suminf) (auto simp: measurable-emeasure-subprob-algebra)
also have ... = ([ "M emeasure M' ({Ji. A i) OM)
proof (rule nn-integral-cong)
fix M’ assume M’ € space M
then show (> i. emeasure M’ (A i)) = emeasure M' (|Ji. A 0)
using A sets-eq-imp-space-eq[OF M| by (simp add: suminf-emeasure
space-subprob-algebra)
qed
finally show (>"i. [TM'. emeasure M' (A i) OM) = ([ *M'. emeasure M’
(Ui. A1) oM) .
qged
qed (auto simp: A sets.space-closed positive-def)

lemma measurable-join:

join € measurable (subprob-algebra (subprob-algebra N)) (subprob-algebra N)
proof (cases space N # {}, rule measurable-subprob-algebra)

fix A assume A € sets N

let B = borel-measurable (subprob-algebra (subprob-algebra N))

have (AM'. emeasure (join M') A) € ¢B +— (AM". ([T M". emeasure M" A
oM’) € ?B
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proof (rule measurable-cong)
fix M’ assume M’ € space (subprob-algebra (subprob-algebra N))
then show emeasure (join M') A = ([T M". emeasure M" A OM')
by (intro emeasure-join) (auto simp: space-subprob-algebra «A€sets N»)
qged
also have (\M'. [t M". emeasure M"" A M) € ?B
using measurable-emeasure-subprob-algebra| OF <A€sets N»]
by (rule nn-integral-measurable-subprob-algebra)
finally show (AM'. emeasure (join M") A) € borel-measurable (subprob-algebra
(subprob-algebra N)) .
next
assume [simp]: space N # {}
fix M assume M: M € space (subprob-algebra (subprob-algebra N))
then have ([ *M'. emeasure M' (space N) OM) < ([ TM'. 1 OM)
proof (intro nn-integral-mono)
show Az. [M € space (subprob-algebra (subprob-algebra N)); x € space M]
= emeasure & (space N) < 1
by (smt (verit) mem-Collect-eq sets-eq-imp-space-eq space-subprob-algebra
subprob-space.subprob-emeasure-le-1)
qed
with M show subprob-space (join M)
by (intro subprob-spacel)
(auto simp: emeasure-join space-subprob-algebra M dest: subprob-space.emeasure-space-le-1)
next
assume —(space N # {})
thus ?thesis by (simp add: measurable-empty-iff space-subprob-algebra-empty-iff)
qed (auto simp: space-subprob-algebra)

lemma nn-integral-join:
assumes f: f € borel-measurable N
and M[measurable-cong|: sets M = sets (subprob-algebra N)
shows ([ Tz. fz djoin M) = ([ TM'. [Tz fz oM OM)
using f
proof induct
case (cong f g)
moreover have integral™ (join M) f = integral’™ (join M) g
by (intro nn-integral-cong cong) (simp add: M)
moreover from M have ([ + M’ integral¥ M’ f OM) = ([+ M’ integral™
M' g OM)
by (intro nn-integral-cong cong)
(auto simp add: space-subprob-algebra dest!: sets-eq-imp-space-eq)
ultimately show ?case
by simp
next
case (set A)
with M have ([T M’ integral™ M’ (indicator A) OM) = ([T M'. emeasure
M'" A OM)
by (intro nn-integral-cong nn-integral-indicator)
(auto simp: space-subprob-algebra dest!: sets-eq-imp-space-eq)
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with set show ?case
using M by (simp add: emeasure-join)
next
case (mult f c)
have ([t M [t z. cx fe OM'OM) = ([T M. c* [T z. fz OM'OM)
using mult M M[THEN sets-eg-imp-space-eq|
by (intro nn-integral-cong nn-integral-cmult) (auto simp add: space-subprob-algebra)
alsohave ... = cx ([T M [T z. fo OM'OM)
using nn-integral-measurable-subprob-algebra| OF mult(2)]
by (intro nn-integral-cmult mult) (simp add: M)

also have ... = ¢ x (integral™ (join M) f)
by (simp add: mult)
also have ... = ([ " z. ¢ x fz Ojoin M)

using mult(2,3) by (intro nn-integral-cmult[symmetric] mult) (simp add: M
cong: measurable-cong-sets)
finally show ?case by simp
next
case (add f g)
have ([* M' [T a. fo+ gz M OM)= ([T M. ([T a fzoM)+ ([T
z. gz OM') OM)
using add M M[THEN sets-eq-imp-space-eq|
by (intro nn-integral-cong nn-integral-add) (auto simp add: space-subprob-algebra)
alsohave ... = ([t M [Tz fe OM'OM) + ([t M. [T 2. gz OM' OM)
using nn-integral-measurable-subprob- algebm[OF add(1)]
using nn-integral-measurable-subprob-algebra] OF add(4))
by (intro nn-integral-add add) (simp-all add: M)

also have ... = (integral™ (join M) f) + (integral™ (join M) g)
by (simp add: add)
also have ... = ([ " z. fz + gz djoin M)

using add by (intro nn-integral-add[symmetric] add) (simp-all add: M cong:
measurable-cong-sets)
finally show ?case by (simp add: ac-simps)
next
case (seq F)
have ([T M’ [T 2. (SUPi. Fi) 2 OM'OM) = ([* M'. (SUPi. [T 2. Fiux
oM’y OM)
using seq M M[THEN sets-eq-imp-space-eq] unfolding SUP-apply
by (intro nn-integral-cong nn-integral-monotone-convergence-SUP)
(auto simp add: space-subprob-algebra)
also have ... = (SUPi. [T M. [t z. Fixz dM' OM)
using nn-integral-measurable-subprob-algebra| OF seq(1)] seq
by (intro nn-integral-monotone-convergence-SUP)
(simp-all add: M incseq-nn-integral incseq-def le-fun-def nn-integral-mono )

also have ... = (SUP i. integral (join M) (F 1))
by (simp add: seq)
also have ... = ([T z. (SUP i. F i z) djoin M)

using seq by (intro nn-integral-monotone-convergence-SUP[symmetric] seq)
(simp-all add: M cong: measurable-cong-sets)
finally show ?case by (simp add: ac-simps image-comp)
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qed

lemma measurable-joini:
[ f € measurable N K; sets M = sets (subprob-algebra N) |
= [ € measurable (join M) K
by (simp add: measurable-def)

lemma
fixes f :: - = real
assumes f-measurable [measurable]: f € borel-measurable N
and f-bounded: \z. x € space N = |fz| < B
and M [measurable-cong|: sets M = sets (subprob-algebra N)
and fin: finite-measure M
and M-bounded: AE M’ in M. emeasure M’ (space M') < ennreal B’
shows integrable-join: integrable (join M) f (is ?integrable)
and integral-join: integral” (join M) f = [ M'. integral® M'f OM (is ?integral)
proof(case-tac ['] space N = {})
assume *: space N = {}
show ?integrable
using M * by(simp add: real-integrable-def measurable-def nn-integral-empty)
have ([ M’ integral® M’ f OM) = ([ M'. 0 OM)
proof(rule Bochner-Integration.integral-cong)
fix M’
assume M’ € space M
with sets-eg-imp-space-eqOF M| have space M’ = space N
by (auto simp add: space-subprob-algebra dest: sets-eq-imp-space-eq)
with x show ([ z. fz 9M') = 0 by(simp add: Bochner-Integration.integral-empty)
qed simp
then show ?integral
using M x by(simp add: Bochner-Integration.integral-empty)
next
assume *: space N # {}

from x have B [simp]: 0 < B by(auto dest: f-bounded)

have [measurable]: f € borel-measurable (join M) using f-measurable M
by (rule measurable-joinl)

{ fix f M’

assume [measurable]: f € borel-measurable N
and f-bounded: N\z. x € space N = fz < B
and M’ € space M emeasure M' (space M') < ennreal B’

have AFE z in M'. ennreal (f z) < ennreal B

proof(rule AE-12)
fix z
assume z € space M’
with «(M' € space M» sets-eq-imp-space-eq| OF M)

have z € space N by (auto simp add: space-subprob-algebra dest: sets-eq-imp-space-eq)
from f-bounded[OF this| show ennreal (f z) < ennreal B by simp
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qed
then have ([ * z. ennreal (fz) OM') < ([ * x. ennreal B OM’)
by (rule nn-integral-mono-AFE)

also have ... = ennreal B x emeasure M’ (space M') by(simp)
also have ... < ennreal B * ennreal B’ by(rule mult-left-mono)(fact, simp)
also have ... < ennreal B * ennreal |B'| by (rule mult-left-mono)(simp-all)

finally have ([t z. ennreal (f z) OM’) < ennreal (B x |B’|) by (simp add:
ennreal-mult) }
note bounded! = this

have bounded:
NS [ [ € borel-measurable N; Nz. x € space N = fz < B]
= ([T z. ennreal (f z) Djoin M) # top
proof —
fix f
assume [measurable]: f € borel-measurable N
and f-bounded: \z. x € space N = fz < B
have ([t z. ennreal (f z) Qjoin M) = ([ * M'. [+ z. ennreal (fz) OM' OM)
by (rule nn-integral-join[OF - M]) simp
also have ... < [T M’ B x |B| OM
using bounded1[OF «f € borel-measurable N> f-bounded)]
by (rule nn-integral-mono-AE[OF AE-mp|OF M-bounded AE-I2], rule-format))
also have ... = B x |B’| x emeasure M (space M) by simp
also have ... <
using finite-measure.finite-emeasure-space| OF fin)
by (simp add: ennreal-mult-less-top less-top)
finally show %thesis f by simp
qed
have f-pos: ([ * z. ennreal (f z) djoin M) # oo
and f-neg: ([ z. ennreal (— f ) djoin M) #
using f-bounded by(auto del: notl intro!: bounded simp add: abs-le-iff)

show ?integrable using f-pos f-neg by (simp add: real-integrable-def)
note [measurable] = nn-integral-measurable-subprob-algebra

have int-f: ([T z. fz Djoin M) = [+ M' [T x foOM' OM
by (simp add: nn-integral-join[OF - M])

have int-mf: ([ * z. — fz djoin M) = ([T M'. [t z. — fz OM' OM)
by (simp add: nn-integral-join|OF - M)

have pos-finite: AE M" in M. ([* z. fz OM') # o0
using AFE-space M-bounded
proof eventually-elim
fix M’ assume M’ € space M emeasure M' (space M') < ennreal B’
then have ([ * z. ennreal (f z) OM’) < ennreal (B = |B’|)
using f-measurable by(auto intro!: bounded! dest: f~bounded)
then show ([ z. ennreal (f ) OM’) # oo
by (auto simp: top-unique)
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qed
hence [simp]: ([T M'. ennreal (enn2real ([* z. fz OM')) OM) = ([+* M" [T
z. fx OM' OM)
by (rule nn-integral-cong-AE[OF AE-mp]) (simp add: less-top)
from f-pos have [simp|: integrable M (AM'. enn2real ([ + x. f2 OM'))
by(simp add: int-f real-integrable-def nn-integral-0-iff-AE[THEN iffD2] en-
nreal-neg enn2real-nonneg)

have neg-finite: AE M in M. ([T z. — fz OM') # o0
using AFE-space M-bounded
proof eventually-elim
fix M' assume M’ € space M emeasure M’ (space M') < ennreal B’
then have ([t z. ennreal (— fz) OM’) < ennreal (B * |B))
using f-measurable by (auto intro!: boundedl dest: f~bounded)
then show ([ * z. ennreal (— fz) OM') #
by (auto simp: top-unique)
qed
hence [simp]: ([ * M'. ennreal (enn2real ([* z. — fz OM')) OM) = ([ M.
[Tz — fz oM OM)
by (rule nn-integral-cong-AE[OF AE-mp]) (simp add: less-top)
from f-neg have [simp): integrable M (AM'. enn2real ([ * z. — fa OM’))
by (simp add: int-mf real-integrable-def nn-integral-0-iff-AE[THEN iffD2] en-
nreal-neg enn2real-nonneg)

have ([ z. fz djoin M) = enn2real ([ * N. [Ta. fo ON OM) — enn2real ([ +
N. [Tz — fz ON OM)

unfolding real-lebesgue-integral-def [ OF « ?integrables] by (simp add: nn-integral-join[OF
M)

also have ... = ([ N. enn2real ([ *z. f2 ON) OM) — ([ N. enn2real ([ Tz. —
fz ON) BM)

using pos-finite neg-finite by (subst (1 2) integral-eq-nn-integral) (auto simp:

enn2real-nonneq)

also have ... = ([ N. enn2real ([ *z. fz ON) — enn2real ([ T2. — fz ON)
oM)
by simp
alsohave ... = [M'. [ z. fz OM'OM

proof (rule integral-cong-AFE)
show AE x in M.
enn2real ([ z. ennreal (f z) Ox) — ennZreal ([ z. ennreal (— fz) dz) =
integral™ x f
using A FE-space M-bounded
proof eventually-elim
fix M’ assume M’ € space M emeasure M’ (space M) < B’
then interpret subprob-space M’
by (auto simp: M[THEN sets-eq-imp-space-eq| space-subprob-algebra)

from (M’ € space M» sets-eq-imp-space-eq| OF M)
have [measurable-cong): sets M’ = sets N by(simp add: space-subprob-algebra)
hence [simp]: space M’ = space N by(rule sets-eq-imp-space-eq)
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have integrable M’ f
by (rule integrable-const-bound|where B=DB])(auto simp add: f-bounded)
then show enn2real ([* z. fo OM’') — enn2real ([T z. — fz OM') = [ =
fxz oM’
by (simp add: real-lebesgue-integral-def)
qed
qed simp-all
finally show ?integral by simp
qed

lemma join-assoc:

assumes M [measurable-cong|: sets M = sets (subprob-algebra (subprob-algebra
)

shows join (distr M (subprob-algebra N) join) = join (join M)
proof (rule measure-eql)

fix A assume A € sets (join (distr M (subprob-algebra N) join))

then have A: A € sets N by simp

show emeasure (join (distr M (subprob-algebra N) join)) A = emeasure (join
(join M)) A

using measurable-join[of N
by (auto simp: M A nn-integral-distr emeasure-join measurable-emeasure-subprob-algebra
sets-eq-imp-space-eq| OF M| space-subprob-algebra nn-integral-join[OF
- M]
introl: nn-integral-cong emeasure-join)

qed (simp add: M)

lemma join-return:
assumes sets M = sets N and subprob-space M
shows join (return (subprob-algebra N) M) = M
by (rule measure-eql)
(simp-all add: emeasure-join space-subprob-algebra
measurable-emeasure-subprob-algebra nn-integral-return assms)

lemma join-return’”:

assumes sets N = sets M

shows join (distr M (subprob-algebra N) (return N)) = M
proof (rule measure-eql)

fix A

have return N € measurable M (subprob-algebra N)

using assms by auto

moreover

assume A € sets (join (distr M (subprob-algebra N) (return N)))

ultimately show emeasure (join (distr M (subprob-algebra N) (return N))) A
= emeasure M A

by (simp add: emeasure-join nn-integral-distr measurable-emeasure-subprob-algebra
assms)
qed (simp add: assms)

lemma join-distr-distr:
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fixes f :: 'a = 'band M :: 'a measure measure and N :: 'b measure

assumes sets M = sets (subprob-algebra R) and f € measurable R N

shows join (distr M (subprob-algebra N) (AM. distr M N f)) = distr (join M)
Nf (is 2r = 2I)
proof (rule measure-eql)

fix A assume A € sets r

hence A-in-N: A € sets N by simp

from assms have f € measurable (join M) N
by (simp cong: measurable-cong-sets)
moreover from assms and A-in-N have f—‘A N space R € sets R
by (intro measurable-sets) simp-all
ultimately have emeasure (distr (join M) N f) A= [TM'. emeasure M’ (f—*A
N space R) OM
by (simp-all add: A-in-N emeasure-distr emeasure-join assms)

also have ... = [T z. emeasure (distr z N f) A OM using A-in-N
proof (intro nn-integral-cong, subst emeasure-distr)
fix M’ assume M’ € space M
from assms have space M = space (subprob-algebra R)
using sets-eq-imp-space-eq by blast
with <M’ € space M» have [simp]: sets M’ = sets R using space-subprob-algebra
by blast
show f € measurable M’ N by (simp cong: measurable-cong-sets add: assms)
have space M’ = space R by (rule sets-eq-imp-space-eq) simp
thus emeasure M’ (f —¢ A N space R) = emeasure M' (f —* A N space M) by
stmp
qed

also have (AM. distr M N f) € measurable M (subprob-algebra N)
by (simp cong: measurable-cong-sets add: assms measurable-distr)
hence ([t z. emeasure (distr x N f) A OM) =
emeasure (join (distr M (subprob-algebra N) (AM. distr M N f))) A
by (simp-all add: emeasure-join assms A-in-N nn-integral-distr measur-

able-emeasure-subprob-algebra)

finally show emeasure ?r A = emeasure ?] A ..
qed simp

definition bind :: ‘a measure = (‘a = 'b measure) = 'b measure where
bind M f = (if space M = {} then count-space {} else
join (distr M (subprob-algebra (f (SOME z. x € space M))) f))
adhoc-overloading Monad-Syntax.bind = bind
lemma bind-empty:
space M = {} = bind M f = count-space {}
by (simp add: bind-def)

lemma bind-nonempty:
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space M # {} = bind M f = join (distr M (subprob-algebra (f (SOME x. z €

space M))) f)
by (simp add: bind-def)

lemma sets-bind-empty: sets M = {} = sets (bind M f) = {{}}
by auto

lemma space-bind-empty: space M = {} = space (bind M f) = {}
by (simp add: bind-def)

lemma sets-bind[simp, measurable-congl:
assumes f: \z. © € space M = sets (f x) = sets N and M: space M # {}
shows sets (bind M f) = sets N
using f [of SOME x. x € space M| by (simp add: bind-nonempty M some-in-eq)

lemma space-bind|simp):
assumes Az. x € space M = sets (f x) = sets N and space M # {}
shows space (bind M f) = space N
using assms by (intro sets-eq-imp-space-eq sets-bind)

lemma bind-cong-All:

assumes Vz € space M. fz =gz

shows bind M f = bind M g
proof (cases space M = {})

assume space M # {}

hence (SOME z. x € space M) € space M by (rule-tac somel-ex) blast

with assms have f (SOME z. x € space M) = g (SOME z. x € space M) by
blast

with «<space M # {}> and assms show %thesis by (simp add: bind-nonempty
cong: distr-cong)
qed (simp add: bind-empty)

lemma bind-cong:
M=N= (Az.z € space M = foz =gz) = bind M f = bind N ¢
using bind-cong-All[of M f g] by auto

lemma bind-nonempty’:
assumes | € measurable M (subprob-algebra N) z € space M
shows bind M f = join (distr M (subprob-algebra N) f)
proof —
have join (distr M (subprob-algebra (f (SOME z. © € space M))) f) = join (distr
M (subprob-algebra N) f)
by (metis assms somel-ex subprob-algebra-cong subprob-measurableD(2))
with assms show ?thesis
by (metis bind-nonempty empty-iff)
qed

lemma bind-nonempty’”:
assumes f € measurable M (subprob-algebra N) space M # {}
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shows bind M f = join (distr M (subprob-algebra N) f)
using assms by (auto intro: bind-nonempty’)

lemma emeasure-bind:
[space M # {}; f € measurable M (subprob-algebra N);X € sets N]
= emeasure (M >= f) X = [ Tz. emeasure (f z) X OM
by (simp add: bind-nonempty'’ emeasure-join nn-integral-distr measurable-emeasure-subprob-algebra)

lemma nn-integral-bind:
assumes f: f € borel-measurable B
assumes N: N € measurable M (subprob-algebra B)
shows ([*z. fz O(M >= N)) = ([ Tz. [Ty. fy ON z OM)
proof cases
assume M: space M # {} show %thesis
unfolding bind-nonempty’|OF N M| nn-integral-join|OF f sets-distr]
by (rule nn-integral-distr|OF N])
(simp add: f nn-integral-measurable-subprob-algebra)
qed (simp add: bind-empty space-empty[of M| nn-integral-count-space)

lemma AFE-bind:
assumes N[measurable]: N € measurable M (subprob-algebra B)
assumes P[measurable]: Measurable.pred B P
shows (AEzin M >= N. Pz) <— (AEzin M. AE y in N z. Py)
proof cases
assume M: space M = {} show ?thesis
unfolding bind-empty[OF M| unfolding space-empty[OF M| by (simp add:
AE-count-space)
next
assume M: space M # {}
note sets-kernel|OF N, simp]
have «: ([ Tz. indicator {z. = Pz} 2 d(M >= N)) = ([ Tz. indicator {z€space
B. = Pz} 2z 0(M >= N))
by (intro nn-integral-cong) (simp add: space-bind[OF - M| split: split-indicator)

have (AE zin M >= N. Pz) «— ([ T z. integral™ (N z) (indicator {z € space
by (simp add: AE-iff-nn-integral sets-bind[OF - M| space-bind[OF - M| x
nn-integral-bind[where B=DB]
del: nn-integral-indicator)
also have ... = (AE z in M. integral™ (N z) (indicator {z € space B. = P z})
= 0)
proof (rule nn-integral-0-iff-AE)
show (A\z. integral™ (N z) (indicator {z € space B. = P x})) € borel-measurable
M
apply (rule measurable-compose| OF N nn-integral-measurable-subprob-algebra])
by measurable
qed
also have ... = (AEzin M. AE y in Nz. P y)
apply (intro eventually-subst AE-12)
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by (auto simp add: subprob-measurableD(1)[OF N] intro!: AE-iff-measurable[symmetric])
finally show ?thesis .
qed

lemma measurable-bind":
assumes M1I1: f € measurable M (subprob-algebra N) and
M2: case-prod g € measurable (M @ ar N) (subprob-algebra R)
shows (Az. bind (fz) (g z)) € measurable M (subprob-algebra R)
proof (subst measurable-cong)
fix r assume z-in-M: z € space M
with assms have space (f z) # {}
by (blast dest: subprob-space-kernel subprob-space.subprob-not-empty)
moreover from M2 z-in-M have g x € measurable (f z) (subprob-algebra R)
by (subst measurable-cong-sets|OF sets-kernel|OF M1 z-in-M] refl])
(auto dest: measurable-Pair2)
ultimately show bind (f z) (g x) = join (distr (f z) (subprob-algebra R) (g z))
by (simp-all add: bind-nonempty'’)
next
show (Aw. join (distr (f w) (subprob-algebra R) (g w))) € measurable M (subprob-algebra
R)
apply (rule measurable-compose| OF - measurable-join])
apply (rule measurable-distr2[OF M2 M1])
done
qed

lemma measurable-bind|[measurable (raw)):
assumes M1I: f € measurable M (subprob-algebra N) and
M2: (Az. g (fst ) (snd z)) € measurable (M @Q yp N) (subprob-algebra R)
shows (Az. bind (fz) (g z)) € measurable M (subprob-algebra R)
using assms by (auto intro: measurable-bind’ simp: measurable-split-conv)

lemma measurable-bind2:
assumes | € measurable M (subprob-algebra N) and g € measurable N (subprob-algebra
R)
shows (Az. bind (f z) g) € measurable M (subprob-algebra R)
using assms by (intro measurable-bind’ measurable-const) auto

lemma subprob-space-bind:
assumes subprob-space M f € measurable M (subprob-algebra N)
shows subprob-space (M >= f)
proof (rule subprob-space-kernel[of \x. x >= f])
show (A\z. z >= f) € measurable (subprob-algebra M) (subprob-algebra N)
by (rule measurable-bind, rule measurable-ident-sets, rule refl,
rule measurable-compose| OF measurable-snd assms(2)])
from assms(1) show M € space (subprob-algebra M)
by (simp add: space-subprob-algebra)
qed

lemma
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fixes f :: - = real

assumes f-measurable [measurable]: f € borel-measurable K

and f-bounded: N\z. x € space K = |fz| < B

and N [measurable]: N € measurable M (subprob-algebra K)

and fin: finite-measure M

and M-bounded: AE z in M. emeasure (N z) (space (N z)) < ennreal B’

shows integrable-bind: integrable (bind M N) f (is ?mtegmble)

and integral-bind: integral® (bind M N) f = [ z. integral” (N z) f OM (is
Zintegral)
proof(case-tac [!] space M = {})

assume [simp]: space M # {}

interpret finite-measure M by(rule fin)

have integrable (join (distr M (subprob-algebra K) N)) f
using f-measurable f-bounded
by (rule integrable-join[where B'=B’])(simp-all add: finite-measure-distr A E-distr-iff
M-bounded)
then show ?integrable by (simp add: bind-nonempty’’[where N=K])

have integral’ (join (distr M (subprob-algebra K) N)) f = [ M. integral® M’
f Odistr M (subprob-algebra K) N
using f-measurable f-bounded
by (rule integral-join[where B'=B’])(simp-all add: finite-measure-distr AE-distr-iff
M-bounded)
also have ... = [ z. integral® (N z) f OM
by (rule integral-distr)(simp-all add: integral-measurable-subprob-algebra| OF -])
finally show ?%integral by (simp add: bind-nonempty’where N=K])
qed(simp-all add: bind-def integrable-count-space lebesgque-integral-count-space-finite
Bochner-Integration.integral-empty)

lemma (in prob-space) prob-space-bind:
assumes ae: AE x in M. prob-space (N x)
and N[measurable]: N € measurable M (subprob-algebra S)
shows prob-space (M >= N)
proof
have emeasure (M >= N) (space (M >= N)) = ([ Tz. emeasure (N z) (space
(N 2)) OM)
by (subst emeasure-bind[where N=5])
(auto simp: not-empty space-bind|OF sets-kernel] subprob-measurableD[OF
N] intro!: nn-integral-cong)
also have ... = ([ Tz. 1 OM)
using ae by (intro nn-integral-cong-AE, eventually-elim) (rule prob-space.emeasure-space-1)
finally show emeasure (M >= N) (space (M >= N)) =
by (simp add: emeasure-space-1)
qed

lemma (in subprob-space) bind-in-space:
A € measurable M (subprob-algebra N) = (M >= A) € space (subprob-algebra
N)
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by (auto simp add: space-subprob-algebra subprob-not-empty sets-kernel intro!:
subprob-space-bind)
unfold-locales

lemma (in subprob-space) measure-bind:
assumes f: f € measurable M (subprob-algebra N) and X: X € sets N
shows measure (M >= f) X = [ z. measure (f z) X OM
proof —
interpret Mf: subprob-space M >= f
by (rule subprob-space-bind[OF - f]) unfold-locales

{ fix z assume = € space M
from f[THEN measurable-space, OF this| interpret subprob-space f
by (simp add: space-subprob-algebra)
have emeasure (f x) X = ennreal (measure (f ) X) measure (fz) X < 1
by (auto simp: emeasure-eq-measure subprob-measure-le-1) }
note this[simp)

have emeasure (M >= f) X = [ Tz. emeasure (f z) X OM
using subprob-not-empty f X by (rule emeasure-bind)

also have ... = [Tz ennreal (measure (f z) X) OM
by (intro nn-integral-cong) simp
also have ... = [z. measure (f z) X OM

by (intro nn-integral-eq-integral integrable-const-bound[where B=1]
measure-measurable-subprob-algebra2[OF - f] pair-measurel X)
(auto simp: measure-nonneq)
finally show ?thesis
by (simp add: Mf.emeasure-eq-measure measure-nonneg integral-nonneg)
qed

lemma emeasure-bind-const:
space M # {} = X € sets N = subprob-space N =
emeasure (M >= (Azx. N)) X = emeasure N X x emeasure M (space M)
by (simp add: bind-nonempty emeasure-join nn-integral-distr
space-subprob-algebra measurable-emeasure-subprob-algebra)

lemma emeasure-bind-const'”:
assumes subprob-space M subprob-space N
shows emeasure (M >= (Az. N)) X = emeasure N X % emeasure M (space M)
using assms
proof (case-tac X € sets N)
fix X assume X € sets N
thus emeasure (M >= (Az. N)) X = emeasure N X x emeasure M (space M)
using assms
by (subst emeasure-bind-const)
(simp-all add: subprob-space.subprob-not-empty subprob-space.emeasure-space-le-1)
next
fix X assume X ¢ sets N
with assms show emeasure (M >= (Az. N)) X = emeasure N X * emeasure M
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(space M)
by (simp add: sets-bind[of - - N] subprob-space.subprob-not-empty
space-subprob-algebra emeasure-notin-sets)
qed

lemma emeasure-bind-const-prob-space:
assumes prob-space M subprob-space N
shows emeasure (M >= (Az. N)) X = emeasure N X
using assms by (simp add: emeasure-bind-const’ prob-space-imp-subprob-space
prob-space.emeasure-space-1)

lemma bind-return:
assumes f € measurable M (subprob-algebra N) and = € space M
shows bind (return M z) f = fz
using sets-kernel|OF assms] assms
by (simp-all add: distr-return join-return subprob-space-kernel bind-nonempty’
cong: subprob-algebra-cong)

lemma bind-return’:
shows bind M (return M) = M
by (cases space M = {})
(simp-all add: bind-empty space-empty[symmetric] bind-nonempty join-return’
cong: subprob-algebra-cong)

lemma distr-bind:
assumes N: N € measurable M (subprob-algebra K) space M # {}
assumes f: f € measurable K R
shows distr (M >= N) R f = (M >= (\z. distr (N z) R f))
proof —
have distr (join (distr M (subprob-algebra K) N)) R f =
join (distr M (subprob-algebra R) (Ax. distr (N z) R f))
by (simp add: assms distr-distr[OF measurable-distr] comp-def flip: join-distr-distr)
with assms show ?thesis
unfolding bind-nonempty’|OF N]
by (smt (verit) bind-nonempty sets-distr subprob-algebra-cong)
qed

lemma bind-distr:
assumes f[measurable]: f € measurable M X
assumes N[measurable]: N € measurable X (subprob-algebra K) and space M #
{}
shows (distr M X f >= N) = (M >= (Az. N (fz)))
proof —
have space X # {} space M # {}
using <space M # {}» f[THEN measurable-space] by auto
then show ?thesis
by (simp add: bind-nonempty’[where N=K] distr-distr comp-def)
qed
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lemma bind-count-space-singleton:
assumes subprob-space (f x)
shows count-space {z} >= f = fz
proof—
have A: NA. A C{z} = A ={} vV A = {z} by auto
have count-space {x} = return (count-space {z}) x
by (intro measure-eql) (auto dest: A)
also have ... >= f = fa«
by (subst bind-return|of - - f x]) (auto simp: space-subprob-algebra assms)
finally show ?thesis .
qged

lemma restrict-space-bind:
assumes N: N € measurable M (subprob-algebra K)
assumes space M # {}
assumes X|[simp]: X € sets K X # {}
shows restrict-space (bind M N) X = bind M (Az. restrict-space (N z) X)
proof (rule measure-eql)
note N-sets = sets-bind|OF sets-kernel|OF N| assms(2), simp)
note N-space = sets-eq-imp-space-eq[OF N-sets, simp]
show sets (restrict-space (bind M N) X) = sets (bind M (Az. restrict-space (N
7) X))
by (simp add: sets-restrict-space assms(2) sets-bind[OF sets-kernel|OF re-
strict-space-measurable OF assms(4,3,1)]]])
fix A assume A € sets (restrict-space (M >= N) X)
with X have A: A € sets K A C X
by (auto simp: sets-restrict-space)
then have emeasure (restrict-space (M >= N) X) A = emeasure (M >= N) A
by (simp add: emeasure-restrict-space)

also have ... = [* 2. emeasure (N z) A OM
by (metis <A € sets K» N «space M # {}» emeasure-bind)
also have ... = [ z. emeasure (restrict-space (N z) X) A OM

using A assms by (smt (verit, best) emeasure-restrict-space nn-integral-cong
sets.Int-space-eq2 subprob-measurableD(2))
also have ... = emeasure (M >= (\z. restrict-space (N z) X)) A
using A assms
apply (subst emeasure-bind| OF - restrict-space-measurable])
apply (auto simp: sets-restrict-space)
done
finally show emeasure (restrict-space (M >= N) X) A = emeasure (M >= (Az.
restrict-space (N z) X)) A .
qged

lemma bind-restrict-space:

assumes A: A N space M # {} AN space M € sets M

and f: f € measurable (restrict-space M A) (subprob-algebra N)

shows restrict-space M A >= f = M >= (A\z. if x € A then f z else null-measure
(f (SOME x. x € A N z € space M)))

(is ?lhs = ?rhsis - = M >= ?f)
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proof —
let P =Xx. 2 € ANz € space M
let ?¢ = Eps ?P
let ?c = null-measure (f ?x)
from A have 7P %z by—(rule somel-ex, blast)
hence %z € space (restrict-space M A) by(simp add: space-restrict-space)
with f have f %z € space (subprob-algebra N) by (rule measurable-space)
hence sps: subprob-space (f ?x)
and sets: sets (f ?z) = sets N
by (simp-all add: space-subprob-algebra)
have space (f ?z) # {} using sps by(rule subprob-space.subprob-not-empty)
moreover have sets ?c = sets N by(simp add: null-measure-def)(simp add:
sets)
ultimately have c¢: ?c € space (subprob-algebra N)
by (simp add: space-subprob-algebra subprob-space-null-measure)
from f A ¢ have [ ?f € measurable M (subprob-algebra N)
by (simp add: measurable-restrict-space-iff)

from A have [simp]: space M # {} by blast

have ?lhs = join (distr (restrict-space M A) (subprob-algebra N) f)
using assms by (simp add: space-restrict-space bind-nonempty'’)
also have ... = join (distr M (subprob-algebra N) ?f)
by (rule measure-eql ) (auto simp add: emeasure-join nn-integral-distr nn-integral-restrict-space
f [’ A intro: nn-integral-cong)

also have ... = ?rhs using f’ by(simp add: bind-nonempty’")
finally show ?thesis .
qed

lemma bind-const”: [prob-space M; subprob-space N| = M >= (Az. N) = N
by (intro measure-eql)
(simp-all add: space-subprob-algebra prob-space.not-empty emeasure-bind-const-prob-space)

lemma bind-return-distr:

assumes space M # {} f € measurable M N

shows bind M (return N o f) = distr M N f
proof —

have bind M (return N o f)

= join (distr M (subprob-algebra (return N (f (SOME z. x € space M))))
(return N o f))
by (simp add: Giry-Monad.bind-def assms)

also have ... = join (distr M (subprob-algebra N) (return N o f))
by (metis sets-return subprob-algebra-cong)
also have ... = distr M N f

by (metis assms(2) distr-distr join-return’ return-measurable sets-distr)
finally show ?thesis .
qed

lemma bind-return-distr':
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space M # {} = f € measurable M N = bind M (Az. return N (f x)) = distr
MNf
using bind-return-distr[of M f N| by (simp add: comp-def)

lemma bind-assoc:
fixes f :: 'a = 'b measure and g :: 'b = ‘¢ measure
assumes M1: [ € measurable M (subprob-algebra N) and M2: g € measurable
N (subprob-algebra R)
shows bind (bind M f) g = bind M (Az. bind (f z) g)
proof (cases space M = {})
assume [simp]: space M # {}
from assms have [simp|: space N # {} space R # {}
by (auto simp: measurable-empty-iff space-subprob-algebra-empty-iff)
from assms have sets-fr[simp]: \z. x € space M = sets (f x) = sets N
by (simp add: sets-kernel)
have ez-in: NA. A # {} = Jz. x € A by blast
note sets-some[simp] = sets-kernel|OF M1 somel-ex[OF ex-in[OF <space M #
5ol
sets-kernel|OF M2 somel-ex[OF ex-in[OF <space N # {}]]]
note space-some[simp| = sets-eq-imp-space-eq| OF this(1)] sets-eq-imp-space-eq| OF
this(2)]

have x: (Az. distr z (subprob-algebra R) g) o f € M — )y subprob-algebra (subprob-algebra
R)
using M1 M2 measurable-comp measurable-distr by blast
have bind M (Az. bind (fz) g) =
join (distr M (subprob-algebra R) (join o (Az. (distr z (subprob-algebra R)
9)) © f))
by (simp add: sets-eq-imp-space-eq|OF sets-fx| bind-nonempty o-def
cong: subprob-algebra-cong distr-cong)
also have distr M (subprob-algebra R) (join o (Az. (distr z (subprob-algebra R)
g9)) o f) =
distr (distr (distr M (subprob-algebra N) f)
(subprob-algebra (subprob-algebra R))
(Az. distr x (subprob-algebra R) g))
(subprob-algebra R) join
by (simp add: distr-distr M1 M2 measurable-distr measurable-join fun.map-comp
*k
)
also have join ... = bind (bind M f) g
by (simp add: join-assoc join-distr-distr M2 bind-nonempty cong: subprob-algebra-cong)
finally show ?thesis ..
qed (simp add: bind-empty)

lemma double-bind-assoc:
assumes Mg: g € measurable N (subprob-algebra N')
assumes Mf: f € measurable M (subprob-algebra M)
assumes Mh: case-prod h € measurable (M @y M') N
shows do {z + M; y <« fz; g (hzxy)} = do{zx+ M;y < faz; return N (h z
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Y >=yg
proof—
have do {z < M; y < fuz; return N (hz y)} >= g =
do {z < M; do {y < fz; return N (h z y)} >= g}
using Mh by (auto introl: bind-assoc measurable-bind’|OF Mf] Mf My
measurable-compose[OF - return-measurable] simp: measur-
able-split-conv)
also from Mh have A\z. x € space M => h z € measurable M’ N by measurable
hence do {z < M; do {y < fz; return N (hz y)} >= g} =
do {z < M; y + fx; return N (h z y) >= g}
apply (intro balll bind-cong refl bind-assoc)
apply (subst measurable-cong-sets|OF sets-kernel|OF Mf] refl], simp)
apply (rule measurable-compose|OF - return-measurable], auto intro: Mg)
done
also have Az. z € space M = space (f ©) = space M’
by (intro sets-eq-imp-space-eq sets-kernel|OF Mf])
with measurable-space] OF Mh]
have do {z + M; y < fx; return N (hzy) >= g} =do{z + M; y <« fz; g
(hzy)}
by (intro balll bind-cong bind-return|OF Mgl) (auto simp: space-pair-measure)
finally show ?thesis ..
qged

lemma (in prob-space) M-in-subprob[measurable (raw)]: M € space (subprob-algebra
M)
by (simp add: space-subprob-algebra) unfold-locales

lemma (in pair-prob-space) pair-measure-eq-bind:

(M1 @ pm M2) = (M1 >= (Az. M2 >= (Ay. return (M1 @ v M2) (z, y))))
proof (rule measure-eql)

have ps-M2: prob-space M2 by unfold-locales

note return-measurable[measurable]

show sets (M1 @ pm M2) = sets (M1 >= (Ax. M2 >= (Ay. return (M1 @ m
M2) (z, 9)))

by (simp-all add: M1 .not-empty M2.not-empty)
fix A assume [measurable]: A € sets (M1 @ M2)
show emeasure (M1 @y M2) A = emeasure (M1 >= (Ax. M2 >= (\y. return

(M1 @ M2) (2, 9)))) A
by (auto simp: M2.emeasure-pair-measure M1 .not-empty M2.not-empty emea-

sure-bind[where N=M1 @ py M2]
introl: nn-integral-cong)
qged

lemma (in pair-prob-space) bind-rotate:

assumes C[measurable]: (A(z, y). Czy) € measurable (M1 @ nr M2) (subprob-algebra
N)

shows (M1 >= (Az. M2 >= (\y. Czy))) = (M2 >= (Ay. M1 >= (A\z. Cx
v)))

proof —
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interpret swap: pair-prob-space M2 M1 by unfold-locales
note measurable-bind[where N=M2, measurable]
note measurable-bind[where N=M1, measurable]
have [simp]: M1 € space (subprob-algebra M1) M2 € space (subprob-algebra M2)
by (auto simp: space-subprob-algebra) unfold-locales
have (M1 >= (Az. M2 >= (\y. Czy))) =
(M1 >= (Az. M2 >= (\y. return (M1 @ p M2) (z, y)))) >= (A(z, y). Czy)
by (auto intro!: bind-cong simp: bind-return[where N=N] space-pair-measure
bind-assoc[where N=M1 @ p; M2 and R=N))
also have ... = (distr (M2 @ n M1) (M1 Q@ n M2) (A(z, y). (v, x))) >=
Az, y). Czy)
unfolding pair-measure-eg-bind|[symmetric] distr-pair-swap[symmetric| ..
also have ... = (M2 >= (Az. M1 >= (Ay. return (M2 Q m M1) (2, y)))) >=
Ay, 2). Czy)
unfolding swap.pair-measure-eq-bind[symmetric]
by (auto simp add: space-pair-measure M1.not-empty M2.not-empty bind-distr[OF
- C] introl: bind-cong)
also have ... = (M2 >= (Ay. M1 >= (\z. Cz y)))
by (auto introl: bind-cong simp: bind-return[where N=N] space-pair-measure
bind-assoc[where N=M2 @ r; M1 and R=N))
finally show ?thesis .
qged

lemma bind-return’’: sets M = sets N => M >= return N = M
by (cases space M = {})
(simp-all add: bind-empty space-empty[symmetric] bind-nonempty join-return’
cong: subprob-algebra-cong)

lemma (in prob-space) distr-const[simp):
¢ € space N => distr M N (Az. ¢) = return N ¢
by (rule measure-eql) (auto simp: emeasure-distr emeasure-space-1)

lemma return-count-space-eq-density:
return (count-space M) x = density (count-space M) (indicator {z})
by (rule measure-eql)
(auto simp: indicator-inter-arith[symmetric] emeasure-density split: split-indicator)

lemma null-measure-in-space-subprob-algebra [simp]:
null-measure M € space (subprob-algebra M) <— space M # {}
by (simp add: space-subprob-algebra subprob-space-null-measure-iff)

7.4 Giry monad on probability spaces
definition prob-algebra :: 'a measure = ’a measure measure where

prob-algebra K = restrict-space (subprob-algebra K) {M. prob-space M}

lemma space-prob-algebra: space (prob-algebra M) = {N. sets N = sets M A
prob-space N}
unfolding prob-algebra-def by (auto simp: space-subprob-algebra space-restrict-space
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prob-space-imp-subprob-space)

lemma measurable-measure-prob-algebra|measurable]:
a € sets A = (AM. Sigma-Algebra.measure M a) € prob-algebra A — s borel
unfolding prob-algebra-def by (intro measurable-restrict-spacel measurable-measure-subprob-algebra)

lemma measurable-prob-algebraD:
f € N —p prob-algebra M —> f € N — s subprob-algebra M
unfolding prob-algebra-def measurable-restrict-space2-iff by auto

lemma measure-measurable-prob-algebra?2:
Sigma (space M) A € sets (M @ u N) = L € M — s prob-algebra N =
(Az. Sigma-Algebra.measure (L z) (A z)) € borel-measurable M
using measure-measurable-subprob-algebra2lof M A N L] by (auto intro: mea-
surable-prob-algebraD)

lemma measurable-prob-algebral:

(Az. x € space N => prob-space (f ©)) = f € N — subprob-algebra M —
f € N — prob-algebra M

unfolding prob-algebra-def by (intro measurable-restrict-space2) auto

lemma measurable-distr-prob-space:
assumes f: f € M —p N
shows (AM'. distr M’ N f) € prob-algebra M —p; prob-algebra N
unfolding prob-algebra-def measurable-restrict-space2-iff
proof (intro conjl measurable-restrict-spacel measurable-distr f)
show (AM'. distr M' N f) € space (restrict-space (subprob-algebra M) (Collect
prob-space)) — Collect prob-space
using [ by (auto simp: space-restrict-space space-subprob-algebra intro!: prob-space.prob-space-distr)
qed

lemma measurable-return-prob-space[measurable]: return N € N — s prob-algebra
N
by (rule measurable-prob-algebral) (auto simp: prob-space-return)

lemma measurable-distr-prob-space2|measurable (raw)]:
assumes f: g € L —pr prob-algebra M (A (z, y). fzy) € LQm M —py N
shows (\z. distr (g ) N (fz)) € L —p prob-algebra N
unfolding prob-algebra-def measurable-restrict-space2-iff
proof (intro conjl measurable-restrict-spacel measurable-distr2[where M=M] f
measurable-prob-algebraD)
show (Az. distr (g9 ) N (fz)) € space L — Collect prob-space
using f subprob-measurableD[OF measurable-prob-algebraD[OF f(1)]]
by (auto simp: measurable-restrict-space2-iff prob-algebra-def
introl: prob-space.prob-space-distr)
qed

lemma measurable-bind-prob-space:
assumes f: f € M — s prob-algebra N and g: ¢ € N — s prob-algebra R
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shows (Az. bind (fz) g) € M —n prob-algebra R
unfolding prob-algebra-def measurable-restrict-space2-iff
proof (intro conjl measurable-restrict-spacel measurable-bind2[where N=N| f ¢
measurable-prob-algebraD)
show (Az. fz >= g) € space M — Collect prob-space
using g f subprob-measurableD[OF measurable-prob-algebraD[OF f]]
by (auto simp: measurable-restrict-space2-iff prob-algebra-def
introl: prob-space.prob-space-bind[where S=R]| AE-I2)
qed

lemma measurable-bind-prob-space2[measurable (raw)]:

assumes f: f € M — ) prob-algebra N and g: (A\(z, y). gz y) € (M @ m N)
—p prob-algebra R

shows (Az. bind (fz) (g x)) € M —pr prob-algebra R

unfolding prob-algebra-def measurable-restrict-space2-iff
proof (intro conjl measurable-restrict-spacel measurable-bind[where N=N] f ¢
measurable-prob-algebraD)

show (Az. fz >= g z) € space M — Collect prob-space

using ¢ f subprob-measurableD[OF measurable-prob-algebraD[OF f]
using measurable-space[ OF g]

by (auto simp: measurable-restrict-space2-iff prob-algebra-def space-pair-measure

Pi-iff
intro!: prob-space.prob-space-bind[where S=R] AE-12)

qed (use g in simp)

lemma measurable-prob-algebra-generated:
assumes eq: sets N = sigma-sets @ G and Int-stable G G C Pow {2
assumes subsp: Na. a € space M = prob-space (K a)
assumes sets: Na. a € space M = sets (K a) = sets N
assumes AA. A € G = (A\a. emeasure (K a) A) € borel-measurable M
shows K € measurable M (prob-algebra N)
unfolding measurable-restrict-space2-iff prob-algebra-def
proof
show K € M — s subprob-algebra N
proof (rule measurable-subprob-algebra-generated| OF assms(1,2,3) - assms(5,6)])
fix a assume a € space M then show subprob-space (K a)
using subsp[of a] by (intro prob-space-imp-subprob-space)
next
have (Aa. emeasure (K a) Q) € borel-measurable M <— (Aa. 1::ennreal) €
borel-measurable M
using sets-eq-imp-space-eq|of sigma Q G N] <G C Pow Q» eq sets-eq-imp-space-eq[OF
sets]
prob-space.emeasure-space-1[OF subsp]
by (intro measurable-cong) auto
then show (\a. emeasure (K a) Q) € borel-measurable M by simp
qed
qed (use subsp in auto)
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lemma in-space-prob-algebra:
z € space (prob-algebra M) = emeasure © (space M) = 1
unfolding prob-algebra-def space-restrict-space space-subprob-algebra
by (auto dest!: prob-space.emeasure-space-1 sets-eq-imp-space-eq)

lemma prob-space-pair:
assumes prob-space M prob-space N shows prob-space (M @ yp N)
by (metis assms measurable-fst prob-space.distr-pair-fst prob-space-distrD)

lemma measurable-pair-prob[measurable]:

f € M —p prob-algebra N = g € M — s prob-algebra L = (Az. fx @ g
z) € M —p prob-algebra (N @ ar L)

unfolding prob-algebra-def measurable-restrict-space2-iff

by (auto introl: measurable-pair-measure prob-space-pair)

lemma emeasure-bind-prob-algebra:

assumes A: A € space (prob-algebra N)

assumes B: B € N —; prob-algebra L

assumes X: X € sets L

shows emeasure (bind A B) X = ([ Tz. emeasure (B z) X 0A)

using A B

by (intro emeasure-bind[OF - - X))

(auto simp: space-prob-algebra measurable-prob-algebraD cong: measurable-cong-sets

introl: prob-space.not-empty)

lemma prob-space-bind’:

assumes A: A € space (prob-algebra M) and B: B € M — ) prob-algebra N
shows prob-space (A >= B)

using measurable-bind-prob-space]| OF measurable-const, OF A B, THEN measur-
able-space, of undefined count-space UNIV]

by (simp add: space-prob-algebra)

lemma sets-bind’:

assumes A: A € space (prob-algebra M) and B: B € M — ) prob-algebra N
shows sets (A >= B) = sets N

using measurable-bind-prob-space| OF measurable-const, OF A B, THEN measur-
able-space, of undefined count-space UNIV]

by (simp add: space-prob-algebra)

lemma bind-cong-AE":
assumes M: M € space (prob-algebra L)
and f: f € L — ) prob-algebra N and g: ¢ € L — ) prob-algebra N
and ae: AExin M. fr=gz
shows bind M f = bind M ¢
proof (rule measure-eql)
show sets (M >= f) = sets (M >= g)
unfolding sets-bind [OF M f] sets-bind'[OF M g] ..
show A € sets (M >= f) = emeasure (M >= f) A = emeasure (M >= g) A
for A
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unfolding sets-bind [OF M f]

using emeasure-bind-prob-algebra|OF M f, of A] emeasure-bind-prob-algebra| OF
M g, of A] ae

by (auto intro: nn-integral-cong-AE)
qed

lemma density-discrete:
countable A = sets N = Set.Pow A = (N\z. fz > 0) = (\v. 2 € A = f
z = emeasure N {z}) =
density (count-space A) f = N
by (rule measure-eql-countable[of - A]) (auto simp: emeasure-density)

lemma distr-density-discrete:
fixes f'
assumes countable A
assumes [’ € borel-measurable M
assumes g € measurable M (count-space A)
defines f = Az. [Tt (if gt = z then 1 else 0) x f' t OM
assumes Az. z € space M = gz € A
shows density (count-space A) (\z. fx) = distr (density M f') (count-space A) g
proof (rule density-discrete)
fix z assume z: z € A
have f z = [Tt indicator (g —* {z} N space M) t = f' t OM (is - = ?I)
unfolding f-def
by (intro nn-integral-cong) (simp split: split-indicator)
also from z have in-sets: g —“ {x} N space M € sets M
by (intro measurable-sets|OF assms(3)]) simp
have ?I = emeasure (density M ') (¢ —* {z} N space M) unfolding f-def
by (subst emeasure-density|OF assms(2) in-sets], subst mult.commute) (rule
refl)
also from assms(3) z have ... = emeasure (distr (density M f') (count-space A)
g) {z}
by (subst emeasure-distr) simp-all
finally show fz = emeasure (distr (density M f') (count-space A) g) {z} .
qed (use assms in auto)

lemma bind-cong-AE:
assumes M = N
assumes f: f € measurable N (subprob-algebra B)
assumes g: g € measurable N (subprob-algebra B)
assumes ae: AExin N. fr =gz
shows bind M f = bind N g
proof cases
assume space N = {} then show ?thesis
using <M = N> by (simp add: bind-empty)
next
assume space N # {}
show ?thesis unfolding <M = N>
proof (rule measure-eql)
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have x: sets (N >= f) = sets B
using sets-bind[OF sets-kernel|OF f] <space N # {}»] by simp
then show sets (N >= f) = sets (N >= g)
using sets-bind[OF sets-kernel|OF g] <space N # {})] by auto
fix A assume A € sets (N >= f)
then have A € sets B
unfolding x* .
with ae f g «<space N # {}»> show emeasure (N >= f) A = emeasure (N >=
9) A
by (subst (1 2) emeasure-bind[where N=DB]) (auto introl: nn-integral-cong-AE)
qed
qed

lemma bind-cong-simp: M = N = (A\x. z€space M =simp=> fzr = g z) =
bind M f = bind N g
by (auto simp: simp-implies-def intro!: bind-cong)

lemma sets-bind-measurable:
assumes f: f € measurable M (subprob-algebra B)
assumes M: space M # {}
shows sets (M >= f) = sets B
using M by (intro sets-bind[OF sets-kernel[OF f]]) auto

lemma space-bind-measurable:
assumes f: f € measurable M (subprob-algebra B)
assumes M: space M # {}
shows space (M >= f) = space B
using M by (intro space-bind[OF sets-kernel] OF f]]) auto

lemma bind-distr-return:
feM—oy N= g N =y L = space M # {} =
distr M N f >= (Axz. return L (g z)) = distr M L (Az. g (f z))
by (subst bind-distr[OF - measurable-compose| OF - return-measurable]])
(auto intro!: bind-return-distr’)

lemma (in prob-space) AE-eq-constD:
assumes AEzin M.z =y
shows M = return M y y € space M
proof —
have AE x in M. x € space M
by auto
with assms have AE x in M. y € space M
by eventually-elim auto
thus y € space M
by simp
show M = return M y
proof (rule measure-eql)
fix X assume X: X € sets M
have AE zin M. (z € X) = (z € (if y € X then space M else {}))
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using assms by eventually-elim (use X <y € space M» in auto)

hence emeasure M X = emeasure M (if y € X then space M else {})
using X by (intro emeasure-eq-AFE) auto

also have ... = emeasure (return M y) X
using X by (auto simp: emeasure-space-1)

finally show emeasure M X = ... .

qged auto
qed

end

8 Projective Family

theory Projective-Family
imports Giry-Monad
begin

lemma vimage-restrict-preserve-mono:
assumes J: J C [
and sets: A C (Ilg ieJ. Si) B C (Ilg i€J. S i) and ne: (g i€l. Si) # {}
and eq: (Az. restrict x J) — AN (Ilg i€l. S i) C (\z. restrictz J) —* BN (Ilg
iel. Si)
shows A C B
proof (intro subsetl)
fix z assume z € A
from ne obtain y where y: \i. i € I = y i € S i by auto
have J N (I — J) = {} by auto
show z € B
proof cases
assume z: ¢ € (Ilg i€J. S i)
have merge J (I — J) (z,y) € (A\z. restrict x J) —* AN (g i€l. S i)
using y z «J C Iy PiE-cancel-merge[of J I — J z y S] <z€A»
by (auto simp del: PiE-cancel-merge simp add: Un-absorbl)
also have ... C (Az. restrict x J) —* BN (Ilg i€l. S i) by fact
finally show z € B
using y z «J C I» PiE-cancel-merge[of JI — Jx y S] <x€A> eq
by (auto simp del: PiE-cancel-merge simp add: Un-absorbl)
qed (insert <x€A> sets, auto)
qed

locale projective-family =
fixes I :: i set and P :: 'i set = (i = 'a) measure and M :: i = 'a measure
assumes P: AJH. JC H= finite H=—= H C I = P J = distr (P H) (PiM
J M) (M. restrict f J)
assumes prob-space-P: \J. finite ] = J C I = prob-space (P J)
begin
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lemma sets-P: finite J = J C I = sets (P J) = sets (PiM J M)
by (subst Plof J J]) simp-all

lemma space-P: finite J = J C I = space (P J) = space (PiM J M)
using sets-P by (rule sets-eq-imp-space-eq)

lemma not-empty-M: i € I = space (M i) # {}
using prob-space-P[ THEN prob-space.not-empty] by (auto simp: space-PiM space-P)

lemma not-empty: space (PiM I M) # {}
by (simp add: not-empty-M)

abbreviation
emb L K = prod-emb L M K

lemma emb-preserve-mono:
assumes J C L L C I and sets: X € sets (Pipg J M) Y € sets (Piy J M)
assumes emb L J X Cemb L JY
shows X C Y
proof (rule vimage-restrict-preserve-mono)
show X C (Ilg i€J. space (M 4)) Y C (Il i€J. space (M 1))
using sets|[THEN sets.sets-into-space] by (auto simp: space-PiM)
show (Ilg i€L. space (M 7)) # {}
using <L C Iy by (auto simp add: not-empty-M space-PiM [symmetric])
show (Az. restrict z J) —° X N (Ilg i€ L. space (M 7)) C (Ax. restrictz J) —°Y
N (IIg i€L. space (M i))
using «prod-emb L M J X C prod-emb L M J Y» by (simp add: prod-emb-def)
qed fact

lemma emb-injective:

assumes L: J C L L C T and X: X € sets (Pipgy J M) and Y: Y € sets (Pip
J M)

shows embLJ X =embLJY —= X =Y

by (intro antisym emb-preserve-mono|OF L X Y] emb-preserve-mono[OF L Y
X)) auto

lemma emeasure-P: J C K = finite K = K C I = X € sets (PiM J M)
= PK(embKJX)=PJX
by (auto intro!: emeasure-distr-restrict[symmetric| simp: P sets-P)

inductive-set generator :: (i = 'a) set set where
finite ] = J C I = X € sets (Pipy J M) = emb I J X € generator

lemma algebra-generator: algebra (space (PiM I M)) generator
unfolding algebra-iff-Int

proof (safe elim!: generator.cases)
fix J X assume J: finite JJ C I and X: X € sets (PiM J M)

from X[THEN sets.sets-into-space] J show z € emb I J X = x € space (PiM
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I M) for z
by (auto simp: prod-emb-def space-PiM)

have emb I J (space (PiM J M) — X) € generator
by (intro generator.intros J sets. Diff sets.top X)

with J show space (Piyy I M) — emb I J X € generator
by (simp add: space-PiM prod-emb-PiE)

fix K Y assume K: finite K K C T and Y: Y € sets (PiM K M)
have emb I (JUK) (emb (JUK) JX)NembI (JUK) (emb(JUK)KY)
€ generator
unfolding prod-emb-Int[symmetric]
by (intro generator.intros sets.Int measurable-prod-emb) (auto introl: J K X Y)
with J K X Y show emb I JX NembI K Y € generator
by simp
qed (force simp: generator.simps prod-emb-empty[symmetric])

interpretation generator: algebra space (PiM I M) generator
by (rule algebra-generator)

lemma sets-PiM-generator: sets (PiM I M) = sigma-sets (space (PiM I M)) gen-
erator
proof (intro antisym sets.sigma-sets-subset)
show sets (PiM I M) C sigma-sets (space (PiM I M)) generator
unfolding sets-PiM-single space-PiM [symmetric]
proof (intro sigma-sets-mono’, safe)
fix i A assume i € [ and A: A € sets (M i)
then have {f € space (Pipy IM). fi € A}y = emb I {i} (Ilg je{i}. A)
by (auto simp: prod-emb-def space-PiM restrict-def Pi-iff PiE-iff exten-
stonal-def)
with «€l> A show {f € space (Pipy I M). fi € A} € generator
by (auto introl: generator.intros sets-PiM-I-finite)
qed
qed (auto elim!: generator.cases)

definition mu-G («uG») where
uwG A= (THE z. ¥V JCI. finite ] — (¥ X€sets (Pipg JM). A=emb1JX —
z = emeasure (P J) X))

definition lim :: (i = 'a) measure where
lim = extend-measure (space (PiM I M)) generator (Az. z) uG

lemma space-lim[simp]: space lim = space (PiM I M)
using generator.space-closed
unfolding lim-def by (intro space-extend-measure) simp

lemma sets-lim[simp, measurable]: sets lim = sets (PiM I M)
using generator.space-closed by (simp add: lim-def sets-PiM-generator sets-extend-measure)
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lemma mu-G-spec:
assumes J: finite J J C I X € sets (Pipy J M)
shows G (emb I J X) = emeasure (P J) X
unfolding mu-G-def
proof (intro the-equality alll impI balll)
fix K Y assume K: finite K K C 1Y € sets (Piyy K M)
and [simp]: emb I J X = emb I K Y
have emeasure (P K) Y = emeasure (P (K U J)) (emb (K U J) K'Y)
using K J by (simp add: emeasure-P)
also have emb (K U J) K Y =emb (K U J) J X
using K J by (simp add: emb-injective[of K U J I])
also have emeasure (P (K U J)) (emb (K U J) J X) = emeasure (P J) X
using K J by (subst emeasure-P) simp-all
finally show emeasure (P J) X = emeasure (P K) Y ..
qed (insert J, force)

lemma positive-mu-G: positive generator uG
proof —
show ?thesis
proof (safe introl: positive-def[THEN iffD2])
obtain J where finite J J C I by auto
then have uG (emb I J {}) =0
by (subst mu-G-spec) auto
then show pG {} = 0 by simp
qed
qged

lemma additive-mu-G: additive generator uG
proof (safe intro!: additive-def [ THEN iffD2] elim!: generator.cases)
fix J X K'Y assume J: finite J J C I X € sets (PiM J M)
and K: finite K K C1Y € sets (PiM K M)
andembIJ X NembIKY = {}
then have JK-disj: emb (J U K) JX Nemb (JUK) KY ={}
by (intro emb-injective[of J U K I - {}]) (auto simp: sets.Int prod-emb-Int)
have uG (emb I J X U embIKY)=puG (embI (JUK) (emb(JUK)JX
Uemb(JUK) KY))
using J K by simp

also have ... = emeasure (P (J U K)) (emb (JU K) J X U emb (JUK) K
Y)
using J K by (simp add: mu-G-spec sets.Un del: prod-emb-Un)
also have ... = uG (emb I J X) + uG (emb I K Y)

using J K JK-disj by (simp add: plus-emeasure[symmetric] mu-G-spec emea-
sure-P sets-P)
finally show uG (embIJX UembIKY) = uG (embIJX)+ puG (embIK
Y).
qed

lemma emeasure-lim:
assumes JX: finite J J C I X € sets (PiM J M)
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assumes cont: NJ X. (A\i. Ji C I) = incseq J = (\i. finite (J 1)) = (1.
X i€ sets (PiM (J i) M)) =
decseq (Mi. emb I (Ji) (X4) = 0 < (INFi. P (Ji) (X4) = (i emblI
(/i) (X 1)) # {}
shows emeasure lim (emb1J X) =P JX
proof —
have Ju. (Vs€generator. p s = pG s) A
measure-space (space (PiM I M)) (sigma-sets (space (PiM I M)) generator) p
proof (rule generator.caratheodory-empty-continuous|OF positive-mu-G addi-
tive-mu-G])
show AA. A € generator = puG A #
proof (clarsimp elim!: generator.cases simp: mu-G-spec del: notl)
fix J assume finite J J C I
then interpret prob-space P J by (rule prob-space-P)
show AX. X € sets (Pipy J M) = emeasure (P J) X # top
by simp
qed
next
fix A assume range A C generator and decseq A ((i. A i) = {}
then have Vi. 3J X. Ai=embIJ X A finite JAJ C I A X € sets (PiM
J M)
unfolding image-subset-iff generator.simps by blast
then obtain J X where A: A\i. Ai=embI (Ji) (X 1)
and *: Ai. finite (J i) Ni. Ji C I N\i. X i € sets (PiM (Ji) M)
by metis
have (INF i. P (J i) (X i) = 0
proof (rule ccontr)
assume INF-P: (INF i. P (Ji) (X)) # 0
have ((i. emb I ({Un<i. Jn) (emb (Un<i. Jn) (Ji) (X)) #{}
proof (rule cont)
show decseq (Ai. emb I (Un<i. Jn) (emb (Un<i. Jn) (Ji) (X 1))
using * <decseq A> by (subst prod-emb-trans) (auto simp: Alabs-def])
show 0 < (INF i. P (Un<i. Jn) (emb (Un<i. Jn) (Ji) (X 1))
using * INF-P by (subst emeasure-P) (auto simp: less-le introl:
INF-greatest)
show incseq (\i. |Jn<i. J n)
by (force simp: incseg-def)
ged (insert , auto)
with «(i. A i) = {}» x show Fulse
by (subst (asm) prod-emb-trans) (auto simp: Alabs-def])
qed
moreover have (Ai. P (Ji) (X i)) —— (INFi. P (Ji) (X 7))
proof (intro LIMSEQ-INF antimonol)
fix z y :: nat assume z < y
have P (Jy U Jz) (emb (JyU Jz) (Jy) (Xy) <P (JyUJzx) (emb (J
yU Ja) (J2) (X))
using <decseq A>[THEN decseqD, OF <x<y»] %
by (auto simp: A sets-P del: subsetl intro!: emeasure-mono <z < y»
emb-preserve-monolof J y U J xz I, where X=emb (Jy U Jz) (J y)
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(X))
then show P (Jy) (X y) < P (Jz) (X 2)

using * by (simp add: emeasure-P)
qed
ultimately show (\i. uG (4 i)) —— 0
by (auto simp: Alabs-def] mu-G-spec x)
qed
then obtain i where eq: V s€generator. s = uG s
and ms: measure-space (space (PiM I M)) (sets (PiM I M)) u
by (metis sets-PiM-generator)
show ?thesis
proof (subst emeasure-extend-measure[OF lim-def])
show A € generator = y A = nG A for A
using eq by simp
show positive (sets lim) p countably-additive (sets lim) u
using ms by (auto simp add: measure-space-def)
show (Az. z) ¢ generator C Pow (space (Pipr I M))
using generator.space-closed by simp
show emb I J X € generator uG (emb I J X) = emeasure (P J) X
using JX by (auto intro: generator.intros simp: mu-G-spec)
qged
qged

end

sublocale product-prob-space C projective-family I \J. PiM J M M
unfolding projective-family-def
proof (intro congl alll impl distr-restrict)
show AJ. finite J = prob-space (Piyy J M)
by (intro prob-spacel) (simp add: space-PiM emeasure-PiM emeasure-space-1)
qed auto

Proof due to Ionescu Tulcea.

locale lonescu-Tulcea =

fixes P :: nat = (nat = 'a) = ’a measure and M :: nat = 'a measure

assumes P[measurable]: N\i. P i € measurable (PiM {0..<i} M) (subprob-algebra
(M )

assumes prob-space-P: N\i z. x € space (PiM {0..<i} M) = prob-space (P i
)

begin

lemma non-empty[simp]: space (M i) # {}
proof (induction i rule: less-induct)
case (less )
then obtain z where Aj. j < i = z j € space (M j)
unfolding ez-in-conv[symmetric] by metis
then have x: restrict x {0..<i} € space (PiM {0..<i} M)
by (auto simp: space-PiM PiE-iff)
then interpret prob-space P i (restrict x {0..<i})
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by (rule prob-space-P)
show ?Zcase
using not-empty subprob-measurableD(1)[OF P, OF x| by simp
qed

lemma space-PiM-not-empty[simp]: space (PiM UNIV M) # {}
unfolding space-PiM-empty-iff by auto

lemma space-P: z € space (PiM {0..<n} M) = space (P n x) = space (M n)
by (simp add: P[THEN subprob-measurableD(1)])

lemma sets-P[measurable-cong|: x € space (PiM {0..<n} M) = sets (P n z) =
sets (M n)
by (simp add: P[THEN subprob-measurableD(2)])

definition eP :: nat = (nat = 'a) = (nat = ’'a) measure where
eP nw = distr (P n w) (PiM {0..<Suc n} M) (fun-upd w n)

lemma measurable-eP[measurable]:
eP n € measurable (PiM {0..< n} M) (subprob-algebra (PiM {0..<Suc n} M))
by (auto simp: eP-def[abs-def] measurable-split-conv
intro!: measurable-fun-upd[where J={0..<n}] measurable-distr2[OF - P))

lemma space-eP:
z € space (PiM {0..<n} M) = space (eP n z) = space (PiM {0..<Suc n} M)
by (simp add: eP-def)

lemma sets-eP[measurable]:
z € space (PiM {0..<n} M) = sets (eP n z) = sets (PiM {0..<Suc n} M)
by (simp add: eP-def)

lemma prob-space-eP: x € space (PiM {0..<n} M) = prob-space (eP n x)

unfolding eP-def

by (intro prob-space.prob-space-distr prob-space-P measurable-fun-upd[where J={0..<n}])
auto

lemma nn-integral-eP:
w € space (PiM {0..<n} M) = f € borel-measurable (PiM {0..<Suc n} M)
.
([Tz. fz 0ePnw)= [Tz f (fun-upd w n z) OP n w)
unfolding eP-def
by (subst nn-integral-distr) (auto introl: measurable-fun-upd[where J={0..<n}]
simp: space-PiM PiE-iff)

lemma emeasure-eP:

assumes w(simp|: w € space (PiM {0..<n} M) and A[measurable]: A € sets
(PiM {0..<Suc n} M)

shows ePnw A =P nw (Az. fun-upd w n ) —° A N space (M n))

using nn-integral-ePlof w n indicator A
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apply (simp add: sets-eP nn-integral-indicator[symmetric] sets-P del: nn-integral-indicator)
apply (subst nn-integral-indicator[symmetric])
using measurable-sets| OF measurable-fun-upd| OF - measurable-const| OF w| mea-
surable-id] A, of n]
apply (auto simp add: sets-P atLeastLess ThanSuc space-P simp del: nn-integral-indicator
introl: nn-integral-cong split: split-indicator)
done

primrec C :: nat = nat = (nat = ’‘a) = (nat = 'a) measure where
Cn 0w = return (PiM {0..<n} M) w
| Cn (Sucm)w=Cnmuw>=eP (n+ m)

lemma measurable-C[measurable]:
C nm € measurable (PiM {0..<n} M) (subprob-algebra (PiM {0..<n + m} M))
by (induction m) auto

lemma space-C:

z € space (PiM {0..<n} M) = space (C'n m x) = space (PiM {0..<n + m}
M)

by (simp add: measurable-C[THEN subprob-measurableD(1)])

lemma sets-Cmeasurable-cong|:
z € space (PiM {0..<n} M) = sets (C'n m z) = sets (PiM {0..<n + m} M)
by (simp add: measurable-C[THEN subprob-measurableD(2)])

lemma prob-space-C: z € space (PiM {0..<n} M) = prob-space (C n m x)
proof (induction m)
case (Suc m) then show Zcase
by (auto introl: prob-space.prob-space-bind[where S=PiM {0..<Suc (n + m)}
%
simp: space-C prob-space-eP)
qed (auto intro!: prob-space-return simp: space-PiM)

lemma split-C"

assumes w: w € space (PiM {0..<n} M) shows (Cnmw >= C (n+ m) 1) =
Cn(m+1l)w
proof (induction l)

case (

with w show ?case

by (simp add: bind-return-distr’ prob-space-C|THEN prob-space.not-empty|
distr-cong| OF refl sets-C[symmetric, OF w]])

next

case (Suc l) with w show ?case

by (simp add: bind-assoc[symmetric, OF - measurable-eP)) (simp add: ac-simps)
qed

lemma nn-integral-C"
assumes m < m’ and f[measurable]: f € borel-measurable (PiM {0..<n+m}
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)
and nonneg: Az. z € space (PiM {0.<n+m} M) = 0 < fz
and z: z € space (PiM {0..<n} M)
shows ([Tz. fz dCnma) = ([ Tz [ (restrict x {0..<n+m}) IC n m’ z)
using «<m < m”
proof (induction rule: dec-induct)
case (step 1)
let ?E = \z. f (restrict z {0..<n + m}) and ?C = \if. [Tz fz 0Cnix
from «m<i» z have ?C i ?E = ?C (Suc i) ?E
by (auto simp: nn-integral-bind[where B=PiM {0 ..< Suc (n + i)} M] space-C
nn-integral-eP
intro!: nn-integral-cong)
(simp add: space-PiM PiE-iff nonneg prob-space.emeasure-space-1[OF
prob-space-P])
with step show ?case by (simp del: restrict-apply)
qed (auto simp: space-PiM space-C|OF z] simp del: restrict-apply intro!: nn-integral-cong)

lemma emeasure-C":
assumes m < m’and A[measurable]: A € sets (PiM {0..<n+m} M) and [simp]:
z € space (PiM {0..<n} M)
shows emeasure (C'n m’ x) (prod-emb {0.<n + m’} M {0..<n+m} A) =
emeasure (C'n m ) A
using assms
by (subst (1 2) nn-integral-indicator[symmetric])
(auto intro!: nn-integral-cong split: split-indicator simp del: nn-integral-indicator
simp: nn-integral-Clof m m’ - n] prod-emb-iff space-PiM PiE-iff sets-C
space-C')

lemma distr-C:

assumes m < m’ and [simp]: x € space (PiM {0..<n} M)

shows C' n m z = distr (C n m' x) (PiM {0.<n+m} M) (Az. restrict z
{0..<n+m})
proof (rule measure-eql)

fix A assume A € sets (C'nm x)

with «m < m”» show emeasure (C'n m z) A = emeasure (distr (Cnm’z) (Piy
{0.<n + m} M) (Az. restrict x {0..<n + m})) A

by (subst emeasure-C[symmetric, OF «<m < m"]) (auto introl: emeasure-distr-restrict|symmetric]
simp: sets-C')
qed (simp add: sets-C')

definition up-to :: nat set = nat where
up-to J = (LEAST n.Vi>n. i ¢ J)

lemma up-to-less: finite J — i € J = i < up-to J
unfolding up-to-def
by (rule LeastI2[of - Suc (Maz J)]) (auto simp: Suc-le-eq not-le[symmetric])

lemma up-to-iff: finite J = up-to J < n +— (Vi€J. i < n)
proof safe
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show finite ] = up-to J < n—=— i€ J = i< nfori
using up-to-less[of J i] by auto
qed (auto simp: up-to-def intro!: Least-le)

lemma up-to-iff-Ico: finite J = up-to J < n «— J C {0..<n}
by (auto simp: up-to-iff)

lemma up-to: finite J = J C {0..< up-to J}
by (auto simp: up-to-less)

lemma up-to-mono: J C H = finite H = up-to J < up-to H
by (auto simp add: up-to-iff finite-subset up-to-less)

definition CT :: nat set = (nat = 'a) measure where
CI J = distr (C 0 (up-to J) (Ax. undefined)) (PiM J M) (\f. restrict f J)

sublocale PF': projective-family UNIV CI
unfolding projective-family-def
proof safe
show finite J = prob-space (CI J) for J
using up-to[of J| unfolding CI-def
by (intro prob-space.prob-space-distr prob-space-C measurable-restrict) auto
note measurable-cong-sets|OF sets-C, simp]
have [simp|: J C H = (\f. restrict f J) € measurable (Pipy H M) (Pipg J M)
for HJ
by (auto intro!: measurable-restrict)

show J C H = finite H = CI J = distr (CI H) (Pips J M) (Af. restrict f
J) for J H
by (simp add: CI-def distr-C[OF up-to-mono|of J H]] up-to up-to-mono distr-distr
comp-def
inf.absorb2 finite-subset)
qed

lemma emeasure-CI":

finite ] = X € sets (PiM J M) = CIJX = C 0 (up-to J) (A-. undefined)
(PF.emb {0..<up-to J} J X)

unfolding CI-def using up-to[of J]| by (rule emeasure-distr-restrict) (auto simp:
sets-C')

lemma emeasure-CI:

J C{0.<n} = X € sets (PIM J M) = CIJX = C 0 n (. undefined)
(PF.emb {0..<n} J X)

apply (subst emeasure-CI'; simp-all add: finite-subset)

apply (subst emeasure-C[symmetric, of up-to J n))

apply (auto simp: finite-subset up-to-iff-Ico up-to-less)

apply (subst prod-emb-trans)

apply (auto simp: up-to-less finite-subset up-to-iff-Ico)

done
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lemma lim:
assumes J: finite J and X: X € sets (PiM J M)
shows emeasure PF.lim (PF.emb UNIV J X) = emeasure (CI J) X
proof (rule PF.emeasure-lim[OF J subset-UNIV X])
fix J X’ assume J[simp|: \i. finite (J i) and X'[measurable]: \i. X' i € sets
(Piy (J ) M)
and dec: decseq (Ai. PF.emb UNIV (J i) (X'1))
define X where X n =
(Nie{i. Ji C {0..< n}}. PF.emb {0..<n} (J i) (X' 1)) N space (PiM {0..<n}
M) for n

have sets-X[measurable]: X n € sets (PiM {0..<n} M) for n
by (cases {i. Ji C {0..< n}} ={})
(simp-all add: X-def, auto introl: sets.countable-INT' sets.Int)

have dec-X: n < m = X m C PF.emb {0..<m} {0..<n} (X n) for n m
unfolding X-def using ivl-subset[of 0 n 0 m)|
by (cases {i. Ji C {0..< n}} ={})
(auto simp add: prod-emb-Int prod-emb-PiE space-PiM simp del: ivl-subset)

have dec-X": PF.emb {0..<n} (Jj) (X' j) C PF.emb {0..<n} (J i) (X'4)
if [simp]: Ji C {0..<n} Jj C {0..<n} i <jfornij
by (rule PF.emb-preserve-monolof {0..<n} UNIV]) (auto del: subsetl intro:
dec|[ THEN antimonoD])

assume 0 < (INF i. CI (J1i) (X'1))
also have ... < (INF'i. C 0 i (Az. undefined) (X 1))
proof (intro INF-greatest)
fix n
interpret C: prob-space C 0 n (Az. undefined)
by (rule prob-space-C) simp
show (INF i. CI (J i) (X'4)) < C 0n (Az. undefined) (X n)
proof cases
assume {i. J i C {0..< n}} = {} with C.emeasure-space-1 show ?thesis
by (auto simp add: X-def space-C introl: INF-lower2[of 0] prob-space.measure-le-1
PF .prob-space-P)
next
assume *: {i. J i C {0..< n}} # {}
have (INFi. CI (J1i) (X'1)) <
(INF ie{i. Ji C {0..<n}}. C 0 n (A-. undefined) (PF.emb {0..<n} (J i)
(X7 )
by (intro INF-superset-mono) (auto simp: emeasure-CI)
also have ... = C 0 n (\-. undefined) (N i€{i. Ji C {0..<n}}. (PF.emb
{0..<n} (J i) (X'1)))
using x by (intro emeasure-INT-decseq-subset[symmetric]) (auto intro!:
dec-X' del: subsetl simp: sets-C)
also have ... = C 0 n (\-. undefined) (X n)
using * by (auto simp add: X-def INT-extend-simps)
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finally show (INF i. CI (Ji) (X' 7)) < C0n (A undefined) (X n) .
qed
qed
finally have pos: 0 < (INF i. C 0 i (Ax. undefined) (X 7)) .
from less-INF-D[OF this, of 0] have X 0 # {}
by auto

{ fix w n assume w: w € space (PiM {0..<n} M)
let 2C = \i. emeasure (Cn i w) (X (n + i))
let ?C' = \i x. emeasure (C (Suc n) i (fun-upd w n z)) (X (Suc n + 1))
have M: Ai. ?C’ i € borel-measurable (P n w)
using w[measurable, simp] measurable-fun-upd/where J={0..<n}] by mea-
surable auto

assume ( < (INF i. 7C i)
also have ... < (INF i. emeasure (Cn (1 + i) w) (X (n + (1 + 1))))
by (intro INF-greatest INF-lower) auto
also have ... = (INFi. [tz. 2C" iz OP n w)
using w measurable-C[of Suc n]
apply (intro INF-cong refl)
apply (subst split-C[symmetric, OF w])
apply (subst emeasure-bind[OF - - sets-X])
apply (simp-all del: C.simps add: space-C')
apply measurable

apply simp
apply (simp add: bind-return] OF measurable-eP] nn-integral-eP)
done

also have ... = ([ Tz. (INF i. ?C"iz) OP n w)

proof (rule nn-integral-monotone-convergence-INF-AE[symmetric])
have ([ Tz. ?2C' 0z 0P nw) < ([Tz. 1 0P nw)
by (intro nn-integral-mono) (auto split: split-indicator)
also have ... < o
using prob-space-P[OF w, THEN prob-space.emeasure-space-1] by simp
finally show ([ *z. 2C’' 0z P nw) < oo .
next
show AE zin P n w. 2C’ (Suc i) x < ?2C' i x for ¢
proof (rule AE-I2)
fix z assume z € space (P n w)
with w have w” fun-upd w n z € space (PiM {0..<Suc n} M)
by (auto simp: space-P|OF w] space-PiM PiE-iff extensional-def)
with w show ?2C’ (Suc i) ¢ < ?2C' iz
apply (subst emeasure-Clsymmetric, of i Suc i])
apply (auto introl: emeasure-mono|OF dec-X| del: subset]
simp: sets-C space-P)
apply (subst sets-bind|OF sets-eP])
apply (simp-all add: space-C space-P)
done
qed
qed fact
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finally have ([ Tz. (INFi. ?C'iz) 0P nw) # 0
by simp
with M have 3y z in ae-filter (P n w). 0 < (INFi. 2C" i z)
by (subst (asm) nn-integral-0-iff-AFE)
(auto introl: borel-measurable-INF simp: Filter.not-eventually not-le
zero-less-iff-neq-zero)
then have 3 p z in ae-filter (P n w). x € space (M n) A 0 < (INFi. ?2C" i z)
by (rule frequently-mp|rotated]) (auto simp: space-P w)
then obtain = where z € space (M n) 0 < (INFi. 2C" i z)
by (auto dest: frequently-ex)
from this(2)[THEN less-INF-D, of 0] this(2)
have Jz. fun-upd w nz € X (Suc n) A 0 < (INF i. ?C’ i x)
by (intro exl|of - z]) (simp split: split-indicator-asm) }
note step = this

let %w = dw n z. (restrict w {0..<n})(n := z)
let ?L = Aw n r. INF i. emeasure (C (Sucn) i (2w w nr)) (X (Sucn + 7))
have : (Ni. i <n = wwi (wi) e X (Suci)) =
restrict w {0..<n} € space (Pips {0..<n} M) for w n
using sets.sets-into-space[OF sets-X, of n]
by (cases n) (auto simp: atLeastLessThanSuc restrict-def[of - {}])
have Jw. Vn. wwn (wn) € X (Sucn) AN 0 < ?Lw n (wn)
proof (rule dependent-wellorder-choice)
fix nwassume IH: \i.i<n= wwi(wi)e€X (Suci) N0 < ?Lwi(w
i

show 3r. wownre X (Sucn) N0 < ?Lwnr
proof (rule step)
show restrict w {0..<n} € space (Pips {0..<n} M)
using [H[THEN conjunct!] by (rule x)
show 0 < (INF i. emeasure (C n i (restrict w {0..<n})) (X (n + i)))
proof (cases n)
case 0 with pos show ?thesis
by (simp add: CI-def restrict-def)
next
case (Suc i) then show %thesis
using [H|[of i, THEN conjunct2] by (simp add: atLeastLessThanSuc)
qed
qed
qed (simp cong: restrict-cong)
then obtain w where w: An. w w n (w n) € X (Suc n)
by auto
from this]THEN %] have w-space: w € space (PiM UNIV M)
by (auto simp: space-PiM PiE-iff Ball-def)
have %: w € PF.emb UNIV {0..<n} (X n) for n
proof (cases n)
case 0 with w-space <X 0 # {}> sets.sets-into-space[OF sets-X, of 0] show
?thesis
by (auto simp add: space-PiM prod-emb-def restrict-def PiE-iff)
next
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case (Suc i) then show ?thesis
using w|of i| w-space by (auto simp: prod-emb-def space-PiM PiE-iff atLeast-
LessThanSuc)
qed
have #x: {i. Ji C {0..<up-to (J n)}} # {} for n
by (auto intro!: exI[of - n] up-to J)
have w € PF.emb UNIV (Jn) (X' n) for n
using *[of up-to (J n)| up-to[of J n] by (simp add: X-def prod-emb-Int prod-emb-INT[OF
then show (4. PF.emb UNIV (J i) (X'1%)) # {}
by auto
qed

lemma distr-lim: assumes J[simpl: finite J shows distr PF.lim (PiM J M) (\z.
restrict x J) = CI J

apply (rule measure-eql)

apply (simp add: Cl-def)

apply (simp add: emeasure-distr measurable-cong-sets|OF PF.sets-lim] lim[symmetric]
prod-emb-def space-PiM)

done

end

lemma (in product-prob-space) emeasure-lim-emb:

assumes x: finite J J C I X € sets (PiM J M)

shows emeasure lim (emb I J X) = emeasure (Pips J M) X
proof (rule emeasure-lim[OF ], goal-cases)

case (1 J X)

have 3 Q. (Vi. sets Q@ = PiM (Ji. Ji) M A distr Q (PiM (J i) M) (Ax. restrict
z (J 1) = Piy (J1) M)
proof cases
assume finite (J4. J 7)
then have distr (PiM ((Ji. J i) M) (Pipe (J9) M) (Az. restrict x (J 1)) =
Pipnr (J 7)) M for ¢
by (intro distr-restrict|symmetric]) auto
then show ?thesis
by auto
next
assume inf: infinite ((Ji. J ©)
moreover have count: countable (|Ji. J 1)
using 1(3) by (auto intro: countable-finite)
define f where f = from-nat-into (4. J 7)
define ¢t where t = to-nat-on ((Ji. J 7)
have ft[simp]: z € Ji = f (t z) = x for z i
unfolding f-def t-def using inf count by (intro from-nat-into-to-nat-on) auto
have tf[simp]: t (fi) = i for ¢
unfolding t-def f-def by (intro to-nat-on-from-nat-into-infinite inf count)
have inj-t: inj-on t (Ji. J 1)
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using count by (auto simp: t-def)
then have inj-t-J: inj-on t (J i) for {
by (rule inj-on-subset) auto
interpret IT: Ionescu-Tulcea Ni w. M (f i) Ni. M (f i)
by standard auto
interpret Mf: product-prob-space Ax. M (f z) UNIV
by standard
have C-e¢-PiM: IT.C 0 n (A-. undefined) = PiM {0..<n} (Az. M (f z)) for n
proof (induction n)
case ( then show ?case
by (auto simp: PiM-empty intro!: measure-eql dest!: subset-singletonD)
next
case (Suc n) then show ?case
apply (auto introl: measure-eql simp: sets-bind[OF IT.sets-eP] emea-
sure-bind[OF - IT.measurable-eP))
apply (auto simp: Mf.product-nn-integral-insert nn-integral-indicator[symmetric]
atLeastLessThanSuc IT.emeasure-eP space-PiM
split: split-indicator simp del: nn-integral-indicator intro!:
nn-integral-cong)
done
qed
have Cl-eq-PiM: IT.CI X = PiM X (Az. M (f z)) if X: finite X for X
by (auto simp: IT.up-to-less X IT.CI-def C-eq-PiM intro\: Mf.distr-restrict[symmetric])

let ?Q = distr IT.PF.lim (PiM ((Ji. Ji) M) (Aw. AzeJi. Ji. w (t z))
{ fix i
have distr Q) (Piys (J i) M) (Az. restrict z (J i) =
distr IT.PF.lim (Pip (J7) M) (Aw. AneJ i. w (t n)) o (Aw. restrict w (t'J
)
proof (subst distr-distr)
have (A\w. w (t x)) € measurable (Pipy UNIV (Az. M (f z))) (M z) if :
cJiforzi
using measurable-component-singleton|of t © UNIV Az. M (f z)] unfolding
ft[OF z] by simp
then show (Mw. Aze{Ji. Ji. w (¢ z)) € measurable IT.PF.lim (Pip (U (J

fUNIV)) M)
by (auto intro: measurable-restrict simp: measurable-cong-sets|OF IT.PF .sets-lim
refl])
qed (auto intro!: distr-cong measurable-restrict measurable-component-singleton)
also have ... = distr (distr IT.PF.lim (PiM (t'J i) (Az. M (f z))) (Aw.

restrict w (tJ 1)) (Pipg (J 7)) M) (Qw. An€J i. w (¢ n))
proof (intro distr-distr[symmetric])

have (M\w. w (t z)) € measurable (Pipy (¢J 1) Az. M (f z))) (M z) if z: z
€ Jifor z

using measurable-component-singleton[of t x t‘J i Ax. M (f z)] = unfolding
ft|OF z] by auto

then show (Aw. An€J i. w (¢t n)) € measurable (Pip (¢ J 7)) (A\z. M (f
z))) (Pipr (J i) M)

by (auto intro!: measurable-restrict)
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qed (auto introl: measurable-restrict simp: measurable-cong-sets|OF IT.PF .sets-lim

refl])
also have ... = distr (PiM (t'J i) (Az. M (fz))) (Pipg (J7) M) (Aw. AneJ
i.w (tn))
using «finite (J ©)» by (subst IT.distr-lim) (auto simp: Cl-eq-PiM)
also have ... = Piy (Ji) M

using Mf.distr-reorder[of t J i] by (simp add: 1 inj-t-J cong: PiM-cong)
finally have distr 2Q (Piys (J i) M) (Az. restrict x (J i)) = Pips (J7) M . }
then show 3 Q. Vi. sets @ = PiM ({(Ji. Ji) M A distr Q (Pip (J©) M) (Aa.
restrict x (J i)) = Pip (J i) M
by (intro exI[of - ?Q)]) auto
qed
then obtain @ where sets-Q: sets Q = PiM ((Ji. Ji) M
and Q: Ai. distr Q@ (PiM (J i) M) (Az. restrict x (J i)) = Piy (J i) M by
blast

from 1 interpret Q: prob-space Q)
by (intro prob-space-distrD]of Az. restrict z (J 0) Q PiM (J 0) M])
(auto simp: @Q measurable-cong-sets|OF sets-Q)
intro!: prob-space-P measurable-restrict measurable-component-singleton)

have 0 < (INF i. emeasure (Piy (J i) M) (X 7)) by fact

also have ... = (INF' i. emeasure Q (emb ((Ji. J i) (J i) (X 7))
by (simp add: emeasure-distr-restrict|OF - sets-Q 1(4), symmetric] SUP-upper
Q)
also have ... = emeasure Q ((i. emb (Ji. J i) (J i) (X ©))

proof (rule INF-emeasure-decseq)
from 1 show decseq (An. emb ((Ji. J i) (J n) (X n))
by (intro antimonol emb-preserve-mono|where X=emb (|Ji. J i) (J n) (X
n) and L=I and J={Ji. J i for n]
measurable-prod-emb)
(auto simp: SUP-least SUP-upper antimono-def)
qed (insert 1, auto simp: sets-Q)
finally have (. emb ((Ji. J i) (Ji) (X 1)) # {}
by auto
moreover have (((i. emb I (Ji) (X 9)) ={} = (Ni. emb (Ui J3) (Ji) (X
i) = {}
using 1 by (intro emb-injective[of \Ji. J i I - {}] sets.countable-INT) (auto
stmp: SUP-least SUP-upper)
ultimately show ?case by auto
qed

end

9 Infinite Product Measure

theory Infinite- Product-Measure
imports Probability-Measure Projective-Family
begin
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lemma (in product-prob-space) distr-PiM-restrict-finite:
assumes finite J J C [
shows distr (PiM I M) (PiM J M) (Az. restrict  J) = PiM J M
proof (rule PiM-eql)
fix X assume X: A\i. i € J = X i € sets (M 1)
{fix JX assume J: J # {} VI={} finite JJCTand X: \i. i € J = X
i € sets (M 1)
have emeasure (PiM I M) (emb IJ (Pig J X)) = ([[ieJ. M i (X 1))
proof (subst emeasure-extend-measure-Pair|OF PiM-def, where p'=lim], goal-cases)
case ! then show ?case
by (simp add: M.emeasure-space-1 emeasure-PiM Pi-iff sets-PiM-I-finite
emeasure-lim-emb)
next
case (2 J X)
then have emb I J (Pig J X) € sets (PiM I M)
by (intro measurable-prod-emb sets-PiM-I-finite) auto
from this[THEN sets.sets-into-space] show ?case
by (simp add: space-PiM)
qed (insert assms J X, simp-all del: sets-lim
add: M.emeasure-space-1 sets-lim[symmetric] emeasure-countably-additive
emeasure-positive) }
note x = this

have emeasure (PiM I M) (emb I J (Pig J X)) = ([[ieJ. M i (X 1))
proof (cases J # {} VI ={})
case False
then obtain ¢ where i: J = {} i € I by auto
then have emb I {} {A\z. undefined} = emb I {i} (Ilg ie{i}. space (M 7))
by (auto simp: space-PiM prod-emb-def)
with ¢ show Zthesis
by (simp add: * M.emeasure-space-1)
next
case True
then show ?thesis
by (simp add: x[OF - assms X])
qged
with assms show emeasure (distr (Pipg I M) (Pipy J M) (Az. restrict z J))
(Pigp J X) = (]]i€J. emeasure (M i) (X 7))
by (subst emeasure-distr-restrict|OF - refl]) (auto introl: sets-PiM-I-finite X)
qed (insert assms, auto)

lemma (in product-prob-space) emeasure-PiM-emb’:
J C I = finite ] = X € sets (PiM J M) = emeasure (Pipy I M) (emb I J
X) = PiMJMX
by (subst distr-PiM-restrict-finite[symmetric, of J])
(auto introl: emeasure-distr-restrict[symmetric])

lemma (in product-prob-space) emeasure-PiM-emb:



THEORY “Infinite-Product-Measure” 109

JCI = finiteJ = (N\i. i€ J= Xic¢€ sets (M1)) =
emeasure (Pipg I M) (emb IJ (Pig J X)) = ([] i€J. emeasure (M i) (X i))
by (subst emeasure-PiM-emb’) (auto introl: emeasure-PiM)

sublocale product-prob-space C P?: prob-space Piyr I M
proof
have x: emb I {} {A\z. undefined} = space (PiM I M)
by (auto simp: prod-emb-def space-PiM)
show emeasure (Pipg I M) (space (Pipg I M)) = 1
using emeasure-PiM-emblof {} A-. {}] by (simp add: *)
qged

lemma prob-space-PiM:
assumes M: Ai. i € I = prob-space (M i) shows prob-space (PiM I M)
proof —
let ?M = Xi. if i € I then M i else count-space {undefined}
interpret M’ prob-space ?M i for i
using M by (cases i € I) (auto intro!: prob-spacel)
interpret product-prob-space ?M I
by unfold-locales
have prob-space (Il i€1. ?M i)
by unfold-locales
also have (IIy; i€l. ?M ) = (Il i€l. M 1)
by (intro PiM-cong) auto
finally show ?thesis .
qged

lemma (in product-prob-space) emeasure-PiM-Collect:

assumes X: J C [ finite J N\i. i € J = X i € sets (M i)

shows emeasure (Pipy I M) {z€space (Pipg IM). Vied. zi e X i} = ([] ied.
emeasure (M 1) (X 7))
proof —

have {zespace (Pipy I M). VieJ. zi€ X i} =emblJ (Pig JX)

unfolding prod-emb-def using assms by (auto simp: space-PiM Pi-iff)

with emeasure-PiM-emb[OF assms| show ?thesis by simp

qed

lemma (in product-prob-space) emeasure-PiM-Collect-single:
assumes X: ¢ € I A € sets (M i)
shows emeasure (Pipg I M) {z€space (Pipg I M). vi € A} = emeasure (M i) A
using emeasure-PiM-Collect[of {i} \i. A] assms
by simp

lemma (in product-prob-space) measure-PiM-emb:

assumes J C [ finite J N\i. i € J = X i € sets (M 1)

shows measure (PiM I M) (emb I J (Pig J X)) = (][] i€J. measure (M i) (X
i)

using emeasure-PiM-emb[OF assms]

unfolding emeasure-eq-measure M.emeasure-eq-measure
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by (simp add: prod-ennreal measure-nonneg prod-nonneg)

lemma sets-Collect-single”:

i € I = {xz€space (M i). Pz} € sets (M i) = {x€space (PiM I M). P (z i)}
€ sets (PiM I M)

by auto

lemma (in finite-product-prob-space) finite-measure-PiM-emb:

(Ni.i eI = A€ sets (M i)) = measure (PiM I M) (Pig I A) = ([]i€l.
measure (M i) (A 7))

by (rule prob-times)

lemma (in product-prob-space) PiM-component:

assumes i € [

shows distr (PiM I M) (M i) (Aw. w i) = M
proof (rule measure-eqlI[symmetric])

fix A assume A € sets (M i)

moreover have ((A\w. w 7) —“ A N space (PiM I M)) = {z€space (PiM I M). x
ie A}

by auto

ultimately show emeasure (M i) A = emeasure (distr (PiM I M) (M i) (Aw.

wi)) A
by (auto simp: <i€I) emeasure-distr measurable-component-singleton emea-

sure-PiM-Collect-single)
qed simp

lemma (in product-prob-space) PiM-eq:
assumes M": sets M' = sets (PiM I M)
assumes eq: NJ F. finite ] = J C I = (N\j.j€ J = Fj € sets (M j)) =
emeasure M’ (prod-emb I M J (Ilg jeJ. F 7)) = ([[j€J. emeasure (M j) (F
7))
shows M’ = (PiM I M)
proof (rule measure-eqI-PiM-infinite[symmetric, OF refl M)
show finite-measure (Pipy I M)
by standard (simp add: P.emeasure-space-1)
qed (simp add: eq emeasure-PiM-emb)

lemma (in product-prob-space) AE-component: i € [ = AE xin M i. P x =
AE xin PIMI M. P (z 1)

apply (rule AE-distrD[of MAw. w i PiM I M M i P))

apply simp

apply (subst PiM-component)

apply simp-all

done

lemma emeasure-PiM-emb:
assumes M: Ai. i € I = prob-space (M i)
assumes J: J C [ finite J and A: \i. i € J = A i € sets (M i)
shows emeasure (Pipy I M) (prod-emb I M J (Pig J A)) = ([[i€J. emeasure
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(M ) (4 9)
proof —
let ?M = Ni. if i € I then M i else count-space {undefined}
interpret M’ prob-space ?M i for i
using M by (cases i € I) (auto intro: prob-spacel)
interpret P: product-prob-space ?M I
by unfold-locales
have emeasure (Pips I M) (prod-emb I M J (Pigp J A)) = emeasure (Pip I 7M)
(P.emb I J (Pig J A))
by (auto simp: prod-emb-def PiE-iff introl: arg-cong2[where f=emeasure]
PiM-cong)
also have ... = ([[i€J. emeasure (M i) (A 7))
using J A by (subst P.emeasure-PiM-emb[OF J]) (auto introl: prod.cong)
finally show ?thesis .
qed

lemma distr-pair-PiM-eq-PiM:
fixes i’ :: ‘i and I :: 'i set and M :: 'i = 'a measure
assumes M: Ai. i € I = prob-space (M i) prob-space (M i’)
shows distr (M i’ @ nr (Ipy i€1. M %)) (Ipy i€insert i’ 1. M i) (M(z, X). X (i’
=) =
(I1ps i€insert i' I. M i) (is 2L = -)
proof (rule measure-eqI-PiM-infinite[symmetric, OF refl])
interpret M’ prob-space M i’ by fact
interpret I: prob-space (I i€1. M i)
using M by (intro prob-space-PiM) auto
interpret I": prob-space (Ilp; i€insert i’ I. M i)
using M by (intro prob-space-PiM) auto
show finite-measure (s i€insert i’ I. M i)
by unfold-locales
fix J A assume J: finite J J C insert i’ [ and A: N\i. i € J = A i € sets (M
i)
let ?X = prod-emb (insert i’ I) M J (Pig J A)
have Piyy (insert i’ I) M ?X = ([[ieJ. M i (A 7))
using M J A by (intro emeasure-PiM-emb) auto
also have ... = M i’ (if i’ € J then (A i’) else space (M i')) x ([[ieJ—{i"}. M
using prod.insert-remove[of J Xi. M i (A i) i'] J M'.emeasure-space-1
by (cases i’ € J) (auto simp: insert-absorb)
also have ([[ieJ—{i'}. M i (A %)) = Pipg I M (prod-emb I M (J — {i'}) (Pig
(] — (i) 4))
using M J A by (intro emeasure- PiM-emb[symmetric]) auto
also have M i’ (if i’ € J then (A i') else space (M i')) x ... =
(M " Q@ Ping I M) ((if i/ € J then (A i') else space (M i')) x prod-emb I M
(= (@) (Pig (] — {i7) 4)
using J A by (intro I.emeasure-pair-measure-Times[symmetric] sets-PiM-I)
auto
also have ((if i’ € J then (A i') else space (M i) x prod-emb I M (J — {i'})
(Pip (J — {i'}) A)) =
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Mz, X). X(i":=xz)) —* 2X N space (M i’ Q n Ping I M)
using Alof i/, THEN sets.sets-into-space] unfolding set-eq-iff
by (simp add: prod-emb-def space-pair-measure space-PiM PiE-fun-upd ac-simps
cong: cong-cong)
(auto simp add: Pi-iff Ball-def all-conj-distrib)
finally show Piys (insert i’ I) M 2X = 7L ?X
using J A by (simp add: emeasure-distr)
qed simp

lemma distr-PiM-reindex:
assumes M: Ai. i € K = prob-space (M 1)
assumes f: inj-on fIfel - K
shows distr (Pipg K M) (pp i€l M (f4)) (Aw. An€l. w (fn)) = (Ilp i€l. M
(1)
(is distr 2K 21 2t = 2I)
proof (rule measure-eql-PiM-infinite[symmetric, OF refl])
interpret prob-space 71
using f M by (intro prob-space-PiM) auto
show finite-measure 21
by unfold-locales
fix A J assume J: finite JJ C T and A: N\i. i € J = A i € sets (M (f 1))
have [simp]: i € J = the-inv-into I f (f i) = i for ¢
using J [ by (intro the-inv-into-f-f) auto
have ?I (prod-emb I (Xi. M (f4)) J (Pig J A)) = ([[jeJ. M (fj) (4 7))
using f J A by (intro emeasure-PiM-emb M) auto
also have ... = ([[jefJ. M j (A (the-inv-into I f j)))
using f J by (subst prod.reindex) (auto intro!: prod.cong intro: inj-on-subset
sitmp: the-inv-into-f-f)
also have ... = ?K (prod-emb K M (fJ) (Ilg jef‘J. A (the-inv-into I f 7)))
using f J A by (intro emeasure- PiM-emb|[symmetric] M) (auto simp: the-inv-into-f-f)
also have prod-emb K M (f*J) (g jef‘J. A (the-inv-into I fj)) = 2t —* prod-emb
I (Xi. M (f1) J (Pig JA) N space ?K
using f J A by (auto simp: prod-emb-def space-PiM Pi-iff PiE-iff Int-absorbl)
also have 7K ... = distr YK ?I 7t (prod-emb I (Xi. M (f 1)) J (Pig J A))
using f J A by (intro emeasure-distr[symmetric] sets-PiM-I) (auto simp: Pi-iff)
finally show ?I (prod-emb I (A\i. M (f i)) J (Pig J A)) = distr ?K 71 %t
(prod-emb I (Ni. M (f %)) J (Pig J A)) .
qed simp

lemma distr-PiM-component:
assumes M: A\i. i € I = prob-space (M i)
assumes i € |
shows distr (Pipy I M) (M i) (Aw. w i) = Mi
proof —
have *: (Aw. w i) —“ A N space (Pipy I M) = prod-emb I M {i} (Ug i'e{i}. A)
for A
by (auto simp: prod-emb-def space-PiM)
show ?thesis
apply (intro measure-eql)
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apply (auto simp add: emeasure-distr <i€l> x emeasure-PiM-emb M)
apply (subst emeasure-PiM-emb)
apply (simp-all add: M <i€ly)
done
qed

lemma AE-PiM-component:

(ANi. i € I = prob-space (M i)) = i€l = AExzin Mi Px = AE zin
PiMIM. P (zi)

using AE-distrD[of \x. x i PIM I M M 1]

by (subst (asm) distr-PiM-component[of I - i]) (auto intro: AE-distrD[of A\x. x i
-- P])

lemma decseq-emb-PiF:
incseq J = decseq (Ai. prod-emb I M (J i) (Ilg jeJ i. X j))
by (fastforce simp: decseq-def prod-emb-def incseq-def Pi-iff)

9.1 Sequence space

definition comb-seq :: nat = (nat = 'a) = (nat = 'a) = (nat = 'a) where
comb-seq i w w'j = (if j < i then w j else w’ (j — 1))

lemma split-comb-seq: P (comb-seq i w w'j) +— (j < i — P (wj) A (Vk. j=
i+ k— P (w'k))
by (auto simp: comb-seg-def not-less)

lemma split-comb-seq-asm: P (comb-seq i w w’ j) «— = ((j < i A= P (wj) V
Gk j=i+ kAP (wEk)
by (auto simp: comb-seq-def)

lemma measurable-comb-seq:
(AMw, w"). comb-seq i w w’) € measurable ((I1py i€ UNIV. M) @ ar (U i€ UNIV.
M)) (IlIps i€ UNIV. M)
proof (rule measurable-PiM-single)
show (A(w, w’). comb-seq i w w’) € space ((I1py 1€ UNIV. M) @ ar (Ipr i€ UNIV.
M)) — (UNIV —g space M)
by (auto simp: space-pair-measure space-PiM PiE-iff split: split-comb-seq)
fix j :: nat and A assume A: A € sets M
then have x: {w € space ((IIp; i€UNIV. M) @ ar (IIpy i€ UNIV. M)). case-prod
(comb-seq i) wj € A} =
(if § < i then {w € space (Up; i€UNIV. M). w j € A} x space (IIp; i€ UNIV.
M)
else space (Il i€ UNIV. M) x {w € space (Ilpr ¢€ UNIV. M). w (j —
i) € A})
by (auto simp: space-PiM space-pair-measure comb-seq-def dest: sets.sets-into-space)
show {w € space ((IIpy i€UNIV. M) Q@ n (Hpr i€UNIV. M)). case-prod
(comb-seq i) wj € A} € sets (IIpy i€ UNIV. M) @ a (IIpyy i€ UNIV. M))
unfolding * by (auto simp: A introl: sets-Collect-single)
qed
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lemma measurable-comb-seq’[measurable (raw)]:

assumes [: f € measurable N (Il i€ UNIV. M) and g: g € measurable N (I,
{€UNIV. M)

shows (Az. comb-seq i (f ) (g x)) € measurable N (Il i€ UNIV. M)

using measurable-compose| OF measurable-Pair|OF f g] measurable-comb-seq| by
simp

lemma comb-seq-0: comb-seq 0 w w' = w’
by (auto simp add: comb-seq-def)

lemma comb-seq-Suc: comb-seq (Suc n) w w’ = comb-seq n w (case-nat (w n) w’)
by (auto simp add: comb-seq-def not-less less-Suc-eq le-imp-diff-is-add introl: ext
split: nat.split)

lemma comb-seq-Suc-0[simp]: comb-seq (Suc 0) w = case-nat (w 0)
by (intro ext) (simp add: comb-seq-Suc comb-seq-0)

lemma comb-seq-less: i < n = comb-seqn w w' i = w i
by (auto split: split-comb-seq)

lemma comb-seq-add: comb-seqn w w’ (i + n) = w' i
by (auto split: nat.split split-comb-seq)

lemma case-nat-comb-seq: case-nat s’ (comb-seq n w w’) (i + n) = case-nat
(case-nat 8" wn) w' i
by (auto split: nat.split split-comb-seq)

lemma case-nat-comb-seq’:
case-nat s (comb-seq i w w') = comb-seq (Suc i) (case-nat s w) w
by (auto split: split-comb-seq nat.split)

/

locale sequence-space = product-prob-space Ai. M UNIV :: nat set for M
begin

abbreviation S = II,; i€ UNIV ::nat set. M

lemma infprod-in-sets[intro]:
fixes E :: nat = 'a set assumes E: \i. E i € sets M
shows Pi UNIV E € sets S
proof —
have Pi UNIV E = ((i. emb UNIV {..i} (Ug je{..i}. Ej))
using E E[THEN sets.sets-into-space]
by (auto simp: prod-emb-def Pi-iff extensional-def)
with F show ?thesis by auto
qed

lemma measure-PiM-countable:
fixes E :: nat = 'a set assumes E: \i. E i € sets M



THEORY “Infinite-Product-Measure” 115

shows (An. [[i<n. measure M (E i)) —— measure S (Pi UNIV E)
proof —
let ?E = An. emb UNIV {..n} (Pig {.. n} E)
have An. ([[i<n. measure M (E i)) = measure S (?E n)
using F by (simp add: measure-PiM-emb)
moreover have Pi UNIV E = ((\n. ?E n)
using F E[THEN sets.sets-into-space]
by (auto simp: prod-emb-def extensional-def Pi-iff)
moreover have range ?E C sets S
using F by auto
moreover have decseq ?F
by (auto simp: prod-emb-def Pi-iff decseq-def)
ultimately show ?thesis
by (simp add: finite-Lim-measure-decseq)
qed

lemma nat-eq-diff-eq:
fixes a b ¢ :: nat
shows c<b—a=b—-—c+—a+c=0
by auto

lemma PiM-comb-seq:

distr (S @ m S) S (AMw, w’). comb-seq i ww’) =S (is D = -)
proof (rule PiM-eq)

let 91 = UNIV:nat set and ?M = An. M

let distr - - 2f = 2D

fix J FE assume J: finite JJ C 2l N\j.j€ J = Ej€ sets M
let ?X = prod-emb ¢I ?M J (Ilg jeJ. E j)
have \jz.j€ J= 2z € Fj = x € space M

using J(3)[THEN sets.sets-into-space] by (auto simp: space-PiM Pi-iff sub-

set-eq)

with J have ?f —‘ ?X N space (S @ m S) =

(prod-emb ?2I ?M (J N {..<i}) (IIg jeJ N {..<i}. Ej)) x

(prod-emb 21 ?M (((+) ©) —<J) g je((+) ¢) =“J. E (i + j))) (is - = ?E X
by (auto simp: space-pair-measure space-PiM prod-emb-def all-conj-distrib PiE-iff

split: split-comb-seq split-comb-seq-asm)

then have emeasure ¢D ?X = emeasure (S Q@ S) (?E x ?F)

by (subst emeasure-distr|OF measurable-comb-seq])

(auto introl: sets-PiM-I simp: split-beta’ J)

also have ... = emeasure S ?E x emeasure S ?F

using J by (intro P.emeasure-pair-measure-Times) (auto intro!: sets-PiM-I

finite-vimagel simp: inj-on-def)

also have emeasure S ?F = ([[je((+) i) —* J. emeasure M (E (i + j)))

using J by (intro emeasure-PiM-emb) (simp-all add: finite-vimagel inj-on-def)
also have ... = ([[jeJ — (J N {..<i}). emeasure M (E j))

by (rule prod.reindez-cong [of Ax. z — i])

(auto simp: image-iff ac-simps nat-eq-diff-eq cong: conj-cong intro!: inj-onl)
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also have emeasure S ?E = ([[jeJ N {..<i}. emeasure M (E j))
using J by (intro emeasure-PiM-emb) simp-all
also have ([[jeJ N {..<i}. emeasure M (E 7)) = ([[jedJ — (J N {..<i}).
emeasure M (E j)) = ([[j€J. emeasure M (E 7))
by (subst mult.commute) (auto simp: J prod.subset-diff [symmetric))
finally show emeasure ¢?D ?X = ([[j€J. emeasure M (E j)) .
qed simp-all

lemma PiM-iter:

distr (M @ ar S) S (A(s, w). case-nat s w) = S (is ¢D = -)
proof (rule PiM-eq)

let ?I = UNIV::nat set and ?M = An. M

let distr - - 2f = 2D

fix J E assume J: finite JJ C 2l N\j.j€J = Ej€ sets M
let ?X = prod-emb ?I ?M J (lg jeJ. E j)
have \jz.j€ J= 2 € Ej = x € space M
using J(3)[THEN sets.sets-into-space] by (auto simp: space-PiM Pi-iff sub-
set-eq)
with J have 2f —‘ 2X N space (M @ S) = (if 0 € J then E 0 else space M)
X
(prod-emb ?I ?M (Suc —*J) (g jeSuc —*J. E (Suc j))) (is - = ?E x ?F)
by (auto simp: space-pair-measure space-PiM PiE-iff prod-emb-def all-conj-distrib
split: nat.split nat.split-asm)
then have emeasure ?D ?X = emeasure (M @ ar S) (?E x 2F)
by (subst emeasure-distr)
(auto introl: sets-PiM-I simp: split-beta’ J)
also have ... = emeasure M ?E % emeasure S ?F
using J by (intro P.emeasure-pair-measure-Times) (auto introl: sets-PiM-I
finite-vimagel)
also have emeasure S ?F = ([[j€Suc —* J. emeasure M (E (Suc j)))
using J by (intro emeasure-PiM-emb) (simp-all add: finite-vimagel)
also have ... = (J[[jeJ — {0}. emeasure M (E j))
by (rule prod.reindez-cong [of Ax. x — 1])
(auto simp: image-iff nat-eq-diff-eq ac-simps cong: conj-cong intro!: inj-onl)
also have emeasure M ?E x ([[jeJ — {0}. emeasure M (E j)) = ([[jed.
emeasure M (E j))
by (auto simp: M.emeasure-space-1 prod.remove J)
finally show emeasure ¢?D ?X = ([[j€J. emeasure M (E j)) .
qed simp-all

end

lemma PiM-return:

assumes finite [

assumes [measurable]: Ni. i € I = {a i} € sets (M i)

shows PiM I (\i. return (M ©) (a ©)) = return (PiM I M) (restrict a I)
proof —

have [simp]: a i € space (M @) if ¢ € I for ¢
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using assms(2)[OF that] by (meson insert-subset sets.sets-into-space)
interpret prob-space PiM I (\i. return (M i) (a 7))
by (intro prob-space-PiM prob-space-return) auto
have AF x in PiM I (\i. return (M @) (a 7). Vi€l. z i = restrict a I {
by (intro eventually-ball-finite balll AE-PiM-component prob-space-return assms)
(auto simp: AE-return)
moreover have AE x in PiM I (N\i. return (M 7) (a 7). © € space (PiM I (\i.
return (M ©) (a 7)))
by simp
ultimately have AFE z in PiM I (\i. return (M i) (a ©)). = restrict a I
by eventually-elim (auto simp: fun-eq-iff space-PiM)
hence Piy; I (Mi. return (M i) (a 7)) = return (Pipyr I (Ni. return (M 4) (a 7)))
(restrict a I)
by (rule AE-eq-constD)
also have ... = return (PiM I M) (restrict a I)
by (intro return-cong sets-PiM-cong) auto
finally show ?thesis .
qed

lemma distr-PiM-finite-prob-space’:

assumes fin: finite I

assumes Ai. i € I = prob-space (M 1)

assumes Ai. i € I = prob-space (M’ 7)

assumes [measurable]: Ni. i € I = f € measurable (M i) (M’ %)

shows distr (PiM I M) (PiM I M') (compose I f) = PiM I (\i. distr (M i)
(M) f)
proof —

define N where N = (\i. if { € I then M i else return (count-space UNIV)
undefined)

define N’ where N’ = (\i. if i € I then M’ i else return (count-space UNIV)
undefined)

have [simp]: PIMIN = PIMI M PiMI N’ = PiM I M’

by (intro PiM-cong; simp add: N-def N’-def)+

have distr (PiM I N) (PiM I N') (compose I f) = PiM I (\i. distr (N ) (N’ 1)
f)
proof (rule distr-PiM-finite-prob-space)
show product-prob-space N
by (rule product-prob-spacel ) (auto simp: N-def introl: prob-space-return assms)
show product-prob-space N’
by (rule product-prob-spacel) (auto simp: N'-def introl: prob-space-return
assms)
qed (auto simp: N-def N'-def fin)
also have Piy; I (Ni. distr (N i) (N’ Q) f) = Pipg I (Ni. distr (M) (M'4) f)
by (intro PiM-cong) (simp-all add: N-def N'-def)
finally show ?thesis by simp
qed

end
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10 Independent families of events, event sets, and
random variables

theory Independent-Family
imports Infinite- Product-Measure
begin

definition (in prob-space)
indep-sets F' I «— (Vi€l. F'i C events) A
(VJCI. J # {} — finite ] — (YVAePi J F. prob (NjeJ. A j) = (][]jed.
prob (A j))))

definition (in prob-space)
indep-set A B <— indep-sets (case-bool A B) UNIV

definition (in prob-space)
indep-events-def-alt: indep-events A I <— indep-sets (Ai. {A i}) I

lemma (in prob-space) indep-events-def:
indep-events A I «— (A‘I C events) A
(VJCI. J # {} — finite J — prob (N jeJ. A j) = ([ j€J. prob (4 7)))
unfolding indep-events-def-alt indep-sets-def
apply (simp add: Ball-def Pi-iff image-subset-iff-funcset)
apply (intro conj-cong refl arg-conglwhere f=All] ext imp-cong)
apply auto
done

lemma (in prob-space) indep-eventsl:

(Ni.i el = Ficsets M) = (N\J. J C I = finite ] = J # {} = prob
(Nied. Fi)=([]ied. prob (F i))) = indep-events F I

by (auto simp: indep-events-def)

definition (in prob-space)
indep-event A B +— indep-events (case-bool A B) UNIV

lemma (in prob-space) indep-sets-cong:
I=J= (Ni.i €] = Fi= Gi) = indep-sets F I <— indep-sets G J
by (simp add: indep-sets-def, intro conj-cong all-cong imp-cong ball-cong) blast+

lemma (in prob-space) indep-events-finite-indez-events:
indep-events F I «— (Y JCI. J # {} — finite J — indep-events F J)
by (auto simp: indep-events-def)

lemma (in prob-space) indep-sets-finite-index-sets:

indep-sets F' I «— (VJCI. J # {} — finite J —> indep-sets F J)
proof (intro iffI alll impl)

assume x: VJCI. J # {} — finite J — indep-sets F J

show indep-sets F' I unfolding indep-sets-def

proof (intro congl balll alll impl)
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fix ¢ assume i € [
with «[THEN spec, of {i}] show F i C events
by (auto simp: indep-sets-def)
qed (insert *, auto simp: indep-sets-def)
qged (auto simp: indep-sets-def)

lemma (in prob-space) indep-sets-mono-indexz:
J C I = indep-sets F' I = indep-sets F' J
unfolding indep-sets-def by auto

lemma (in prob-space) indep-sets-mono-sets:
assumes indep: indep-sets F' I
assumes mono: \i. i€l = G i C Fi
shows indep-sets G I
proof —
have (Vi€l. F i C events) = (Vi€l. G i C events)
using mono by auto
moreover have N\AJ. JC I = Ac (Il jeJ. Gj) = A e (Il jeJ. F'j)
using mono by (auto simp: Pi-iff)
ultimately show ?thesis
using indep by (auto simp: indep-sets-def)
qged

lemma (in prob-space) indep-sets-mono:
assumes indep: indep-sets F' I
assumes mono: J C I N\i.i€eJ = GiC Fi
shows indep-sets G J
apply (rule indep-sets-mono-sets)
apply (rule indep-sets-mono-index)

apply (fact +)
done

lemma (in prob-space) indep-setsl:
assumes Ai. i € [ = F i C events
and NAJ. J#{} = J C I = finite ] = (VjeJ. Aj € Fj) = prob
(NjeJ. A j) = (TTjeJ. prob (A )
shows indep-sets F I
using assms unfolding indep-sets-def by (auto simp: Pi-iff)

lemma (in prob-space) indep-setsD:
assumes indep-sets F I and J C IJ # {} finite JVjeJ. Aje€ Fj
shows prob (jeJ. A j) = (J[j€J. prob (A 7))
using assms unfolding indep-sets-def by auto

lemma (in prob-space) indep-setl:
assumes ev: A C events B C events
and indep: Na b. a € A = b € B = prob (a N b) = prob a * prob b
shows indep-set A B
unfolding indep-set-def



THEORY “Independent-Family” 120

proof (rule indep-setsl)
fix I' J assume J # {} J C UNIV
and F:VjeJ. Fj € (case j of True = A | False = B)
have J € Pow UNIV by auto
with F «J # {}> indeplof F True F False]
show prob (jeJ. Fj) = ([ jeJ. prob (F j))
unfolding UNIV-bool Pow-insert by (auto simp: ac-simps)
qed (auto split: bool.split simp: ev)

lemma (in prob-space) indep-setD:

assumes indep: indep-set A B and ev: a € A b€ B

shows prob (a N b) = prob a * prob b

using indep[unfolded indep-set-def, THEN indep-setsD, of UNIV case-bool a b]
ev

by (simp add: ac-simps UNIV-bool)

lemma (in prob-space)
assumes indep: indep-set A B
shows indep-setD-evl: A C events
and indep-setD-ev2: B C events
using indep unfolding indep-set-def indep-sets-def UNIV-bool by auto

lemma (in prob-space) indep-sets-Dynkin:
assumes indep: indep-sets F' I
shows indep-sets (\i. Dynkin (space M) (F i)) I
(is indep-sets ?F I)
proof (subst indep-sets-finite-index-sets, intro alll impl balll)
fix J assume finite JJ C I J # {}
with indep have indep-sets F' J
by (subst (asm) indep-sets-finite-indez-sets) auto
{ fix J K assume indep-sets F K
let G = \Si. ifi € S then ?F i else F i
assume finite J J C K
then have indep-sets (G J) K
proof induct
case (insert j J)
moreover define G where G = ?G J
ultimately have G: indep-sets G K \i. i € K = G i C events and j € K
by (auto simp: indep-sets-def)
let ?D = {Ecevents. indep-sets (G(j := {E})) K }
{ fix X assume X: X € cvents
assume indep: NJA. J#{} = JC K = finite ] = j ¢ J = (VielJ.
Aie Gi)
= prob ((Ni€J. A i) N X) = prob X = ([[i€J. prob (A 7))
have indep-sets (G(j := {X})) K
proof (rule indep-setsl)
fix i assume i € K then show (G(j:={X})) i C events
using G X by auto
next



THEORY “Independent-Family” 121

fix A J assume J: J # {} J C K finite J VieJ. Aiec (G(j:={X})) i
show prob ((jeJ. A j) = (J[j€J. prob (4 j))
proof cases
assume j € J
with J have A j = X by auto
show ?thesis
proof cases
assume J = {j} then show ?thesis by simp
next
assume J # {j}
have prob (N ieJ. A i) = prob ((NieJ—{j}. A i) N X)
using ¢j € J» <A j = X» by (auto intro!: arg-cong[where f=prob]
split: if-split-asm)
also have ... = prob X x ([[ieJ—{j}. prob (4 i))
proof (rule indep)
show J — {j} # {} 7 — 1} € K finite (] — {3)) j ¢ 7 — i}
using J «J # {jb < € J» by auto
show VieJ — {j}. Aie Gi
using J by auto

qed
also have ... = prob (A j) = ([[ieJ—{j}. prob (4 7))
using (A j = X» by simp
also have ... = ([[i€J. prob (A 7))
unfolding prod.insert-remove[OF «finite J», symmetric, of Ai. prob
(A 9)]
using <j € J» by (simp add: insert-absorb)
finally show ?thesis .
qed
next
assume j ¢ J
with J have VieJ. A i € G i by (auto split: if-split-asm)
with J show %thesis
by (intro indep-setsD|OF G(1)]) auto
qed
qed }

note indep-sets-insert = this
have Dynkin-system (space M) ¢D
proof (rule Dynkin-systemlI’, simp-all cong del: indep-sets-cong, safe)
show indep-sets (G(j := {{}})) K
by (rule indep-sets-insert) auto
next
fix X assume X: X € events and G': indep-sets (G(j := {X})) K
show indep-sets (G(j := {space M — X})) K
proof (rule indep-sets-insert)
fix J Aassume J: J # {} J C K finite Jj ¢ Jand A:VieJ. Aie Gi
then have A-sets: \i. ieJ = A i € events
using G by auto
have prob (((NjeJ. A j) N (space M — X)) =
prob ((NjeJ. A j) — (Nicinsert j J. (A(j := X)) 7))
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using A-sets sets.sets-into-spacelof - M| X «J # {p
by (auto introl: arg-cong[where f=prob] split: if-split-asm)
also have ... = prob ((jeJ. A j) — prob (N i€insert j J. (A(j := X)) 9)
using J <J # {}» «j ¢ J» A-sets X sets.sets-into-space
by (auto intro!: finite-measure-Diff sets.finite-INT split: if-split-asm)
finally have prob (((jeJ. A j) N (space M — X)) =
prob ((j€J. A j) — prob (Nic€insert j J. (A(j == X)) ©) .
moreover {
have prob (N jeJ. A j) = ([[j€J. prob (A j))
using J A «finite J» by (intro indep-setsD[OF G(1)]) auto
then have prob ((jeJ. A j) = prob (space M) % ([[ i€J. prob (A 7))
using prob-space by simp }
moreover {
have prob ((icinsert j J. (A(j := X)) ©) = (][ i€insert j J. prob ((A(j
= X)) )
using J A <j € K) by (intro indep-setsD[OF G']) auto
then have prob ((icinsert j J. (A(j := X)) i) = prob X = ([]i€J.
prob (A 1))
using <finite J> <j ¢ J» by (auto introl: prod.cong) }
ultimately have prob (((j€J. A j) N (space M — X)) = (prob (space
M) — prob X) * ([[i€J. prob (A 1))
by (simp add: field-simps)
also have ... = prob (space M — X) x (][ i€J. prob (A 7))
using X A by (simp add: finite-measure-compl)
finally show prob ((jeJ. A 7) N (space M — X)) = prob (space M —
X) = ([ é€J. prob (A 7)) .
qed (insert X, auto)
next
fix F :: nat = 'a set assume disj: disjoint-family F and range F C 2D
then have F: A\i. F i € events \i. indep-sets (G(j:={F i})) K by auto
show indep-sets (G(j := {J*k. Fk})) K
proof (rule indep-sets-insert)
fix JAassume J: j ¢ JJ #{} JC K finite Jand A: VieJ. Aiec Gi
then have A-sets: \i. i€eJ = A i € events
using G by auto
have prob ((NjeJ. Aj) N (Uk. Fk)) = prob (Uk. (Ni€insert j J. (A(j
— F ) )
using «J # {}» «j ¢ J» <j € K> by (auto introl: arg-cong[where f=prob]
split: if-split-asm,)
moreover have (\k. prob ((icinsert j J. (A(j := F k)) 7)) sums prob
(Uk. (Niginsert j J. (A(j := F k)) 1))
proof (rule finite-measure-UNION)
show disjoint-family (M\k. (i€insert j J. (A(j := F k)) i)
using disj by (rule disjoint-family-on-bisimulation) auto
show range (\k. (i€insert j J. (A(j := F k)) i) C events
using A-sets F <finite J» <J # {}> <j ¢ J» by (auto intro!: sets.Int)
qed
moreover { fix k
from J A <j € K» have prob ((i€insert j J. (A(j := F k)) i) = prob
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(F k) = ([[ied. prob (A i)
by (subst indep-setsD[OF F(2)]) (auto intro!: prod.cong split: if-split-asm)
also have ... = prob (F k) = prob ((i€J. A i)
using J A <j € K> by (subst indep-setsD[OF G(1)]) auto
finally have prob ((i€insert j J. (A(j := F k)) i) = prob (F k) % prob
(Nied. A1) .}
ultimately have (\k. prob (F k) * prob ((\i€J. A 7)) sums (prob (((Nj€J.
Aj)n Uk FE))
by simp
moreover
have (\k. prob (F k) * prob ((i€J. A 7)) sums (prob (Uk. F k) * prob
(Nied. A1)
using disj F(1) by (intro finite-measure-UNION sums-mult2) auto
then have (Ak. prob (F k) * prob ((i€J. A 7)) sums (prob (k. F k) *
(ITi€J. prob (A 7))
using J A <j € K) by (subst indep-setsD[OF G(1), symmetric]) auto
ultimately

show prob ((NjeJ. Aj) n (Uk. Fk))=prob(Uk. Fk)x* (J[jeJ. prob

(4 )
by (auto dest!: sums-unique)
qed (insert F, auto)
qed (insert sets.sets-into-space, auto)
then have mono: Dynkin (space M) (G j) C {E € events. indep-sets (G(j
— () K}
proof (rule Dynkin-system.Dynkin-subset, safe)
fix X assume X € G j
then show X € events using G «j € K» by auto
from <indep-sets G K>
show indep-sets (G(j := {X})) K
by (rule indep-sets-mono-sets) (insert <X € G j», auto)
qed
have indep-sets (G(j:=9D)) K
proof (rule indep-setsl)
fix 7 assume { € K then show (G(j := ?D)) i C events
using G(2) by auto
next

fix A J assume J: J£{} J C K finite J and A:VieJ. A i€ (G(j :== ?D))

show prob ((jeJ. 4 j) = ([[j€J. prob (A j))
proof cases
assume j € J
with A have indep: indep-sets (G(j := {A j})) K by auto
from J A show ?thesis
by (intro indep-setsD[OF indep]) auto
next
assume j ¢ J
with J A have VieJ. A i € G i by (auto split: if-split-asm)
with J show ?thesis
by (intro indep-setsD[OF G(1)]) auto
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qged
qed
then have indep-sets (G(j := Dynkin (space M) (G j))) K
by (rule indep-sets-mono-sets) (insert mono, auto)
then show Zcase
by (rule indep-sets-mono-sets) (insert <j € K> <j ¢ J», auto simp: G-def)
qed (insert <indep-sets F K>, simp) }
from this[OF <indep-sets F' J» «finite J» subset-refl]
show indep-sets ?F J
by (rule indep-sets-mono-sets) auto
qged

lemma (in prob-space) indep-sets-sigmas:
assumes indep: indep-sets F' I
assumes stable: A\i. i € I = Int-stable (F i)
shows indep-sets (N\i. sigma-sets (space M) (F 7)) I
proof —
from indep-sets-Dynkin| OF indep]
show ?thesis
proof (rule indep-sets-mono-sets, subst sigma-eq-Dynkin, simp-all add: stable)
fix ¢ assume i € [
with indep have F i C events by (auto simp: indep-sets-def)
with sets.sets-into-space show F i C Pow (space M) by auto
qed
qed

lemma (in prob-space) indep-sets-sigma-sets-iff:
assumes Ai. i € [ = Int-stable (F i)
shows indep-sets (\i. sigma-sets (space M) (F i)) I <— indep-sets F' I
proof
assume indep-sets F' I then show indep-sets (\i. sigma-sets (space M) (F 4)) I
by (rule indep-sets-sigma) fact
next
assume indep-sets (Ai. sigma-sets (space M) (F'i)) I then show indep-sets F' I
by (rule indep-sets-mono-sets) (intro subsetl sigma-sets. Basic)
qed

definition (in prob-space)
indep-vars-def2: indep-vars M’ X I +—
(Viel. random-variable (M’ i) (X 7)) A
indep-sets (Ni. { X i —“ AN space M | A. A € sets (M'i)}) I

definition (in prob-space)
indep-var Ma A Mb B <— indep-vars (case-bool Ma Mb) (case-bool A B) UNIV

lemma (in prob-space) indep-vars-def:
indep-vars M’ X I +—
(Viel. random-variable (M’ ) (X 7)) A
indep-sets (A\i. sigma-sets (space M) { X i —“ A N space M | A. A € sets (M’
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oy T
unfolding indep-vars-def2
apply (rule conj-cong[OF refl])
apply (rule indep-sets-sigma-sets-iff [symmetric])
apply (auto simp: Int-stable-def)
apply (rule-tac z=A N Aa in exl)
apply auto
done

lemma (in prob-space) indep-var-eq:
indep-var S X T'Y +—
(random-variable S X A random-variable T Y) A
indep-set
(sigma-sets (space M) { X —“ A N space M | A. A € sets S})
(sigma-sets (space M) { Y —“ A N space M | A. A € sets T})
unfolding indep-var-def indep-vars-def indep-set-def UNIV-bool
by (intro arg-cong2[where f=(A)] arg-cong2[where f=indep-sets| ext)
(auto split: bool.split)

lemma (in prob-space) indep-sets2-eq:
indep-set A B +— A C events AN B C events A (Va€A. YbEB. prob (a N b) =
prob a * prob b)
unfolding indep-set-def
proof (intro iffI balll conjI)
assume indep: indep-sets (case-bool A B) UNIV
{fixabassumea € Abe B
with indep-setsD[OF indep, of UNIV case-bool a b]
show prob (a N b) = prob a x prob b
unfolding UNIV-bool by (simp add: ac-simps) }
from indep show A C events B C events
unfolding indep-sets-def UNIV-bool by auto
next
assume *: A C events A B C events A (Va€A. VbeB. prob (a N b) = prob a *
prob b)
show indep-sets (case-bool A B) UNIV
proof (rule indep-setsl)
fix i show (case i of True = A | False = B) C events
using * by (auto split: bool.split)
next
fix J X assume J # {} J C UNIV and X: VjeJ. X j € (case j of True = A
| False = B)
then have J = {True} V J = {Fualse} V J = {True,False}
by (auto simp: UNIV-bool)
then show prob ((jeJ. X j) = ([[j€J. prob (X j))
using X * by auto
qed
qed

lemma (in prob-space) indep-set-sigma-sets:
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assumes indep-set A B
assumes A: Int-stable A and B: Int-stable B
shows indep-set (sigma-sets (space M) A) (sigma-sets (space M) B)
proof —
have indep-sets (Ai. sigma-sets (space M) (case i of True = A | False = B))
UNIV
proof (rule indep-sets-sigma)
show indep-sets (case-bool A B) UNIV
by (rule <indep-set A B>[unfolded indep-set-def])
fix i show Int-stable (case i of True = A | False = B)
using A B by (cases i) auto
qed
then show ?thesis
unfolding indep-set-def
by (rule indep-sets-mono-sets) (auto split: bool.split)
qed

lemma (in prob-space) indep-eventsI-indep-vars:
assumes indep: indep-vars N X I
assumes P: \i. i € I = {z€space (N i). P iz} € sets (N 7)
shows indep-events (\i. {x€space M. Pi (X ix)}) I
proof —
have indep-sets (Ai. {X i —° A N space M |A. A € sets (Ni)}) I
using indep unfolding indep-vars-def2 by auto
then show ?thesis
unfolding indep-events-def-alt
proof (rule indep-sets-mono-sets)
fix ¢ assume i € [
then have {{z € space M. Pi (X ix)}} = {X i —°{z€space (N 7). Pix} N
space M}
using indep by (auto simp: indep-vars-def dest: measurable-space)
also have ... C {X i —“AnN space M |A. A € sets (N i)}
using P[OF «i € I)] by blast
finally show {{z € space M. Pi{ (X ixz)}} C{Xi{—"AnN space M |A. A €
sets (N i)} .
qed
qed

lemma (in prob-space) indep-sets-collect-sigma:

fixes I :: 'j = i set and J :: 'j set and E :: i = 'a set set

assumes indep: indep-sets E (|JjeJ. I j)

assumes Int-stable: N\ij. j € J = i € 1 j = Int-stable (E i)

assumes disjoint: disjoint-family-on I J

shows indep-sets (\j. sigma-sets (space M) (|Jielj. Ei)) J
proof —

let 7E = \j. {\keK. E' k| E' K. finite K AN K # {} N K C Ij A (VkeK. B’
ke Ek))

from indep have E: \ji.je€ J= i€ Ij= EiC events
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unfolding indep-sets-def by auto
{ fix j
let 25 = sigma-sets (space M) ((Ji€lj. E i)
assume j € J
from E[OF this] interpret S: sigma-algebra space M 25
using sets.sets-into-spacelof - M| by (intro sigma-algebra-sigma-sets) auto

have sigma-sets (space M) (|Ji€l j. E i) = sigma-sets (space M) (?E )
proof (rule sigma-sets-eql)

fix A assume A € (Ji€lj. E i)

then obtain i where i € Ij A€ E i ..

then show A € sigma-sets (space M) (?F j)

by (auto intro!: sigma-sets.intros(2—) exI[of - {i}] exI[of - Ai. A])

next

fix A assume A € ?E j

then obtain E’ K where finite K K # {} K CIjAk. ke K= E'k ¢

Ek

and A: A = (keK. E' k)
by auto

then have A € 7S unfolding A
by (safe introl: S.finite-INT) auto

then show A € sigma-sets (space M) ((Ji€l j. E i)
by simp

qed }

moreover have indep-sets (\j. sigma-sets (space M) (?E j)) J
proof (rule indep-sets-sigma)
show indep-sets ?E J
proof (intro indep-setsl)
fix j assume j € J with E show ?E j C events by (force intro!: sets.finite-INT)
next
fix K A assume K: K # {} K C J finite K
and VjeK. Aje ?Ej
then have VjeK. 3E' L. A j= (NIl€L. E'l) A finite LANL # {} NLCI
jAN(VIeL. E'l € E)
by simp
from bchoice[OF this| obtain E’
where VzeK. 3L. Az =) (E'z ‘L) A finite LAL#{} NLC Iz A
(VieL. E'zle EI)

from bchoice[OF this] obtain L
where A: \j. jeK = Aj=(NIleLj. E'jl)
and L: \j. jeK = finite (L j) \j. jeK = L j # {} N\j. jeK = L j

clj
and E N\jl. jeK = 1leLj=— E'jle Fl
by auto
{fixkljassume ke Kje KleLjle Lk

have k = j
proof (rule ccontr)
assume k # j
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with disjoint <K C J) <k € K) <j € Ky have IknIj={}
unfolding disjoint-family-on-def by auto
with L(2,3)[OF «j € K»] L(2,3)|OF <k € K>)
show Fulse using <l € L k> <l € L j» by auto
qed }
note L-inj = this

define k where k[ = (SOME k. k€ K ANl e Lk) for |
{fixzjlassume x: j€ Kl € Lj
have k [ = j unfolding k-def
proof (rule some-equality)
fix kassume k€ K ANle Lk
with x L-inj show k = j by auto
qed (insert *, simp) }
note k-simp[simp] = this
let PE' =M. E' (k1)1
have prob (jeK. A j) = prob (NIle(UkeK. L k). ?E’ )
by (auto simp: A intro!: arg-cong[where f=prob])
also have ... = ([[le(UkeK. L k). prob (?E' 1))
using L K E’' by (intro indep-setsD][OF indep]) (simp-all add: UN-mono)
also have ... = ([[jeK. [[I€L j. prob (E’ j1))
using K L L-inj by (subst prod. UNION-disjoint) auto
also have ... = ([[jeK. prob (4 j))
using K L E’ by (auto simp add: A intro!: prod.cong indep-setsD|[OF indep,
symmetric]) blast
finally show prob (NjeK. A j) = ([[j€K. prob (A j)) .
qed
next
fix j assume j € J
show Int-stable (?E j)
proof (rule Int-stablel)
fix a assume ¢ € ?F j then obtain Ka Fa
where a: a = (((k€Ka. Ea k) finite Ka Ka # {} Ka C I j \k. ke Ka =
Ea k € E k by auto
fix b assume b € ?F j then obtain Kb Eb
where b: b = (" kekb. Eb k) finite Kb Kb # {} Kb C Ij \k. ke Kb =
Eb k € E k by auto
let 2f = A\k. (if k € Ka N Kb then Fa k N Eb k else if k € Kb then Eb k else
if k € Ka then Ea k else {})
have Ka U Kb = (Ka N Kb) U (Kb — Ka) U (Ka — Kb)
by blast
moreover have ((Jz€Ka N Kb. Ea z N Eb z) N
(NzeKb — Ka. Eb ) N (z€Ka — Kb. Ea x) = ([ k€Ka. Ea k) N ([ k€KD.
Eb k)
by auto
ultimately have ((k€Ka U Kb. ?f k) = ((\k€Ka. Ea k) N ((k€KD. Eb k)
(is 2lhs = ?rhs)
by (simp only: image-Un Inter-Un-distrib) simp
then have o N b = (N k€Ka U Kb. ?f k)
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by (simp only: a(1) b(1))
with a b «j € J» Int-stableD|OF Int-stable] show a N'b € ?E j
by (intro Collect] exI[of - Ka U Kb| exI[of - ?f]) auto
qed
qed
ultimately show %thesis
by (simp cong: indep-sets-cong)
qed

lemma (in prob-space) indep-vars-restrict:
assumes ind: indep-vars M’ X I and K: \j. j € L = K j C I and J:
disjoint-family-on K L
shows indep-vars (\j. PiM (K j) M’) (A\j w. restrict (Mi. X i w) (K j)) L
unfolding indep-vars-def
proof safe
fix j assume j € L then show random-variable (Piys (K j) M') (Aw. M€K j.
Xiw)
using K ind by (auto simp: indep-vars-def introl: measurable-restrict)
next
have X: A\i. i € I = X i € measurable M (M’ i)
using ind by (auto simp: indep-vars-def)
let ?proj = A\j S. {(Qw. MieK j. X iw) —“A N space M |A. A € S}
let YUN = \j. sigma-sets (space M) (Ji€K j. { X i —“ AN space M| A. A €
sets (M’ 4) })
show indep-sets (Ai. sigma-sets (space M) (?proj i (sets (Pips (K i) M')))) L
proof (rule indep-sets-mono-sets)
fix j assume j: j € L
have sigma-sets (space M) (?proj j (sets (Piys (K j) M'))) =
sigma-sets (space M) (sigma-sets (space M) (?proj j (prod-algebra (K j) M")))
using j K X[THEN measurable-space] unfolding sets-PiM
by (subst sigma-sets-vimage-commute) (auto simp add: Pi-iff)
also have ... = sigma-sets (space M) (?proj j (prod-algebra (K j) M)
by (rule sigma-sets-sigma-sets-eq) auto
also have ... C ?UN j
proof (rule sigma-sets-mono, safe del: disjE elim!: prod-algebraE)
fix J E assume J: finite JJ £ {} VKj={} JC Kjand E:Vi.i€ J
— E i € sets (M’ 1)
show (M\w. MieK j. X i w) —* prod-emb (K j) M’ J (Pig J E) N space M €
2UN j
proof cases
assume K j = {} with J show ?thesis
by (auto simp add: sigma-sets-empty-eq prod-emb-def)
next
assume K j # {} with J have J # {}
by auto
{ interpret sigma-algebra space M ?UN j
by (rule sigma-algebra-sigma-sets) auto
have ANA. (N\i. i€ J= Aie€ ?UNj) = (A ‘J) € ?2UNj
using «finite J» <J # {}» by (rule finite-INT) blast }
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note INT = this

from «J # {}» J K E[rule-format, THEN sets.sets-into-space] j
have (Aw. Mi€K j. X i w) —‘ prod-emb (K j) M’ J (Pig J E) N space M
= (NieJ. Xi —*EiN space M)
apply (subst prod-emb-PiE[OF - )
apply auto []
apply auto |]
apply (auto simp add: Pi-iff introl: X[THEN measurable-space])
apply (erule-tac z=i in ballE)
apply auto
done
also have ... € ?UN j
apply (rule INT)
apply (rule sigma-sets. Basic)
using «J C K j» E
apply auto
done
finally show ?thesis .
qed
qed
finally show sigma-sets (space M) (%proj j (sets (Pipr (K j) M'))) C ¢UN j .
next
show indep-sets YUN L
proof (rule indep-sets-collect-sigma)
show indep-sets (Ai. {X i —° A N space M |A. A € sets (M'4)}) (UjeLl. K

7)
proof (rule indep-sets-mono-indez)
show indep-sets (A\i. {X i —° A N space M |A. A € sets (M'i)}) I
using ind unfolding indep-vars-def2 by auto
show (|JleL. K1) C I
using K by auto
qed
next
fix [iassume l € Lie€ K
show Int-stable {X i —“ A N space M |A. A € sets (M' %)}
apply (auto simp: Int-stable-def)
apply (rule-tac z=A N Aa in exl)
apply auto
done
qed fact
qed
qed

lemma (in prob-space) indep-var-restrict:

assumes ind: indep-vars M’ X I and AB: ANB={} ACIBCI

shows indep-var (PiM A M') (Aw. restrict (Mi. X ¢ w) A) (PiM B M) (Mw.
restrict (A\i. X i w) B)
proof —
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have x*:
case-bool (Pipy A M) (Pipg B M') = (Ab. PiM (case-bool A B b) M)
case-bool (Aw. Mi€A. X i w) (Aw. Mi€B. X i w) = (Ab w. Ai€case-bool A B b.
Xiw)
by (simp-all add: fun-eq-iff split: bool.split)
show ?thesis
unfolding indep-var-def * using AB
by (intro indep-vars-restrict|OF ind]) (auto simp: disjoint-family-on-def split:
bool.split)
qed

lemma (in prob-space) indep-vars-subset:
assumes indep-vars M' X I J C I
shows indep-vars M’ X J
using assms unfolding indep-vars-def indep-sets-def
by auto

lemma (in prob-space) indep-vars-cong:

I=J= Ni.iel=Xi=Yi) = (Ni.ie ] = M i=N"i =
indep-vars M’ X I <— indep-vars N' Y J

unfolding indep-vars-def2 by (intro conj-cong indep-sets-cong) auto

definition (in prob-space) tail-events where
tail-events A = ([ n. sigma-sets (space M) (I (4 ‘{n..})))

lemma (in prob-space) tail-events-sets:
assumes A: Ai:nat. A i C events
shows tail-events A C events
proof
fix X assume X: X € tail-events A
let A = (N n. sigma-sets (space M) (I (4 ‘{n..})))
from X have An:nat. X € sigma-sets (space M) (U (A ‘{n..})) by (auto simp:
tail-events-def)
from this[of 0] have X € sigma-sets (space M) (|J(A ¢ UNIV)) by simp
then show X € events
by induct (insert A, auto)
qed

lemma (in prob-space) sigma-algebra-tail-events:
assumes Ai:nat. sigma-algebra (space M) (A i)
shows sigma-algebra (space M) (tail-events A)
unfolding tail-events-def
proof (simp add: sigma-algebra-iff2, safe)
let A = ((\n. sigma-sets (space M) (U (A ‘{n..})))
interpret A: sigma-algebra space M A i for ¢ by fact
{fix Xz assume X € 2Az € X
then have An. X € sigma-sets (space M) (U (4 ‘{n..})) by auto
from this[of 0] have X € sigma-sets (space M) (I (A ¢ UNIV)) by simp
then have X C space M
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by induct (insert A.sets-into-space, auto)
with <z € X) show z € space M by auto }
{ fix F :: nat = 'a set and n assume range F C 74
then show (|J(F ¢ UNIV)) € sigma-sets (space M) (I (A ‘{n..}))
by (intro sigma-sets.Union) auto }
qed (auto intro!: sigma-sets. Compl sigma-sets. Empty)

lemma (in prob-space) kolmogorov-0-1-law:
fixes A :: nat = 'a set set
assumes Ai:nat. sigma-algebra (space M) (A i)
assumes indep: indep-sets A UNIV
and X: X € tail-events A
shows prob X = 0 V prob X = 1
proof —
have A: A\i. A i C events
using indep unfolding indep-sets-def by simp

let ?D = {D € events. prob (X N D) = prob X * prob D}
interpret A: sigma-algebra space M A i for ¢ by fact
interpret T': sigma-algebra space M tail-events A

by (rule sigma-algebra-tail-events) fact
have X C space M using T.space-closed X by auto

have X-in: X € events
using tail-events-sets A X by auto

interpret D: Dynkin-system space M 2D
proof (rule Dynkin-systeml)
fix D assume D € ?D then show D C space M
using sets.sets-into-space by auto
next
show space M € ?D
using prob-space <X C space M» by (simp add: Int-absorb2)
next
fix A assume A: A € ?D
have prob (X N (space M — A)) = prob (X — (X N A))
using <X C space M» by (auto introl: arg-conglwhere f=prob])

also have ... = prob X — prob (X N A)
using X-in A by (intro finite-measure-Diff) auto

also have ... = prob X * prob (space M) — prob X * prob A
using A prob-space by auto

also have ... = prob X x prob (space M — A)

using X-in A sets.sets-into-space
by (subst finite-measure-Diff) (auto simp: field-simps)
finally show space M — A € ?D
using A <X C space M» by auto
next
fix F :: nat = 'a set assume dis: disjoint-family F and range F C ?D
then have F: range F C events \i. prob (X N F i) = prob X * prob (F i)
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by auto
have (Ai. prob (X N F i) sums prob (Ji. X N F i)
proof (rule finite-measure-UNION)
show range (A\i. X N F i) C events
using F' X-in by auto
show disjoint-family (Ai. X N F 1)
using dis by (rule disjoint-family-on-bisimulation) auto
qed
with F have (\i. prob X % prob (F 7)) sums prob (X N (Ji. F ©))
by simp
moreover have (Ai. prob X = prob (F i)) sums (prob X = prob ((Ji. F 7))
by (intro sums-mult finite-measure-UNION F dis)
ultimately have prob (X N (4. F i) = prob X = prob (|Ji. F i)
by (auto dest!: sums-unique)
with F show (|Ji. F i) € 2D
by auto
qed

{ fix n
have indep-sets (Ab. sigma-sets (space M) (| mecase-bool {..n} {Suc n..} b.
A m)) UNIV
proof (rule indep-sets-collect-sigma)
have *: (|Jb. case b of True = {..n} | False = {Suc n..}) = UNIV (is ?U
=)

by (simp split: bool.split add: set-eq-iff) (metis not-less-eq-eq)
with indep show indep-sets A ?U by simp
show disjoint-family (case-bool {..n} {Suc n..})
unfolding disjoint-family-on-def by (auto split: bool.split)
fix m
show Int-stable (A m)
unfolding Int-stable-def using A.Int by auto
qed
also have (Ab. sigma-sets (space M) (| mecase-bool {..n} {Suc n..} b. A m))

case-bool (sigma-sets (space M) (|Jme{..n}. A m)) (sigma-sets (space M)
(Ume{Suc n..}. A m))
by (auto intro!: ext split: bool.split)
finally have indep: indep-set (sigma-sets (space M) (me{..n}. A m)) (sigma-sets
(space M) (IUme{Suc n..}. A m))
unfolding indep-set-def by simp

have sigma-sets (space M) (Jme{..n}. A m) C ¢D
proof (simp add: subset-eq, rule)
fix D assume D: D € sigma-sets (space M) (|Jme{..n}. A m)
have X € sigma-sets (space M) (U me{Suc n..}. A m)
using X unfolding tail-events-def by simp
from indep-setD[OF indep D this] indep-setD-evl |OF indep] D
show D € events A prob (X N D) = prob X * prob D
by (auto simp add: ac-simps)
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qed }
then have (| n. sigma-sets (space M) (|Jme{..n}. A m)) C ?D (is ?A C -)
by auto

note <X € tail-events A>
also {
have An. sigma-sets (space M) (|Ji€{n..}. A i) C sigma-sets (space M) ?A
by (intro sigma-sets-subseteq UN-mono) auto
then have tail-events A C sigma-sets (space M) ?A
unfolding tail-events-def by auto }
also have sigma-sets (space M) ?A = Dynkin (space M) ?A
proof (rule sigma-eq-Dynkin)
{ fix B n assume B € sigma-sets (space M) (|Jme{..n}. A m)
then have B C space M
by induct (insert A sets.sets-into-spacelof - M|, auto) }
then show ?A C Pow (space M) by auto
show Int-stable A
proof (rule Int-stablel)
fix a b assume a € ?A b € ?A then obtain n m
where a: n € UNIV a € sigma-sets (space M) (IJ (4 ‘{..n}))
and b: m € UNIV b € sigma-sets (space M) (I (A ‘{..m})) by auto
interpret Amn: sigma-algebra space M sigma-sets (space M) (U i€{..maz m
n}. A i)
using A sets.sets-into-space[of - M| by (intro sigma-algebra-sigma-sets) auto
have sigma-sets (space M) (|Ji€{..n}. A i) C sigma-sets (space M) (|J i€{..max
mn}. A Q)
by (intro sigma-sets-subseteq UN-mono) auto
with a have a € sigma-sets (space M) (|Ji€{..maz m n}. A i) by auto
moreover
have sigma-sets (space M) (|Ji€{..m}. A7) C sigma-sets (space M) (I i€{..maz
mn}. A Q)
by (intro sigma-sets-subseteq UN-mono) auto
with b have b € sigma-sets (space M) (|Ji€{..maz m n}. A i) by auto
ultimately have a N b € sigma-sets (space M) (|Ji€{..maz m n}. A7)
using Amn.Int[of a b] by simp
then show a N b € (|Jn. sigma-sets (space M) (|Ji€{..n}. A i)) by auto
qged
qed
also have Dynkin (space M) ?A C 2D
using <?A C ¢D) by (auto introl: D.Dynkin-subset)
finally show ?thesis by auto
qged

lemma (in prob-space) borel-0-1-law:

fixes F :: nat = 'a set

assumes F2: indep-events F UNIV

shows prob (N n. Ume{n..}. Fm) =0V prob (n. Jme{n..}. Fm) =1
proof (rule kolmogorov-0-1-law[of Ai. sigma-sets (space M) { F i }])

have F1: range F' C events
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using F2 by (simp add: indep-events-def subset-eq)
{ fix i show sigma-algebra (space M) (sigma-sets (space M) {F i})
using sigma-algebra-sigma-sets[of {F i} space M| F1 sets.sets-into-space
by auto }
show indep-sets (Ai. sigma-sets (space M) {F i}) UNIV
proof (rule indep-sets-sigma)
show indep-sets (Ai. {F i}) UNIV
unfolding indep-events-def-alt[symmetric] by fact
fix i show Int-stable {F i}
unfolding Int-stable-def by simp
qed
let 7Q = An. |Jie{n..}. F' i
show ((n. Ume{n..}. Fm) € tail-events (Ai. sigma-sets (space M) {F i})
unfolding tail-events-def
proof
fix j
interpret S: sigma-algebra space M sigma-sets (space M) (|Ji€{j..}. sigma-sets
(space M) {F i})
using order-trans|OF F1 sets.space-closed)
by (intro sigma-algebra-sigma-sets) (simp add: sigma-sets-singleton subset-eq)
have (N n. 2Q n) = (Nnef{j..}. ?Q n)
by (intro decseq-Sucl INT-decseq-offset UN-mono) auto
also have ... € sigma-sets (space M) (Ji€{j..}. sigma-sets (space M) {F i})
using order-trans|OF F1 sets.space-closed)
by (safe introl: S.countable-INT S.countable-UN)
(auto simp: sigma-sets-singleton introl: sigma-sets.Basic bexl)
finally show (" n. ?Q n) € sigma-sets (space M) (|Ji€{j..}. sigma-sets (space
M) {F i})
by simp
qed
qed

lemma (in prob-space) borel-0-1-law-AE:
fixes P :: nat = 'a = bool
assumes indep-events (Am. {z€space M. P m z}) UNIV (is indep-events 7P -)
shows (AFE z in M. infinite {m. P m x}) V (AE z in M. finite {m. P m z})
proof —
have [measurable]: Am. {x€space M. P m z} € sets M
using assms by (auto simp: indep-events-def)
have *: (N n. Jme{n..}. {z € space M. P m z}) € events
by simp
from assms have prob (N n. Ume{n..}. P m) = 0 V prob (N n. me{n..}.
P m) = 1
by (rule borel-0-1-law)
also have prob ((\n. |Jme{n..}. 2P m) = 1 +— (AE z in M. infinite {m. P
m z})
using * by (simp add: prob-eq-1)
(simp add: Bex-def infinite-nat-iff-unbounded-le)
also have prob ((n. Ume{n..}. P m) = 0 «— (AE z in M. finite {m. P m
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)
using * by (simp add: prob-eq-0)
(auto simp add: Ball-def finite-nat-iff-bounded not-less [symmetric])
finally show ?thesis
by blast
qed

lemma (in prob-space) indep-sets-finite:
assumes [I: I # {} finite I
and F: \i. i € ] = F i C events \i. i € I = space M € F i
shows indep-sets F I <— (Y A€Pi I F. prob (Njel. A j) = ([[j€l. prob (A
)
proof
assume x: indep-sets F' I
from I show VY AcPiIF. prob ((jel. A j) = (I[j€l. prob (A j))
by (intro indep-setsD[OF «] balll) auto
next
assume indep: Y A€Pi I F. prob ((jel. A j) = ([[j€l. prob (A 7))
show indep-sets F' I
proof (rule indep-setsI[OF F(1)])
fix A J assume J: J # {} J C [ finite J
assume A: VjeJ. Aje Fj
let A = \j. ifj € J then A j else space M
have prob ((jel. ?A j) = prob ((jeJ. A j)
using subset-trans|OF F(1) sets.space-closed] J A
by (auto intro!: arg-cong[where f=prob| split: if-split-asm) blast
also
from A F have (\j. if j € J then A j else space M) € Pi I F (is ?4 € -)
by (auto split: if-split-asm)
with indep have prob ((jel. ?A j) = ([[j€l. prob (?A j))
by auto
also have ... = (J[[jeJ. prob (4 7))
unfolding if-distrib prod.If-cases|OF «finite I»)
using prob-space <J C I) by (simp add: Int-absorbl prod.neutral-const)
finally show prob ((jeJ. A j) = ([[j€J. prob (A 7)) ..
qed
qed

lemma (in prob-space) indep-vars-finite:
fixes I :: 'i set
assumes [I: I # {} finite I
and M A\i. i € I = sets (M’ i) = sigma-sets (space (M’ 7)) (E 1)
and rv: A\i. ¢ € I = random-variable (M’ i) (X i)
and Int-stable: Ni. i € I = Int-stable (E i)
and space: A\i. i € I = space (M’ i) € F i and closed: \i. i € ] = E i C
Pow (space (M’ 7))
shows indep-vars M’ X I +—
(VAe(II iel. E i). prob (Njel. X j —° A j N space M) = ([[j€I. prob (X j
—“A j N space M)))
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proof —
from rv have X: Ni. i € I = X i € space M — space (M’ i)
unfolding measurable-def by simp

{ fix ¢ assume i€l
from closed[OF i € D]
have sigma-sets (space M) {X i —° A N space M |A. A € sets (M’ i)}
= sigma-sets (space M) {X i —“ A N space M |A. A € E i}
unfolding sigma-sets-vimage-commute[OF X, OF «i € Iy, symmetric] M'[OF
€ D]
by (subst sigma-sets-sigma-sets-eq) auto }
note sigma-sets-X = this

{ fix 7 assume i€/
have Int-stable {X i — A N space M |A. A € E i}
proof (rule Int-stablel)
fix o assume a € {X { —° A N space M |A. A € E i}
then obtain A where a = X i — A N space M A € E i by auto
moreover
fix b assume b € {Xi —“A N space M |A. A € E i}
then obtain B where b = X { —‘ B N space M B € E i by auto
moreover
have (X i —“ AN space M) N (X i —“BnNspace M) = Xi—-"(AN B)N
space M by auto
moreover note Int-stable[OF i € 1))
ultimately
show aNbe {Xi—-"AN space M |A. A € E i}
by (auto simp del: vimage-Int introl: exI[of - A N B| dest: Int-stableD)
qed }
note indep-sets-X = indep-sets-sigma-sets-iff [OF this)

{ fix i assume ¢ € |
{ fix A assume A € F i
with M/[OF i € I)] have A € sets (M’ i) by auto
moreover
from rv[OF «i€l] have X i € measurable M (M’ i) by auto
ultimately
have X i —“ A N space M € sets M by (auto intro: measurable-sets) }
with X[OF «eD] space[OF el
have {X i —“ A N space M |A. A € E i} C events
space M € {X i —“AnN space M |A. A € E i}
by (auto intro!: exl[of - space (M’ 7)]) }
note indep-sets-finite-X = indep-sets-finite[OF I this]

have (VAell iel. {X i —“A N space M |A. A€ Ei}. prob (" (A ‘1)) = (][ jel.
prob (A j))) =
(VA€ iel. Ei. prob (Njel. Xj —“A j) N space M) = ([[z€l. prob (X z
—“A z N space M)))
(is /L = ?R)
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proof safe
fix A assume ?L and A: A € (Il i€l. E i)
from «?Ly[THEN bspec, of Ni. X i —° A i N space M| A <I #{}
show prob ((jel. X j —° A j) N space M) = ([[z€l. prob (X z —* A x N
space M))
by (auto simp add: Pi-iff)
next
fix A assume ?Rand A: A € (Il i€l. {X i —“A N space M |A. A € E i})
from A have Vicl. 3B. A1 = Xi —°*B N space M N B € E i by auto
from bchoice[OF this] obtain B where B: Vicl. Ai= X i —‘B{N space M
B e (Il i€l. E i) by auto
from «?R)[THEN bspec, OF B(2)] B(1) <I # {b
show prob (" (A ‘1)) = ([[j€l. prob (A j))
by simp
qed
then show ?thesis using I # {}»
by (simp add: rv indep-vars-def indep-sets-X sigma-sets-X indep-sets-finite-X
cong: indep-sets-cong)
qed

lemma (in prob-space) indep-vars-compose:
assumes indep-vars M’ X I
assumes rv: A\i. i € I = Y i € measurable (M’ i) (N i)
shows indep-vars N (Mi. Yio X i) I
unfolding indep-vars-def
proof
from rv (indep-vars M' X I»
show Viel. random-variable (N i) (Y i o X 7)
by (auto simp: indep-vars-def)

have indep-sets (Ai. sigma-sets (space M) {X i —° A N space M |A. A € sets
(M7 i) 1
using <indep-vars M’ X Iy by (simp add: indep-vars-def)
then show indep-sets (\i. sigma-sets (space M) {(Y i o X i) —* A N space M
|A. A € sets (N9)}) I
proof (rule indep-sets-mono-sets)
fix { assume ¢ € [
with <indep-vars M’ X I» have X: X i € space M — space (M’ 7)
unfolding indep-vars-def measurable-def by auto
{ fix A assume 4 € sets (N i)
then have 3B. (Yio X i) —“ AN space M = X i —°B N space M \ B €
sets (M’ 1)
by (intro exllof - Y i —* A N space (M’ i)])
(auto simp: vimage-comp intro!: measurable-sets rv <i € I» funcset-mem[OF
X)) }

then show sigma-sets (space M) {(Y i o X i) —“ AN space M |A. A € sets
(N i)} <
sigma-sets (space M) {X i —° A N space M |A. A € sets (M' i)}
by (intro sigma-sets-subseteq) (auto simp: vimage-comp)



THEORY “Independent-Family” 139

qed
qed

lemma (in prob-space) indep-vars-compose2:
assumes indep-vars M’ X I
assumes rv: N\i. i € I = Y i € measurable (M’ i) (N i)
shows indep-vars N (Miz. Yi (Xix)) I
using indep-vars-compose [OF assms| by (simp add: comp-def)

lemma (in prob-space) indep-var-compose:
assumes indep-var M1 X1 M2 X2 Y1 € measurable M1 N1 Y2 € measurable
M2 N2
shows indep-var N1 (Y1 o X1) N2 (Y2 o X2)
proof —
have indep-vars (case-bool N1 N2) (Ab. case-bool Y1 Y2 b o case-bool X1 X2 b)
UNIV
using assms
by (intro indep-vars-compose[where M '=case-bool M1 M2])
(auto simp: indep-var-def split: bool.split)
also have (\b. case-bool Y1 Y2 b o case-bool X1 X2 b) = case-bool (Y1 o X1)
(Y2 o X2)
by (simp add: fun-eq-iff split: bool.split)
finally show ?thesis
unfolding indep-var-def .
qed

lemma (in prob-space) indep-vars-Min:
fixes X :: i = 'a = real
assumes [: finite I ¢ ¢ I and indep: indep-vars (\-. borel) X (insert i I)
shows indep-var borel (X i) borel (Aw. Min ((Mi. X i w)‘I))
proof —
have indep-var
borel (Mf. f1i) o (Aw. restrict (Ai. X i w) {i}))
borel (Af. Min (fI)) o (Aw. restrict (Ai. X i w) I))
using I by (intro indep-var-compose| OF indep-var-restrict| OF indep)| borel-measurable-Min)
auto
also have ((Af. f7) o (Aw. restrict (A\i. X i w) {i})) = X ¢
by auto
also have ((Af. Min (f1I)) o (Aw. restrict (Ai. X i w) I)) = (Aw. Min ((A\i. X i
w))
by (auto cong: rev-conj-cong)
finally show ?thesis
unfolding indep-var-def .
qed

lemma (in prob-space) indep-vars-sum:
fixes X :: i = 'a = real
assumes I: finite [ i ¢ I and indep: indep-vars (A-. borel) X (insert i I)
shows indep-var borel (X ) borel (Aw. > i€l. X i w)
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proof —
have indep-var
borel (Mf. f1) o (Aw. restrict (\i. X i w) {i}))
borel (Mf. > i€l. fi) o (Aw. restrict (Ni. X i w) I))
using I by (intro indep-var-compose|OF indep-var-restrict|OF indep]] ) auto
also have ((\f. f i) o (Aw. restrict (Mi. X i w) {i})) = X i
by auto
also have ((Af. Y i€l. fi) o (Aw. restrict (Ai. X i w) I)) = Qw. Y i€l. X i w)
by (auto cong: rev-conj-cong)
finally show ?thesis .
qged

lemma (in prob-space) indep-vars-prod:
fixes X :: i = 'a = real
assumes I: finite [ i ¢ I and indep: indep-vars (A-. borel) X (insert i I)
shows indep-var borel (X i) borel (Aw. [[i€l. X i w)
proof —
have indep-var
borel (Mf. f1) o (Aw. restrict (\i. X i w) {i}))
borel (Nf. [[4€l. fi) o (Aw. restrict (\i. X i w) I))
using I by (intro indep-var-compose|OF indep-var-restrict|OF indep]] ) auto
also have ((\f. f i) o (Aw. restrict (Mi. X i w) {i})) = X ¢
by auto
also have ((Af. [[¢€l. fi) o (Aw. restrict (Mi. X i w) I)) = (Aw. [Ji€l. X i w)
by (auto cong: rev-conj-cong)
finally show ?thesis .
qged

lemma (in prob-space) indep-varsD-finite:
assumes X: indep-vars M' X I
assumes I: [ # {} finite I N\i. i € I = A i € sets (M' 1)
shows prob ((i€l. X i —“ A i N space M) = ([[i€l. prob (X i —¢ A i N space
)
proof (rule indep-setsD)
show indep-sets (\i. sigma-sets (space M) {X i —° A N space M |A. A € sets
(i) 1
using X by (auto simp: indep-vars-def)
show I C I'I # {} finite I using I by auto
show Viel. X i —° A i N space M € sigma-sets (space M) {X i —° A N space
M |A. A € sets (M' i)}
using [ by auto
qged

lemma (in prob-space) indep-varsD:

assumes X: indep-vars M' X I

assumes [: J # {} finite JJ C I Ni.i € J = A i€ sets (M'1)

shows prob (i€J. X i —“A iN space M) = ([[i€J. prob (X i —“ A i N space
M)
proof (rule indep-setsD)
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show indep-sets (\i. sigma-sets (space M) {X i —* A N space M |A. A € sets
(M7 i) T
using X by (auto simp: indep-vars-def)
show VieJ. X i —“ A i N space M € sigma-sets (space M) {X i —° A N space
M |A. A € sets (M' i)}
using I by auto
qed fact+

lemma (in prob-space) indep-vars-iff-distr-eq-PiM:

fixes [ :: i setand X :: i = ‘a = 'b

assumes [ # {}

assumes rv: \i. random-variable (M’ i) (X )

shows indep-vars M' X I +—

distr M (Ipy i€l M’ i) (Az. diel. X iz) = (I i€l. distr M (M’ §) (X 7))

proof —

let P =1y, icl. M' i

let ?X = Ax. \iel. X iz

let ?D = distr M 9P ?X

have X: random-variable ?P ?X by (intro measurable-restrict rv)

interpret D: prob-space ?D by (intro prob-space-distr X)

let 2D’ = \i. distr M (M’ 4) (X 1)

let ?P' =1l i€l. distr M (M’ 4) (X 7)

interpret D" prob-space ?D’ i for i by (intro prob-space-distr rv)
interpret P: product-prob-space 2D’ I ..

show ?thesis
proof
assume indep-vars M' X I
show 7D = 2P’
proof (rule measure-eql-generator-eq)
show Int-stable (prod-algebra I M)
by (rule Int-stable-prod-algebra)
show prod-algebra I M’ C Pow (space ?P)
using prod-algebra-sets-into-space by (simp add: space-PiM)
show sets 7D = sigma-sets (space ?P) (prod-algebra I M)
by (simp add: sets-PiM space-PiM)
show sets 7P’ = sigma-sets (space ?P) (prod-algebra I M)
by (simp add: sets-PiM space-PiM cong: prod-algebra-cong)
let ?A = Xi. g i€l. space (M’ i)
show range ?A C prod-algebra I M’ (|Ji. ?A i) = space (Pipr I M)
by (auto simp: space-PiM introl: space-in-prod-algebra cong: prod-algebra-cong)
{ fix i show emeasure ¢?D (Il i€l. space (M’ i)) # oo by auto }
next
fix F assume E: F € prod-algebra I M’
from prod-algebraE[OF E] obtain J YV
where J:
E = prod-emb I M' J (Pig JY)
finite J
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JAELGVI={}

JCI

Ni.ieJ= Yie sets (M)
by auto

from F have E € sets P by (auto simp: sets-PiM)
then have emeasure ?D E = emeasure M (?X —‘ E N space M)
by (simp add: emeasure-distr X)
also have ?X —‘ E N space M = (NieJ. X i =Y i N space M)
using J «I # {}» measurable-space[OF rv] by (auto simp: prod-emb-def
PiE-iff split: if-split-asm)
also have emeasure M ((i€J. X i —° Y i N space M) = (][] i€J. emeasure
M (Xi—°Yin space M))
using <indep-vars M’ X Iy J <I # {}» using indep-varsD[of M' X I J]
by (auto simp: emeasure-eq-measure prod-ennreal measure-nonneg prod-nonneg)

also have ... = ([ i€J. emeasure (?D’ i) (Y i))
using v J by (simp add: emeasure-distr)
also have ... = emeasure ?P’' E

using P.emeasure-PiM-emblof J Y] J by (simp add: prod-emb-def)
finally show emeasure ?D E = emeasure ?P’' E .
qed
next
assume ?D = 7P’
show indep-vars M’ X I unfolding indep-vars-def
proof (intro conjl indep-setsl balll rv)
fix ¢ show sigma-sets (space M) {X i —° A N space M |A. A € sets (M' i)}
C events
by (auto introl: sets.sigma-sets-subset measurable-sets v)
next
fix J Y/ assume J: J # {} J C I finite J
assume Y VjeJ. Y'j € sigma-sets (space M) {X j —° A N space M |A. A
€ sets (M’ 4)}
have VjeJ. 3Y. Y'j=Xj—“ Y Nspace M N'Y € sets (M’ j)
proof
fix j assume j € J
from Y'[rule-format, OF this] rv[of j]
show 3Y. Y/'ji=Xj—*Y Nspace M ANY € sets (M’ j)
by (subst (asm) sigma-sets-vimage-commute[symmetric, of - - space (M’
)
(auto dest: measurable-space simp: sets.sigma-sets-eq)
qed
from bchoice|OF this| obtain Y where
YiNj.jeJ=Y j=Xj—Yjinspace M \j.j€ J = Y jE€E sets
(M'j) by auto
let E = prod-emb I M’ J (Pig JY)
from Y have ((jeJ. Y'j) = ?X —“ 2E N space M
using J «I # {}» measurable-space[OF rv] by (auto simp: prod-emb-def
PiE-iff split: if-split-asm)
then have emeasure M ((jeJ. Y'j) = emeasure M (¢X —* 2E N space M)
by simp
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also have ... = emeasure ?D ?E

using Y J by (intro emeasure-distr[symmetric] X sets-PiM-I) auto
also have ... = emeasure ?P’ ?E

using «?D = 2P’y by simp
also have ... = ([ i€J. emeasure (?D’ i) (Y i))

using P.emeasure-PiM-emblof J Y] J Y by (simp add: prod-emb-def)
also have ... = (][] i€J. emeasure M (Y’ 1))

using v J Y by (simp add: emeasure-distr)
finally have emeasure M ((jeJ. Y'j) = (] i€J. emeasure M (Y' 1)) .
then show prob ((jeJ. Y'j) = (] i€J. prob (Y’ 7))
by (auto simp: emeasure-eqg-measure prod-ennreal measure-nonneg prod-nonneg)
qed
qed
qed

lemma (in prob-space) indep-vars-iff-distr-eq-PiM "
fixes [ :: “isetand X :: i = ‘a = b
assumes [ # {}
assumes rv: Ni. ¢ € I = random-variable (M’ ) (X i)
shows indep-vars M’ X I +—
distr M (Iy i€1. M’ §) (Ax. Ni€l. X i o) = (Iy i€l. distr M (M’ 1)
(X )
proof —
from assms obtain j where j: j €
by auto
define N’ where N’ = (\i. if i € I then M’ i else M’ j)
define Y where Y = (\i. if i € I then X i else X j)
have rv: random-variable (N' i) (Y i) for i
using j by (auto simp: N'-def Y-def intro: assms)

have indep-vars M’ X I = indep-vars N' Y I
by (intro indep-vars-cong) (auto simp: N'-def Y-def)
also have ... «— distr M (Ilpy i€l. N’ i) (Az. Mi€l. Yiz) = (Il i€l. distr
M (N'1i) (Y1)
by (intro indep-vars-iff-distr-eq-PiM v assms)
also have (Il iel. N’ i) = (Il i€l. M’ i)
by (intro PiM-cong) (simp-all add: N'-def)
also have (Az. Miel. Yiz) = (Az. Miel. X i x)
by (simp-all add: Y-def fun-eq-iff)
also have (Il i€l. distr M (N’ i) (Y 4)) = (Ilpy i€l. distr M (M’ i) (X 7))
by (intro PiM-cong distr-cong) (simp-all add: N'-def Y-def)
finally show ?thesis .
qed

lemma (in prob-space) indep-varD:
assumes indep: indep-var Ma A Mb B
assumes sets: Xa € sets Ma Xb € sets Mb
shows prob ((Az. (A z, Bx)) —‘ (Xa x Xb) N space M) =
prob (A —‘ Xa N space M) % prob (B —* Xb N space M)
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proof —
have prob ((Az. (A z, B z)) —‘ (Xa x Xb) N space M) =
prob (i€ UNIV. (case-bool A B i —° case-bool Xa Xb i N space M))
by (auto intro!: arg-cong[where f=prob| simp: UNIV-bool)
also have ... = ([[€ UNIV. prob (case-bool A B i —* case-bool Xa Xb i N space
)
using indep unfolding indep-var-def
by (rule indep-varsD) (auto split: bool.split intro: sets)
also have ... = prob (A —* Xa N space M) * prob (B —* Xb N space M)
unfolding UNIV-bool by simp
finally show ?thesis .
qed

lemma (in prob-space) prob-indep-random-variable:
assumes ind[simp|: indep-var N X N Y
assumes [simp|: A € sets N B € sets N
shows P(zin M. Xz € ANYzeB)=PlainM. Xz e A)«PlzinM. Yz

€ B)
proof—
have P(zin M. (X z)eA N (Yz)e B) = prob (Az. (X2, Yz)) —(A x B)
N space M)
by (auto intro!: arg-cong[where f= prob))
also have ...= prob (X —° A N space M) * prob (Y —* B N space M)

by (auto intro!: indep-varD[where Ma=N and Mb=N])
also have ... = P(zin M. Xz € A) x P(zin M. Yz € B)
by (auto intro!: arg-cong2[where f= (x)] arg-cong[where f= prob])
finally show ?thesis .
qed

lemma (in prob-space)
assumes indep-var S X T Y
shows indep-var-rvi: random-variable S X
and indep-var-rv2: random-variable T 'Y
proof —
have Vi€ UNIV. random-variable (case-bool S T i) (case-bool X Y 1)
using assms unfolding indep-var-def indep-vars-def by auto
then show random-variable S X random-variable T 'Y
unfolding UNIV-bool by auto
qed

lemma (in prob-space) indep-var-distribution-eq:
indep-var S X T 'Y <— random-variable S X A random-variable T 'Y A
distr M S X @ distr M TY = distr M (S Qum T) (Az. (X z, Y x)) (is -
— -AN-ANSQRQum T = 2J)
proof safe
assume indep-var S X T'Y
then show rvs: random-variable S X random-variable T 'Y
by (blast dest: indep-var-rvl indep-var-rv2)+
then have XY: random-variable (S @ pm T) (Az. (X z, Y 2))
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by (rule measurable-Pair)

interpret X: prob-space ?S by (rule prob-space-distr) fact
interpret Y: prob-space ?T by (rule prob-space-distr) fact
interpret XY: pair-prob-space 25 ?T ..
show 25 @ ¢T = 2J
proof (rule pair-measure-eql)

show sigma-finite-measure 25 ..

show sigma-finite-measure ?T ..

fix A B assume A: A € sets 2S and B: B € sets ¢T
have emeasure ?J (A x B) = emeasure M ((Az. (X z, Y z)) —¢ (4 x B) N

space M)
using A B by (intro emeasure-distr|OF XY)) auto
also have ... = emeasure M (X —° A N space M) x emeasure M (Y —* B N
space M)

using indep-varD[OF <indep-var S X T Y», of A B] A B
by (simp add: emeasure-eq-measure measure-nonneg ennreal-mult)
also have ... = emeasure 25 A x emeasure ?T B
using rvs A B by (simp add: emeasure-distr)
finally show emeasure ¢S A % emeasure ?T B = emeasure ?2J (A x B) by
stmp
qed simp
next
assume rvs: random-variable S X random-variable T 'Y
then have XY: random-variable (S @ v T) (Az. (X z, YV z))
by (rule measurable-Pair)

let 25 = distr M S X and ?T = distr M T'Y

interpret X: prob-space ?S by (rule prob-space-distr) fact
interpret Y: prob-space ?T by (rule prob-space-distr) fact
interpret XY: pair-prob-space 25 ?T ..

assume S @ T = 2J

{ fix S and X
have Int-stable {X —“ A N space M |A. A € sets S}
proof (safe intro!: Int-stablel)
fix A B assume A € sets S B € sets S
then show 3 C. (X —“ AN space M) N (X =B N space M) = (X = C N
space M) N C € sets S
by (intro exl[of - A N B]) auto
qed }
note Int-stable = this

show indep-var S X T Y unfolding indep-var-eq
proof (intro conjl indep-set-sigma-sets Int-stable rvs)
show indep-set {X —“ A N space M |A. A € sets S} {Y —¢ A N space M |A.
A € sets T}
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proof (safe intro!: indep-setl)
{ fix A assume A € sets S then show X —‘ A N space M € sets M
using <X € measurable M S» by (auto intro: measurable-sets) }
{ fix A assume A € sets T then show Y —‘ A N space M € sets M
using (Y € measurable M T» by (auto intro: measurable-sets) }
next
fix A B assume ab: A € sets S B € sets T
then have prob (X —‘ A N space M) N (Y —* B N space M)) = emeasure
?J (A x B)
using XY by (auto simp add: emeasure-distr emeasure-eq-measure mea-
sure-nonneg intro!: arg-cong[where f=prob))

also have ... = emeasure (S Qm ?T) (A x B)
unfolding <25 @ 7T = 7J» ..
also have ... = emeasure 25 A x emeasure ?T B

using ab by (simp add: Y.emeasure-pair-measure- Times)
finally show prob (X —“ A N space M) N (Y —“ B N space M)) =
prob (X —“ A N space M) % prob (Y — B N space M)
using rvs ab by (simp add: emeasure-eq-measure emeasure-distr mea-
sure-nonneg ennreal-mult[symmetric])
qed
qged

qged

lemma (in prob-space) distributed-joint-indep:
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes X: distributed M S X Pz and Y: distributed M T 'Y Py
assumes indep: indep-var S X T Y
shows distributed M (S @ nm T) (Az. (X z, Y 2)) (Mz, y). Prz x Py y)
using indep-var-distribution-eq[of S X T Y] indep
by (intro distributed-joint-indep’[OF S T X Y]) auto

lemma (in prob-space) indep-vars-nn-integral:
assumes I: finite I indep-vars (A-. borel) X I Niw. i€ ] = 0< Xiw
shows ([ tw. ([Tiel. X iw) OM) = ([Jiel. [Tw. X iw OM)
proof cases
assume [ # {}
define Y where [abs-def]: YV iw = (if i € I then X i w else 0) for { w
{ fix i have i € I = random-variable borel (X i)
using I(2) by (cases i€l) (auto simp: indep-vars-def) }
note mv-X = this

{ fix i have random-variable borel (Y i)
using I(2) by (cases i€l) (auto simp: Y-def rvo-X) }
note rv-Y = this[measurable]

interpret Y: prob-space distr M borel (Y i) for ¢
using I(2) by (cases i € I) (auto introl: prob-space-distr simp: indep-vars-def
prob-space-return)
interpret product-sigma-finite \i. distr M borel (Y i)
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have indep-Y: indep-vars (Ai. borel) Y I
by (rule indep-vars-cong| THEN iffD1, OF - - - I(2)]) (auto simp: Y-def)

have ([ Tw. ([[i€l. X i w) OM) = ([ Tw. ([[i€l. Y iw) OM)
using I(3) by (auto introl: nn-integral-cong prod.cong simp add: Y-def maz-def)
also have ... = ([ Tw. ([Ti€l. w i) ddistr M (Pipr I (Ni. borel)) (Az. Ni€el. Y
ix))
by (subst nn-integral-distr) auto
also have ... = ([ Tw. ([[4€l. w i) OPin I (Ni. distr M borel (Y 7)))
unfolding indep-vars-iff-distr-eq-PiM[THEN iffD1, OF <I # {}» rv-Y indep-Y]

also have ... = ([[i€l. ([ Tw. w ddistr M borel (Y i)))
by (rule product-nn-integral-prod) (auto intro: «finite I»)
also have ... = ([[iel. [Tw. X iw OM)

by (intro prod.cong nn-integral-cong) (auto simp: nn-integral-distr Y-def rv-X)
finally show ?thesis .
qed (simp add: emeasure-space-1)

lemma (in prob-space)
fixes X :: i = 'a = 'b::{real-normed-field, banach, second-countable-topology}
assumes I: finite I indep-vars (A-. borel) X I Ni. i € I = integrable M (X 1)
shows indep-vars-lebesque-integral: ([ w. ([[i€l. X i w) OM) = ([Ti€l. [w. X
tw IM) (is ?eq)
and indep-vars-integrable: integrable M (Aw. ([]i€l. X i w)) (is ?int)
proof (induct rule: case-split)
assume [ # {}
define Y where [abs-def]: YV iw = (if i € I then X i w else 0) for { w
{ fix ¢ have i € I = random-variable borel (X 7)
using I(2) by (cases i€l) (auto simp: indep-vars-def) }
note rv-X = this[measurable]

{ fix ¢ have random-variable borel (Y i)
using 1(2) by (cases i€l) (auto simp: Y-def rv-X) }
note rv-Y = this[measurable]

{ fix i have integrable M (Y i)
using I(8) by (cases i€I) (auto simp: Y-def) }
note int-Y = this

interpret Y: prob-space distr M borel (Y i) for i
using 1(2) by (cases i € I) (auto intro!: prob-space-distr simp: indep-vars-def
prob-space-return)
interpret product-sigma-finite \i. distr M borel (Y 7)

have indep-Y: indep-vars (Ai. borel) Y I
by (rule indep-vars-cong| THEN iffD1, OF - - - I(2)]) (auto simp: Y-def)
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have ([w. ([Ti€l. X i w) OM) = (fw. ([Ti€l. Yiw) OM)
using I(3) by (simp add: Y-def)

also have ... = ([w. ([]i€l. w i) ddistr M (Pipr I (Ni. borel)) (Az. Ni€l. Y i
z))
by (subst integral-distr) auto
also have ... = ([w. ([[i€l. w @) OPir I (Ni. distr M borel (Y i)))

unfolding indep-vars-iff-distr-eq-PiM [ THEN iff D1, OF <I # {}» rv-Y indep-Y]

also have ... = ([[i€l. ([ w. w ddistr M borel (Y i)))
by (rule product-integral-prod) (auto intro: <finite I» simp: integrable-distr-eq
int-Y)
also have ... = ([[i€l. [w. X iw OM)
by (intro prod.cong integral-cong)
(auto simp: integral-distr Y-def rv-X)
finally show %eq .

have integrable (distr M (Pipr I (M. borel)) (Az. Mi€l. Y iz)) (Aw. (J]i€l. w
)
unfolding indep-vars-iff-distr-eq-PiM [ THEN iffD1, OF <I # {}» rv-Y indep-Y]
by (intro product-integrable-prod|OF «finite 1))
(simp add: integrable-distr-eq int-Y)
then show ?Zint
by (simp add: integrable-distr-eq Y-def)
qed (simp-all add: prob-space)

lemma (in prob-space)
fixes X1 X2 :: 'a = 'b::{real-normed-field, banach, second-countable-topology}
assumes indep-var borel X1 borel X2 integrable M X1 integrable M X2
shows indep-var-lebesque-integral: ([w. X1 w * X2 w OM) = ([w. X1 w OM)
* ([w. X2 w OM) (is ?eq)
and indep-var-integrable: integrable M (\w. X1 w * X2 w) (is ?int)
unfolding indep-var-def
proof —
have x: (Aw. XI w * X2 w) = (Aw. [[i€ UNIV. (case-bool X1 X2 i w))
by (simp add: UNIV-bool mult.commute)
have #x: (X -. borel) = case-bool borel borel
by (rule ext, metis (full-types) bool.simps(3) bool.simps(4))
show ?eq
apply (subst x)
apply (subst indep-vars-lebesgue-integral)
apply (auto)
apply (subst xx, subst indep-var-def [symmetric], rule assms)
apply (simp split: bool.split add: assms)
by (simp add: UNIV-bool mult.commute)
show ?Zint
apply (subst x)
apply (rule indep-vars-integrable)
apply auto
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apply (subst xx, subst indep-var-def [symmetric], rule assms)
by (simp split: bool.split add: assms)
qed

end

11 Convolution Measure

theory Convolution
imports Independent-Family
begin

lemma (in finite-measure) sigma-finite-measure: sigma-finite-measure M

definition convolution :: ('a :: ordered-euclidean-space) measure = 'a measure =
‘a measure (infix <x» 50) where
convolution M N = distr (M @ np N) borel (A(z, y).  + y)

lemma
shows space-convolution[simp]: space (convolution M N) = space borel
and sets-convolution[simp]: sets (convolution M N) = sets borel
and measurable-convolutionl [simp): measurable A (convolution M N) = mea-
surable A borel
and measurable-convolution2[simp|: measurable (convolution M N) B = mea-
surable borel B
by (simp-all add: convolution-def)

lemma nn-integral-convolution:
assumes finite-measure M finite-measure N
assumes [measurable-cong|: sets N = sets borel sets M = sets borel
assumes [measurable]: f € borel-measurable borel
shows ([ *z. fz dconvolution M N) = ([ *z. [Ty. f (z + y) ON OM)
proof —
interpret M: finite-measure M by fact
interpret N: finite-measure N by fact
interpret pair-sigma-finite M N ..
show ?thesis
unfolding convolution-def
by (simp add: nn-integral-distr N.nn-integral-fst[symmetric))
qed

lemma convolution-emeasure:

assumes A € sets borel finite-measure M finite-measure N

assumes [simp]: sets N = sets borel sets M = sets borel

assumes [simp|: space M = space N space N = space borel

shows emeasure (M x N) A = [ Tx. (emeasure N {a. a + z € A}) OM

using assms by (auto intro!: nn-integral-cong simp del: nn-integral-indicator
simp: nn-integral-convolution
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nn-integral-indicator [symmetric] ac-simps split:split-indicator)

lemma convolution-emeasure”:
assumes [simp|: A € sets borel
assumes [simp|: finite-measure M finite-measure N
assumes [simp|: sets N = sets borel sets M = sets borel
shows emeasure (M « N) A = [*z. [Ty. (indicator A (z + y)) ON OM
by (auto simp del: nn-integral-indicator simp: nn-integral-convolution
nn-integral-indicator|symmetric] borel-measurable-indicator)

lemma convolution-finite:
assumes [simpl: finite-measure M finite-measure N
assumes [measurable-cong|: sets N = sets borel sets M = sets borel
shows finite-measure (M * N)
unfolding convolution-def
by (intro finite-measure-pair-measure finite-measure.finite-measure-distr) auto

lemma convolution-emeasure-3:

assumes [simp, measurable]: A € sets borel

assumes [simp]: finite-measure M finite-measure N finite-measure L

assumes [simp|: sets N = sets borel sets M = sets borel sets L = sets borel

shows emeasure (L« (M « N )) A= [Tz. [Ty. [Tz indicator A (z + y + 2)
ON OM 0L

apply (subst nn-integral-indicator[symmetric], simp)

apply (subst nn-integral-convolution,

auto intro!: borel-measurable-indicator borel-measurable-indicator’ convolu-

tion-finite)+

by (rule nn-integral-cong)+ (auto simp: semigroup-add-class.add.assoc)

lemma convolution-emeasure-3":

assumes [simp, measurable]:A € sets borel

assumes [simp]: finite-measure M finite-measure N finite-measure L

assumes [measurable-cong, simp|: sets N = sets borel sets M = sets borel sets L
= sets borel

shows emeasure (L x M) x N ) A= [Ta. [Ty. [Tz indicator A (z + y + 2)
ON OM OL

apply (subst nn-integral-indicator[symmetric], simp)+

apply (subst nn-integral-convolution)

apply (simp-all add: convolution-finite)

apply (subst nn-integral-convolution)

apply (simp-all add: finite-measure.sigma-finite-measure sigma-finite-measure.borel-measurable-nn-integral)

done

lemma convolution-commutative:
assumes [simp]: finite-measure M finite-measure N
assumes [measurable-cong, simp|: sets N = sets borel sets M = sets borel
shows (M * N) = (N x M)
proof (rule measure-eql)
interpret M: finite-measure M by fact
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interpret N: finite-measure N by fact
interpret pair-sigma-finite M N ..

show sets (M x N) = sets (N x M) by simp

fix A assume A € sets (M * N)

then have 1[measurable]:A € sets borel by simp

have emeasure (M « N) A = [Tz [*y. indicator A (z + y) ON OM by (auto
introl: convolution-emeasure’)

also have ... = [Tz. [ty. (A(z,y). indicator A (z + y)) (z, y) ON OM by (auto
introl: nn-integral-cong)

also have ... = [ Ty. [Tz (A\(z,y). indicator A (z + y)) (z, y) OM ON by (rule
Fubini[symmetric]) simp

also have ... = emeasure (N x M) A by (auto intro!: nn-integral-cong simp:
add.commute convolution-emeasure’)

finally show emeasure (M x N) A = emeasure (N * M) A by simp
qed

lemma convolution-associative:
assumes [simp]: finite-measure M finite-measure N finite-measure L
assumes [simp|: sets N = sets borel sets M = sets borel sets L = sets borel
shows (L x (M x N)) = ((L * M) x N)
by (auto intro!: measure-eql simp: convolution-emeasure-3 convolution-emeasure-3")

lemma (in prob-space) sum-indep-random-variable:

assumes ind: indep-var borel X borel Y

assumes [simp, measurable]: random-variable borel X

assumes [simp, measurable]: random-variable borel Y

shows distr M borel (Ax. X © + Y x) = convolution (distr M borel X) (distr M
borel Y)

using ind unfolding indep-var-distribution-eq convolution-def

by (auto simp: distr-distr introl:arg-cong[where f = distr M borel])

lemma (in prob-space) sum-indep-random-variable-lborel:

assumes ind: indep-var borel X borel Y

assumes [simp, measurable]: random-variable lborel X

assumes [simp, measurable]:random-variable lborel Y

shows distr M lborel (A\x. X © + Y z) = convolution (distr M lborel X) (distr
M lborel Y)

using ind unfolding indep-var-distribution-eq convolution-def

by (auto simp: distr-distr o-def introl: arg-conglwhere f = distr M borel] cong:
distr-cong)

lemma convolution-density:
fixes f g :: real = ennreal
assumes [measurable]: f € borel-measurable borel g € borel-measurable borel
assumes [simp)|:finite-measure (density lborel f) finite-measure (density lborel g)
shows density lborel f x density lborel g = density lborel (Mz. [Ty. f (z — y) *
g y Olborel)
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(is 21 = ?r)
proof (intro measure-eql)
fix A assume A € sets 7]
then have [measurable]: A € sets borel
by simp

have ([ *z. fz * ([ y. g y * indicator A (z + y) dlborel) dlborel) =
([*z. ([Ty. gy * (fz * indicator A (z + y)) Olborel) dlborel)
proof (intro nn-integral-cong-AE, eventually-elim)
fix »
have fz * ([ 1 y. g y x indicator A (z + y) dlborel) =
(" y. fz* (gy * indicator A (z + y)) Olborel)
by (intro nn-integral-cmult[symmetric]) auto
then show fz ([T y. g y = indicator A (z + y) dlborel) =
(J* y. gy x* (fz* indicator A (z + y)) Olborel)
by (simp add: ac-simps)

qed
also have ... = ([ Ty. ([ Tz. g y * (fz * indicator A (z + y)) Olborel) dlborel)
by (intro lborel-pair.Fubini’) simp
also have ... = ([Ty. ([ Tz f (z — y) * g y * indicator A z Dlborel) dlborel)
proof (intro nn-integral-cong-AE, eventually-elim)
fix y

have ([ *z. g y * (fz * indicator A (z + y)) dlborel) =
gy * ([ Tz fz * indicator A (z + y) Olborel)
by (intro nn-integral-cmult) auto
also have ... = gy ([ Tz. f (z — y) * indicator A x dlborel)
by (subst nn-integral-real-affine[where c=1 and t=—y])
(auto simp add: one-ennreal-def[symmetric])
also have ... = ([*z. gy = (f (z — y) * indicator A z) Dlborel)
by (intro nn-integral-cmult[symmetric]) auto
finally show ([ z. g y x (f z x indicator A (z + y)) Olborel) =
(/T 2 f(z — y) % gy = indicator A x Olborel)
by (simp add: ac-simps)
qed
also have ... = ([ Tz. ([Ty. f (z — y) * g y * indicator A z Dlborel) Dlborel)
by (intro lborel-pair.Fubini’) simp
finally show emeasure 2l A = emeasure ?r A
by (auto simp: convolution-emeasure’ nn-integral-density emeasure-density
nn-integral-multc)
qed simp

lemma (in prob-space) distributed-finite-measure-density:

distributed M N X [ = finite-measure (density N f)

using finite-measure-distr[of X N| distributed-distr-eq-densitylof M N X f] by
stmp

lemma (in prob-space) distributed-convolution:
fixes f :: real = -
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fixes g :: real = -

assumes indep: indep-var borel X borel Y

assumes X: distributed M lborel X f

assumes Y: distributed M lborel Y g

shows distributed M lborel (A\z. X z + Y z) (Az. [Ty. f (z — y) * g y Olborel)

unfolding distributed-def
proof safe

have fg[measurable]: f € borel-measurable borel g € borel-measurable borel

using distributed-borel-measurable|OF X| distributed-borel-measurable[OF Y]

by simp-all

show (A\z. [ za. f (z — za) % g za Dlborel) € borel-measurable lborel
by measurable

have distr M borel (A\x. X x + Y x) = (distr M borel X * distr M borel Y)
using distributed-measurable[OF X| distributed-measurable[OF Y|
by (intro sum-indep-random-variable) (auto simp: indep)
also have ... = (density lborel f * density lborel g)
using distributed-distr-eq-density|OF X| distributed-distr-eq-density|OF Y|
by (simp cong: distr-cong)
also have ... = density lborel (A\z. [T y. f (z — y) * g y Olborel)
proof (rule convolution-density)
show finite-measure (density lborel f)
using X by (rule distributed-finite-measure-density)
show finite-measure (density lborel g)
using Y by (rule distributed-finite-measure-density)
qed fact+
finally show distr M lborel (A\z. X = + Y z) = density lborel (\z. [T y. f (z —
y) * g y Olborel)
by (simp cong: distr-cong)
show random-variable lborel (Az. X x + Y z)
using distributed-measurable[OF X| distributed-measurable[OF Y] by simp
qed

lemma prob-space-convolution-density:
fixes f:: real = -
fixes g:: real = -
assumes [measurable]: f€ borel-measurable borel
assumes [measurable]: g€ borel-measurable borel
assumes g¢t-0[simpl: Nz. 0 < fz Nz. 0 < g =
assumes prob-space (density lborel f) (is prob-space 7F)
assumes prob-space (density lborel g) (is prob-space ?G)
shows prob-space (density lborel (Az.[ Ty. f (z — y) * g y Olborel)) (is prob-space
¢D)
proof (subst convolution-density[symmetric])
interpret F: prob-space ?F by fact
show finite-measure ?F by unfold-locales
interpret G: prob-space ?G by fact
show finite-measure ?G by unfold-locales
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interpret FG: pair-prob-space ?F ?2G ..

show prob-space (density lborel f x density lborel g)
unfolding convolution-def by (rule FG.prob-space-distr) simp
qed simp-all

end

12 Information theory

theory Information
imports

Independent-Family
begin

12.1 Information theory

locale information-space = prob-space +
fixes b :: real assumes b-gt-1: 1 < b

Introduce some simplification rules for logarithm of base b.

lemmas log-simps = log-mult log-inverse log-divide

12.2 Kullback—Leibler divergence

The Kullback—Leibler divergence is also known as relative entropy or Kullback—Leibler
distance.

definition
entropy-density b M N = log b o ennZ2real o RN-deriv M N

definition
KL-divergence b M N = integral® N (entropy-density b M N)

lemma measurable-entropy-density[measurable]: entropy-density b M N € borel-measurable
M
unfolding entropy-density-def by auto

lemma (in sigma-finite-measure) KL-density:
fixes [ :: 'a = real
assumes 1 < b
assumes f[measurable]: f € borel-measurable M and nn: AE zin M. 0 < fz
shows KL-divergence b M (density M f) = ([ z. fz * log b (f z) OM)
unfolding KL-divergence-def
proof (subst integral-real-density)
show [measurable]: entropy-density b M (density M (Azx. ennreal (fz))) € borel-measurable
M
using f
by (auto simp: comp-def entropy-density-def)



THEORY “Information” 155

have density M (RN-deriv M (density M f)) = density M f
using f nn by (intro density-RN-deriv-density) auto
then have eq: AE z in M. RN-deriv M (density M f) z = fz
using f nn by (intro density-unique) auto
have AE z in M. fz * entropy-density b M (density M (Az. ennreal (f z))) = =
fzxloghb (fz)
using eq nn by (auto simp: entropy-density-def)
then show ([ z. f z * entropy-density b M (density M (\z. ennreal (f z))) =
OM) = ([z. faxlogb (fz) OM)
by (intro integral-cong-AE) measurable
qed fact+

lemma (in sigma-finite-measure) KL-density-density:
fixes fg :: 'a = real
assumes 1 < b
assumes f: f € borel-measurable M AE zin M. 0 < fx
assumes g: g € borel-measurable M AE zin M. 0 < g x
assumes ac: AEzin M. fz =0 — gz =20
shows KL-divergence b (density M f) (density M g) = ([z. gz * logb (gz / f
z) OM)
proof —
interpret Mf: sigma-finite-measure density M f
using [ by (subst sigma-finite-iff-density-finite) auto
have KL-divergence b (density M f) (density M g) =
KL-divergence b (density M f) (density (density M f) (Az. gz / fx))
using f g ac by (subst density-density-divide) simp-all

also have ... = ([z. (gz / fz) * logb (g / fx) Odensity M f)
using f g <1 < b by (intro Mf.KL-density) (auto simp: AE-density)
also have ... = ([z. gz xlogb (gz / fz) OM)

using ac f g <1 < b by (subst integral-density) (auto introl: integral-cong-AE)
finally show ?thesis .
qed

lemma (in information-space) KL-gt-0:
fixes D :: 'a = real
assumes prob-space (density M D)
assumes D: D € borel-measurable M AE x in M. 0 < Dz
assumes int: integrable M (Az. D x % log b (D z))
assumes A: density M D #+# M
shows 0 < KL-divergence b M (density M D)
proof —
interpret N: prob-space density M D by fact

obtain A where A € sets M emeasure (density M D) A # emeasure M A
using measure-eql[of density M D M| <density M D # M)> by auto

let ?D-set = {ze€space M. D z # 0}
have [simp, intro|: ?D-set € sets M
using D by auto
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have D-neg: ([ z. ennreal (— D z) OM) = 0
using D by (subst nn-integral-0-iff-AE) (auto simp: ennreal-neg)

have ([ z. ennreal (D z) M) = emeasure (density M D) (space M)
using D by (simp add: emeasure-density cong: nn-integral-cong)
then have D-pos: ([ z. ennreal (D z) OM) = 1
using N.emeasure-space-1 by simp

have integrable M D
using D D-pos D-neg unfolding real-integrable-def real-lebesgue-integral-def by
simp-all
then have integral® M D = 1
using D D-pos D-neg by (simp add: real-lebesgue-integral-def)

have 0 < I — measure M ?D-set
using prob-le-1 by (auto simp: field-simps)
also have ... = ([ z. D z — indicator ?D-set x OM)
using <integrable M D> <integral® M D = 1»
by (simp add: emeasure-eq-measure)
alsohave ... < ([ z. Dz x (Inb* log b (D z)) OM)
proof (rule integral-less-AF)
show integrable M (Az. D z — indicator ?D-set x)
using <integrable M D) by (auto simp: less-top[symmetric])
next
from integrable-mult-left(1)[OF int, of In b]
show integrable M (Ax. Dz x (In b % log b (D z)))
by (simp add: ac-simps)
next
show emeasure M {x€space M. Dx # 1 AN Dz # 0} # 0
proof
assume eq-0: emeasure M {z€space M. Dx # 1 NDz # 0} =0
then have disj: AEzin M. Dz =1V Dz=0
using D(1) by (auto introl: AE-I[OF subset-refl] sets.sets-Collect)

have emeasure M {z€space M. D x = 1} = ([T . indicator {z€space M.
Dz=1} z0M)
using D(1) by auto
also have ... = ([ " z. ennreal (D z) OM)
using disj by (auto intro!: nn-integral-cong-AE simp: indicator-def one-ennreal-def)
finally have AE zin M. Dz = 1
using D D-pos by (intro AE-I-eq-1) auto
then have ([ *z. indicator A zOM) = ([ *z. ennreal (D z) * indicator A
zOM)
by (intro nn-integral-cong-AE) (auto simp: one-ennreal-def [symmetric])
also have ... = density M D A
using <A € sets M» D by (simp add: emeasure-density)
finally show Fulse using (A € sets M» <emeasure (density M D) A +#

emeasure M Ay by simp
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qed
show {z€space M. Dx # 1 N Dz # 0} € sets M
using D(1) by (auto intro: sets.sets-Collect-conj)

have Fulse
ifDt:t€space MDt#A1Dt#00<Dt
and eq: D t — indicator ?D-set t = Dt x (In b x log b (D t)) for ¢
proof —
have Dt — 1 = Dt — indicator ?D-set t
using Dt by simp
also note eq
also have D¢ x (Inbxlogb (Dt))=—DtxIn (1 /Dt
using b-gt-1 <Dt # 0> <0 < Db
by (simp add: log-def In-div less-le)
finally have In (1 / Dt)=1 /Dt — 1
using <D t # 0> by (auto simp: field-simps)
from In-eg-minus-one[OF - this] <D t # 0> <0 < Dt» <Dt # 1>
show Fulse by auto
qed
with D(2)
show AE tin M.t € {z€space M. Dx # 1 N Dz # 0} —
D t — indicator ?D-set t # Dt = (In b * log b (D t))
by fastforce

show AF t in M. Dt — indicator ?D-set t < Dt x (In b * log b (D t))
using D(2) AE-space
proof eventually-elim
fix t assume t € space M 0 < D t
show D t — indicator ?D-set t < Dt * (In b x log b (D t))
proof cases
assume asm: D t # 0
then have 0 < D ¢t using «0 < D t) by auto
then have 0 < 1 / D ¢ by auto
have D t — indicator ?D-sett < — Dt «* (1 /Dt — 1)
using asm <t € space My by (simp add: field-simps)
alsohave — Dtx (1 /Dt— 1)< —DtxlIn(1/ D)
using In-le-minus-one <0 < 1 / D t» by (intro mult-left-mono-neg) auto
also have ... = Dt x (In b x log b (D t))
using <0 < D t» b-gt-1
by (simp-all add: log-def In-div)
finally show ?thesis by simp

qed simp
qed
qed
alsohave ... = ([ z.lnbx (D xlogb (D z)) OM)
by (simp add: ac-simps)
alsohave ... = Inbx* ([ 2. Dz *logb (D z) OM)

using int by simp
finally show ?thesis



THEORY “Information” 158

using b-gt-1 D by (subst KL-density) (auto simp: zero-less-mult-iff)
qed

lemma (in sigma-finite-measure) KL-same-eq-0: KL-divergence b M M = 0
proof —
have AE x in M. 1 = RN-deriv M M x
proof (rule RN-deriv-unique)
show density M (Az. 1) = M
by (simp add: density-1)
ged auto
then have AE z in M. log b (enn2real (RN-deriv M M z)) = 0
by (elim AE-mp) simp
from integral-cong-AE[OF - - this|
have integral” M (entropy-density b M M) = 0
by (simp add: entropy-density-def comp-def)
then show KL-divergence b M M = 0
unfolding KL-divergence-def
by auto
qed

lemma (in information-space) KL-eq-0-iff-eq:
fixes D :: 'a = real
assumes prob-space (density M D)
assumes D: D € borel-measurable M AE zin M. 0 < D x
assumes int: integrable M (Ax. D x x log b (D z))
shows KL-divergence b M (density M D) = 0 <— density M D = M
using KL-same-eq-0[of b] KL-gt-0[OF assms]
by (auto simp: less-le)

lemma (in information-space) KL-eq-0-iff-eq-ac:
fixes D :: 'a = real
assumes prob-space N
assumes ac: absolutely-continuous M N sets N = sets M
assumes int: integrable N (entropy-density b M N)
shows KL-divergence b M N = 0 «— N =M
proof —
interpret N: prob-space N by fact
have finite-measure N by unfold-locales
from real-RN-deriv]OF this ac| obtain D
where D:
random-variable borel D
AE z in M. RN-deriv M N © = ennreal (D x)
AEzin N. 0 < D x
Nz. 0 < Dz
by this auto

have N = density M (RN-deriv M N)
using ac by (rule density-RN-deriv[symmetric])
also have ... = density M D
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using D by (auto intro!: density-cong)
finally have N: N = density M D .

from absolutely-continuous-AE[OF ac(2,1) D(2)] D b-gt-1 ac measurable-entropy-density
have integrable N (Az. log b (D z))
by (intro integrable-cong-AE[THEN iffD2, OF - - - int])
(auto simp: N entropy-density-def)
with D b-gt-1 have integrable M (Ax. D x = log b (D x))
by (subst integrable-real-density[symmetric]) (auto simp: N[symmetric] comp-def)
with <prob-space Ny D show ?thesis
unfolding N
by (intro KL-eg-0-iff-eq) auto
qed

lemma (in information-space) KL-nonney:
assumes prob-space (density M D)
assumes D: D € borel-measurable M AE zin M. 0 < D x
assumes int: integrable M (Az. D x % log b (D z))
shows 0 < KL-divergence b M (density M D)
using KL-gt-0[OF assms| by (cases density M D = M) (auto simp: KL-same-eq-0)

lemma (in sigma-finite-measure) KL-density-density-nonneg:

fixes f g :: 'a = real

assumes I < b

assumes f: f € borel-measurable M AE xz in M. 0 < f x prob-space (density M
f)

assumes ¢: g € borel-measurable M AE x in M. 0 < g x prob-space (density M
9)

assumes ac: AEzin M. fz =0 — gz =20

assumes int: integrable M (Az. gz * log b (g z / f x))

shows 0 < KL-divergence b (density M f) (density M g)
proof —

interpret Mf: prob-space density M f by fact

interpret Mf: information-space density M f b by standard fact

have eq: density (density M ) (Ax. g / fx) = density M g (is ¢DD = -)

using f g ac by (subst density-density-divide) simp-all

have 0 < KL-divergence b (density M f) (density (density M f) (A\z. gz / fz))
proof (rule Mf.KL-nonneg)
show prob-space ?DD unfolding eq by fact
from f g show (A\z. g x / fz) € borel-measurable (density M f)
by auto
show AFE z in density M f. 0 < gz / fz
using f g by (auto simp: AE-density)
show integrable (density M f) (Axz. gz / fz xlogb (gx / fx))
using (I < b fg ac
by (subst integrable-density)
(auto introl: integrable-cong-AE[THEN iffD2, OF - - - int] measurable-If)
qed
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also have ... = KL-divergence b (density M f) (density M g)
using f g ac by (subst density-density-divide) simp-all
finally show ?thesis .
qed

12.3 Finite Entropy

definition (in information-space) finite-entropy :: 'b measure = (‘a = 'b) = ('b
= real) = bool
where
finite-entropy S X f +—
distributed M S X f A
integrable S (Ax. fz * log b (fx)) A
(Vazespace S. 0 < fx)

lemma (in information-space) finite-entropy-simple-function:
assumes X: simple-function M X
shows finite-entropy (count-space (X‘space M)) X (Aa. measure M {z € space
M. Xz=a})
unfolding finite-entropy-def
proof safe
have [simp]: finite (X ¢ space M)
using X by (auto simp: simple-function-def)
then show integrable (count-space (X ‘ space M))
(Az. prob {za € space M. X za = x} * log b (prob {za € space M. X za = z}))
by (rule integrable-count-space)
have d: distributed M (count-space (X ‘ space M)) X (Az. ennreal (if x € X‘space
M then prob {za € space M. X za = z} else 0))
by (rule distributed-simple-function-superset|OF X)) (auto introl: arg-conglwhere
f=prob])
show distributed M (count-space (X ¢ space M)) X (Az. ennreal (prob {za €
space M. X za = z}))
by (rule distributed-cong-density[THEN iffD1, OF - - - d]) auto
qed (rule measure-nonneg)

lemma ac-fst:
assumes sigma-finite-measure T
shows absolutely-continuous S (distr (S Q@ T) S fst)
proof —
interpret sigma-finite-measure T by fact
{ fix A assume A: A € sets S emeasure S A = 0
then have fst — A N space (S Qm T) = A X space T
by (auto simp: space-pair-measure dest!: sets.sets-into-space)
with A have emeasure (S @ T) (fst —* A N space (S @ T)) = 0
by (simp add: emeasure-pair-measure-Times) }
then show ?thesis
unfolding absolutely-continuous-def
by (metis emeasure-distr measurable-fst null-setsD1 null-setsD2 null-setsl sets-distr
subsetl)
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qed

lemma ac-snd:
assumes sigma-finite-measure T
shows absolutely-continuous T (distr (S @ n T) T snd)
proof —
interpret sigma-finite-measure T by fact
{ fix A assume A: A € sets T emeasure T A = 0
then have snd —“ A N space (S Q@ m T) = space S x A
by (auto simp: space-pair-measure dest!: sets.sets-into-space)
with A have emeasure (S Q@ T) (snd — A N space (S Qum T)) = 0
by (simp add: emeasure-pair-measure-Times) }
then show ?thesis
unfolding absolutely-continuous-def
by (metis emeasure-distr measurable-snd null-setsD1 null-setsD2 null-sets]
sets-distr subsetl)
qed

lemma (in information-space) finite-entropy-integrable:
finite-entropy S X Px = integrable S (Ax. Pz x * log b (Pz 1))
unfolding finite-entropy-def by auto

lemma (in information-space) finite-entropy-distributed:
finite-entropy S X Px —> distributed M S X Px
unfolding finite-entropy-def by auto

lemma (in information-space) finite-entropy-nn:
finite-entropy S X Pr = x € space S =—> 0 < Px x
by (auto simp: finite-entropy-def)

lemma (in information-space) finite-entropy-measurable:
finite-entropy S X Pr = Pz € S —j; borel
using distributed-real-measurable[of S Pr M X]
finite-entropy-nnlof S X Pz| finite-entropy-distributed|of S X Pz| by auto

lemma (in information-space) subdensity-finite-entropy:

fixes g :: 'b = real and [ :: ‘¢ = real

assumes 1: T € measurable P Q

assumes f: finite-entropy P X f

assumes g¢: finite-entropy Q Y g

assumes Y: Y =T o X

shows AEzinP.g(Tz)=0— fz=10

using subdensity|OF T, of M X Az. ennreal (fz) Y Az. ennreal (g )]
finite-entropy-distributed| OF f] finite-entropy-distributed| OF g
finite-entropy-nn|OF f] finite-entropy-nn|OF ¢
assms

by auto

lemma (in information-space) finite-entropy-integrable-transform:
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finite-entropy S X Pr = distributed M T Y Py = (A\xz. x € space T = 0 <
Py ) =
X = (Az. f (Y z)) = f € measurable T S = integrable T (Ax. Py x * log b
(Pz (fz)))
using distributed-transform-integrable[of M T 'Y Py S X Pz f Az. log b (Px z)]
using distributed-real-measurable[of S Px M X]
by (auto simp: finite-entropy-def)

12.4 Mutual Information

definition (in prob-space)
mutual-information b S T X Y =
KL-divergence b (distr M S X @ distr M T'Y) (distr M (S @ m T) (Az.
(X z, Yx)))

lemma (in information-space) mutual-information-indep-vars:
fixes STXY
defines P = distr M S X Q ar distr M T'Y
defines Q = distr M (S Q@ m T) (Az. (X z, YV z))
shows indep-var S X T Y +—

(random-variable S X A random-variable T 'Y A
absolutely-continuous P Q A integrable Q) (entropy-density b P Q) A
mutual-information b S T X Y = 0)

unfolding indep-var-distribution-eq
proof safe
assume rv[measurable]: random-variable S X random-variable T 'Y

interpret X: prob-space distr M S X
by (rule prob-space-distr) fact
interpret Y: prob-space distr M T Y
by (rule prob-space-distr) fact
interpret XY: pair-prob-space distr M S X distr M T'Y by standard
interpret P: information-space P b unfolding P-def by standard (rule b-gt-1)

interpret Q: prob-space @ unfolding Q-def
by (rule prob-space-distr) simp

{ assume distr M S X Qn distr M TY =distr M (SQum T) (Mz. (X z, YV

z))
then have [simp]: @ = P unfolding Q-def P-def by simp

show ac: absolutely-continuous P @ by (simp add: absolutely-continuous-def)
then have ed: entropy-density b P Q) € borel-measurable P
by simp

have AE x in P. 1 = RN-deriv P Q x
proof (rule P.RN-deriv-unique)
show density P (Az. 1) = Q
unfolding <Q = P> by (intro measure-eql) (auto simp: emeasure-density)
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qed auto

then have ae-0: AFE z in P. entropy-density b P Q x = 0
by (auto simp: entropy-density-def)

then have integrable P (entropy-density b P Q) +— integrable Q (Az. 0::real)
using ed unfolding <Q = P> by (intro integrable-cong-AFE) auto

then show integrable Q (entropy-density b P Q) by simp

from ae-0 have mutual-information b S T X Y = ([z. 0 OP)
unfolding mutual-information-def KL-divergence-def P-def[symmetric] Q-def[symmetric]
Q=P
by (intro integral-cong-AE) auto
then show mutual-information b S T X Y = 0
by simp }

{ assume ac: absolutely-continuous P Q
assume int: integrable Q (entropy-density b P Q)
assume I-eq-0: mutual-information b S T X Y = 0

have eq: Q = P
proof (rule P.KL-eq-0-iff-eq-ac[ THEN iffD1])
show prob-space @ by unfold-locales
show absolutely-continuous P @ by fact
show integrable Q (entropy-density b P Q) by fact
show sets ) = sets P by (simp add: P-def Q-def sets-pair-measure)
show KL-divergence b P Q = 0
using I-eg-0 unfolding mutual-information-def by (simp add: P-def Q-def)
qed
then show distr M S X @ distr M TY = distr M (S Qum T) (Az. (X =,
Y1)
unfolding P-def Q-def .. }
qed

abbreviation (in information-space)

mutual-information-Pow (\Z'(- ; -')») where

Z(X ; Y) = mutual-information b (count-space (X ‘space M)) (count-space (Y ‘space
M) XY

lemma (in information-space)
fixes Pxy :: 'b X ‘¢ = real and Pz :: 'b = real and Py :: ¢ = real
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Fx: finite-entropy S X Px and Fy: finite-entropy T Y Py
assumes Fzy: finite-entropy (S @ v T) (Az. (X x, Y z)) Pry
defines f = Az. Pzy x = log b (Pzy x / (Pz (fst ) * Py (snd )))
shows mutual-information-distr’: mutual-information b S T X Y = integral™ (S
Qu T) f(is M = ¢R)
and mutual-information-nonneg’s 0 < mutual-information b S T X Y
proof —
have Px: distributed M S X Pz and Pz-nn: Az. ¢ € space S = 0 < Prx
using Fx by (auto simp: finite-entropy-def)
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have Py: distributed M T Y Py and Py-nn: Az. x € space T = 0 < Py z
using Fy by (auto simp: finite-entropy-def)
have Pzy: distributed M (S @ m T) (Az. (X z, Y 2)) Pry
and Pzy-nn: Az. © € space (S Qm T) = 0 < Pryz
Az y. z € space S = y € space T = 0 < Pxy (z, y)
using Fxy by (auto simp: finite-entropy-def space-pair-measure)

have [measurable]: Px € S —p; borel
using Pz Pz-nn by (intro distributed-real-measurable)
have [measurable]: Py € T — s borel
using Py Py-nn by (intro distributed-real-measurable)
have measurable-Pry[measurable]: Pry € (S @ m T) — s borel
using Pzy Pry-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

have X[measurable]: random-variable S X
using Pz by auto
have Y[measurable]: random-variable T Y
using Py by auto
interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..
interpret X: prob-space distr M S X using X by (rule prob-space-distr)
interpret Y: prob-space distr M T 'Y using Y by (rule prob-space-distr)
interpret XY: pair-prob-space distr M S X distr M T 'Y ..
let P =S Qu T
let ?D = distr M ?P (A\z. (X z, Y 1))

{ fix A assume A € sets S
with X[THEN measurable-space] Y[THEN measurable-space]
have emeasure (distr M S X) A = emeasure ?D (A x space T)
by (auto simp: emeasure-distr introl: arg-cong[where f=emeasure M]) }
note marginal-eql = this
{ fix A assume A € sets T
with X[THEN measurable-space] Y[THEN measurable-space]
have emeasure (distr M T'Y) A = emeasure ?D (space S x A)
by (auto simp: emeasure-distr introl: arg-cong[where f=emeasure M]) }
note marginal-eq2 = this

have distr-eq: distr M S X Q ar distr M T'Y = density 7P (Az. ennreal (Pz (fst
z) * Py (snd z)))
unfolding Px(1)[THEN distributed-distr-eq-density] Py(1)[THEN distributed-distr-eq-density)
proof (subst pair-measure-density)
show (Az. ennreal (Pr z)) € borel-measurable S (Ay. ennreal (Py y)) €
borel-measurable T
using Pz Py by (auto simp: distributed-def)
show sigma-finite-measure (density T Py) unfolding Py(1)[THEN distributed-distr-eq-density,
symmetric] ..
show density (S Qv T) (A(z, y). ennreal (Pz x) x ennreal (Py y)) =
density (S @ v T) (Az. ennreal (P (fst ) * Py (snd x)))
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using Pz-nn Py-nn by (auto intro!: density-cong simp: distributed-def en-
nreal-mult space-pair-measure)
qed fact

have M: ?M = KL-divergence b (density ?P (Ax. ennreal (Pz (fst z) * Py (snd
x)))) (density P (Ax. ennreal (Pxy x)))
unfolding mutual-information-def distr-eq Pxy(1)[THEN distributed-distr-eq-density|

from Pz Py have f: (Az. Pz (fst ) x Py (snd z)) € borel-measurable ?P
by (intro borel-measurable-times) (auto intro: distributed-real-measurable mea-
surable-fst'" measurable-snd'’)
have PzPy-nonneg: AE z in ?P. 0 < Pz (fst x) * Py (snd z)
using Pz-nn Py-nn by (auto simp: space-pair-measure)

have A: (AE z in ¢P. Px (fst z) = 0 — Pxy z = 0)
by (rule subdensity-real| OF measurable-fst Pxy Pz]) (insert Pr-nn Pry-nn, auto
simp: space-pair-measure)
moreover
have B: (AE z in ?P. Py (snd z) = 0 — Pzy z = 0)
by (rule subdensity-real|OF measurable-snd Pxy Py) (insert Py-nn Pzy-nn,
auto simp: space-pair-measure)
ultimately have ac: AE z in ¢P. Pz (fst x) * Py (sndz) = 0 — Pryz = 0
by auto

show ?M = %R
unfolding M f-def using Pxy-nn Pz-nn Py-nn
by (intro ST.KL-density-density b-gt-1 f PrPy-nonneg ac) (auto simp: space-pair-measure)

have X: X = fsto (Az. (X z, Yz))and YV: Y = snd o (\z. (X z, Y 2))
by auto

have integrable (S @ m T) (Az. Pry x x log b (Pzy x) — Pry x * log b (Px (fst
x)) — Pry x = log b (Py (snd z)))
using finite-entropy-integrable|OF Fxy|
using finite-entropy-integrable-transform|OF Fx Pxy, of fst]
using finite-entropy-integrable-transform[OF Fy Pxy, of snd]
by (simp add: Pry-nn)
moreover have f € borel-measurable (S @ n T)
unfolding f-def using Pz Py Pxy
by (auto intro: distributed-real-measurable measurable-fst”’ measurable-snd"’
introl: borel-measurable-times borel-measurable-log borel-measurable-divide)
ultimately have int: integrable (S @ n T) f
proof (rule integrable-cong-AE-imp)
show AEzin S @ u
T. Pry x x log b (Pry ©) — Pry z * log b (Pzx (fst z)) — Pzy x * log b
(Py (snd z))
—fz
using A B
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by (auto simp: f-def field-simps space-pair-measure log-mult log-divide)
qed

show 0 < ?M unfolding M
proof (intro ST.KL-density-density-nonneg)
show prob-space (density (S @ v T) (Az. ennreal (Pry x)))
unfolding distributed-distr-eq-density[OF Pxy, symmetric]
using distributed-measurable] OF Pxy| by (rule prob-space-distr)
show prob-space (density (S @ m T) (Az. ennreal (P (fst z) * Py (snd z))))
unfolding distr-eq[symmetric] by unfold-locales
show integrable (S @ p T) (Az. Pry z * log b (Pxy x / (Px (fst x) x Py (snd
)
using int unfolding f-def .
qed (insert ac, auto simp: b-gt-1 Pr-nn Py-nn Pxy-nn space-pair-measure)
qed

lemma (in information-space)
fixes Pry :: 'b X ¢ = real and Pz :: 'b = real and Py :: 'c = real
assumes sigma-finite-measure S sigma-finite-measure T
assumes Pz: distributed M S X Pz and Pz-nn: Az. z € space S = 0 < Pz x
and Py: distributed M T 'Y Py and Py-nn: A\y. y € space T = 0 < Py y
and Pzy: distributed M (S @ m T) (Az. (X z, Y z)) Pay
and Pzy-nn: Az y. x € space S = y € space T = 0 < Pzy (z, y)
defines f = Az. Pxy x x log b (Pzy = / (Pzx (fst x) * Py (snd z)))
shows mutual-information-distr: mutual-information b S T X Y = integral® (S
QRQumu T) f (is ?M = ?R)
and mutual-information-nonneg: integrable (S Q@ m T) f = 0 < mutual-information
bSTXY
proof —
have X[measurable]: random-variable S X
using Pz by (auto simp: distributed-def)
have Y[measurable]: random-variable T Y
using Py by (auto simp: distributed-def)
have [measurable]: Pr € S — ) borel
using Pz Pz-nn by (intro distributed-real-measurable)
have [measurable]: Py € T — s borel
using Py Py-nn by (intro distributed-real-measurable)
have measurable-Pry[measurable]: Pry € (S Q@ m T) — s borel
using Pzy Pry-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

interpret S: sigma-finite-measure S by fact

interpret T': sigma-finite-measure T by fact

interpret ST: pair-sigma-finite S T ..

interpret X: prob-space distr M S X using X by (rule prob-space-distr)
interpret Y: prob-space distr M T 'Y using Y by (rule prob-space-distr)
interpret XY: pair-prob-space distr M S X distr M T 'Y ..

let P =SQu T

let ?D = distr M ?P (A\z. (X z, Y 1))
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{ fix A assume A € sets S
with X[THEN measurable-space] Y[THEN measurable-space]
have emeasure (distr M S X) A = emeasure ?D (A x space T)
by (auto simp: emeasure-distr introl: arg-cong[where f=emeasure M]) }
note marginal-eq1 = this
{ fix A assume A € sets T
with X[THEN measurable-space] Y[THEN measurable-space]
have emeasure (distr M T'Y) A = emeasure ?D (space S x A)
by (auto simp: emeasure-distr introl: arg-cong[where f=emeasure M]) }
note marginal-eq2 = this

have distr-eq: distr M S X Q ar distr M T'Y = density 7P (Az. ennreal (Pz (fst
z) * Py (snd z)))
unfolding Px(1)[THEN distributed-distr-eq-density] Py(1)[THEN distributed-distr-eq-density)
proof (subst pair-measure-density)
show (Az. ennreal (Pr z)) € borel-measurable S (Ay. ennreal (Py y)) €
borel-measurable T
using Pz Py by (auto simp: distributed-def)
show sigma-finite-measure (density T Py) unfolding Py(1)[THEN distributed-distr-eq-density,
symmetric] ..
show density (S Qv T) (A(z, y). ennreal (Pz x) x ennreal (Py y)) =
density (S @ nm T) (Az. ennreal (Pr (fst x) * Py (snd x)))
using Pz-nn Py-nn by (auto intro!: density-cong simp: distributed-def en-
nreal-mult space-pair-measure)
qed fact

have M: ?M = KL-divergence b (density ¢?P (Az. ennreal (Px (fst ) * Py (snd
x)))) (density P (Ax. ennreal (Pxy x)))
unfolding mutual-information-def distr-eq Pxy(1)[THEN distributed-distr-eq-density|

from Pz Py have f: (Az. Pz (fst ) * Py (snd x)) € borel-measurable ?P
by (intro borel-measurable-times) (auto intro: distributed-real-measurable mea-
surable-fst’" measurable-snd’’)
have PzPy-nonneg: AE z in ?P. 0 < Pz (fst x) * Py (snd z)
using Pz-nn Py-nn by (auto simp: space-pair-measure)

have (AE z in ¢P. Px (fstz) = 0 — Pxy z = 0)
by (rule subdensity-real| OF measurable-fst Pxy Px]) (insert Pz-nn Pzy-nn, auto
simp: space-pair-measure)
moreover
have (AF z in ?P. Py (snd z) = 0 — Pzyxz = 0)
by (rule subdensity-real|OF measurable-snd Pxy Py) (insert Py-nn Pzy-nn,
auto simp: space-pair-measure)
ultimately have ac: AE z in ?P. Pz (fst x) * Py (sndz) = 0 — Pryz =0
by auto

show ?M = ?R
unfolding M f-def
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using b-gt-1 f PxPy-nonneg ac Pxy-nn
by (intro ST.KL-density-density) (auto simp: space-pair-measure)

assume int: integrable (S @ T) f
show 0 < ?M unfolding M
proof (intro ST.KL-density-density-nonneg)
show prob-space (density (S @y T) (Az. ennreal (Pry x)))
unfolding distributed-distr-eq-density|OF Pzy, symmetric]
using distributed-measurable] OF Pxy| by (rule prob-space-distr)
show prob-space (density (S @ v T) (Az. ennreal (P (fst z) % Py (snd x))))
unfolding distr-eq[symmetric] by unfold-locales
show integrable (S @ ym T) (Az. Pry x x log b (Pzy z / (Pz (fst ) x Py (snd
)
using int unfolding f-def .
qged (insert ac, auto simp: b-gt-1 Pr-nn Py-nn Pxy-nn space-pair-measure)
qed

lemma (in information-space)
fixes Pry :: 'b X ¢ = real and Pz :: 'b = real and Py :: 'c = real
assumes sigma-finite-measure S sigma-finite-measure T
assumes Pz[measurable]: distributed M S X Px and Pz-nn: Az. z € space S =
0 < Pxrx
and Py[measurable]: distributed M T Y Py and Py-nn: Az. z € space T =
0 < Pyx
and Pzy[measurable]: distributed M (S Q@ pm T) (Az. (X z, Y z)) Pzy
and Pry-nn: Az. z € space (S Qm T) = 0 < Pryz
assumes ae: AExin S. AE yin T. Pry (z, y) = Pxz x Py y
shows mutual-information-eq-0: mutual-information b S T X Y = 0
proof —
interpret S: sigma-finite-measure S by fact
interpret T: sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..
note
distributed-real-measurable] OF Pz-nn Pz, measurable]
distributed-real-measurable| OF Py-nn Py, measurable]
distributed-real-measurable] OF Pzy-nn Pry, measurable]

have AEzin S Qnu T. Pz (fstx) =0 — Pryxz =0
by (rule subdensity-real|OF measurable-fst Pry Pz]) (auto simp: Pz-nn Pxy-nn
space-pair-measure)
moreover
have AExzin S @u T. Py (sndz) =0 — Pryx =0
by (rule subdensity-real| OF measurable-snd Pry Py]) (auto simp: Py-nn Pry-nn
space-pair-measure)
moreover
have AEzin S Qm T. Pry x = Px (fst ) x Py (snd x)
by (intro ST.AE-pair-measure) (auto simp: ae intro!: measurable-snd'’ measur-
able-fst’’)
ultimately have AE x in S @ T. Pry x * log b (Pzy x / (Px (fst z) % Py
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(snd z))) =0
by eventually-elim simp
then have ([ z. Pry x x log b (Pxy z / (P (fst z) * Py (snd z))) (S @ m T))
— (J5. 00(S @ 1))
by (intro integral-cong-AE) auto
then show ?thesis
by (subst mutual-information-distr|OF assms(1—8)]) (auto simp add: space-pair-measure)
qed

lemma (in information-space) mutual-information-simple-distributed:
assumes X: simple-distributed M X Px and Y: simple-distributed M Y Py
assumes XVY: simple-distributed M (Az. (X z, Y z)) Pxy
shows Z(X ; V) = O (z, y)e(Az. (X z, Y z)) ‘space M. Pzy (z, y) * log b (Pxy
(z,y) | (Prz = Pyy)))
proof (subst mutual-information-distr[OF - - simple-distributed| OF X| - simple-distributed[ OF
Y] - simple-distributed-joint| OF XY1])
note fin = simple-distributed-joint-finite[OF XY | simp]
show sigma-finite-measure (count-space (X * space M))
by (simp add: sigma-finite-measure-count-space-finite)
show sigma-finite-measure (count-space (Y * space M))
by (simp add: sigma-finite-measure-count-space-finite)
let ?Pzy = Az. (if x € (\z. (X z, Y z)) ‘ space M then Pry z else 0)
let 9f = Az. ?Pay x * log b (?Pry z / (Pz (fst x) x Py (snd z)))
have \z. ?fz = (ifv € (A\z. (X =, Y 2))  space M then Pxy x * log b (Pzy x /
(Px (fst z) * Py (snd z))) else 0)
by auto
with fin show ([ z. 2f 2 d(count-space (X * space M) @ n count-space (Y
space M))) =
O (z, y)e(he. (X z, Y))  space M. Pry (z, y) * log b (Pry (z, y) / (Pr z *
Py y)))
by (auto simp add: pair-measure-count-space lebesgue-integral-count-space-finite
sum.If-cases split-beta’
intro!: sum.cong)
qed (insert X Y XY, auto simp: simple-distributed-def)

lemma (in information-space)
fixes Pry :: 'b X ‘¢ = real and Px :: 'b = real and Py :: ‘¢ = real
assumes Pz: simple-distributed M X Pxr and Py: simple-distributed M Y Py
assumes Pzxy: simple-distributed M (Az. (X z, Y z)) Pxy
assumes ae: Vze€space M. Pry (X z, Y o) = Px (X z) « Py (Y x)
shows mutual-information-eq-0-simple: Z(X ; Y) = 0
proof (subst mutual-information-simple-distributed|OF Pr Py Pxy))
have (3 (z, y)e(Az. (X z, Y 1)) ‘ space M. Pxy (z, y) * log b (Pzy (x, y) / (Px
z x Pyy))) =
O (z, ye(re. (X z, Ya)) ‘ space M. 0)
by (intro sum.cong) (auto simp: ae)
then show (> (z, y)e(Az. (X z, Y )) * space M.
Pry (z, y) * log b (Pzy (z, y) / (Pzx = Pyy))) = 0 by simp
qed
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12.5 Entropy

definition (in prob-space) entropy :: real = 'b measure = ('a = 'b) = real where
entropy b S X = — KL-divergence b S (distr M S X)

abbreviation (in information-space)
entropy-Pow («H'(-")>) where
H(X) = entropy b (count-space (X ‘space M)) X

lemma (in prob-space) distributed-RN-deriv:
assumes X: distributed M S X Px
shows AE z in S. RN-deriv S (density S Px) x = Px x
proof —
have distributed M S X (RN-deriv S (density S Px))
by (metis RN-derivl assms borel-measurable-RN-deriv distributed-def)
then show ?thesis
using assms distributed-unique by blast
qed

lemma (in information-space)

fixes X = 'a="b

assumes X|[measurable]: distributed M MX X f and nn: Az. € space MX =
0<fz

shows entropy-distr: entropy b MX X = — ([@. fx % log b (f z) OMX) (is ?eq)
proof —

note D = distributed-measurable]OF X] distributed-borel-measurable[OF X]

note ae = distributed-RN-deriv]OF X|

note distributed-real-measurable]OF nn X, measurable]

have ae-eq: AE z in distr M MX X. log b (enn2real (RN-deriv MX (distr M MX
X) z)) = log b (f x)
unfolding distributed-distr-eq-density|OF X]
using D ae by (auto simp: AE-density)

have int-eq: ([ z. fz = log b (fz) OMX) = (| z. log b (f z) ddistr M MX X)
unfolding distributed-distr-eq-density|OF X]
using D
by (subst integral-density) (auto simp: nn)

show ?eq
unfolding entropy-def KL-divergence-def entropy-density-def comp-def int-eq
neg-equal-iff-equal
using ae-eq by (intro integral-cong-AE) (auto simp: nn)
qed

lemma (in information-space) entropy-le:

fixes Pz :: 'b = real and MX :: 'b measure

assumes X[measurable]: distributed M MX X Pz and Pz-nn[simp]: Nz. z €
space MX — 0 < Px x

and fin: emeasure MX {z € space MX. Pz x # 0} # top
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and int: integrable MX (Axz. — Pz z * log b (Pz x))
shows entropy b MX X < log b (measure MX {z € space MX. Pz x # 0})
proof —
note Px = distributed-borel-measurable OF X
interpret X: prob-space distr M MX X
using distributed-measurable[OF X| by (rule prob-space-distr)

have — log b (measure MX {z € space MX. Pz x # 0}) =
— log b ([ z. indicator {z € space MX. Pz z # 0} x OMX)
using Pz Pz-nn fin by (auto simp: measure-def)

also have — log b ([ z. indicator {z € space MX. Px z # 0} x OMX) = — log
b ([ z. 1/ Pz ddistr M MX X)
proof —

have integral’ MX (indicator {x € space MX. Pz x # 0}) = LINT z|MX. Pz
z xg (1 / Pz 1)
by (rule Bochner-Integration.integral-cong) auto
also have ... = LINT z|density MX (Az. ennreal (Pz z)). 1 / Prz
by (rule integral-density [symmetric]) (use Pz Pz-nn in auto)
finally show ?thesis
unfolding distributed-distr-eq-density[OF X] by simp
qged
also have ... < ([ z. — log b (1 / Pz z) ddistr M MX X)
proof (rule X.jensens-inequality[of Ax. 1 /| Pxz {0<..} 01 Az. — log b z])
show AFE z in distr M MX X. 1 / Pxrz € {0<..}
unfolding distributed-distr-eq-density| OF X|
using Pz by (auto simp: AE-density)
have [simp]: Az. © € space MX = ennreal (if Px x = 0 then 0 else 1) =
indicator {z € space MX. Pr x # 0} x
by (auto simp: one-ennreal-def)
have ([ z. ennreal (— (if Px x = 0 then 0 else 1)) OMX) = ([ + z. 0 OMX)
by (intro nn-integral-cong) (auto simp: ennreal-neg)
then show integrable (distr M MX X) (Az. 1 / Pz x)
unfolding distributed-distr-eq-density[OF X] using Pz
by (auto simp: nn-integral-density real-integrable-def fin ennreal-neg en-
nreal-mult[symmetric]
cong: nn-integral-cong)
have integrable MX (Az. Px x % log b (1 / Pr z)) =
integrable MX (Az. — Pz z * log b (Pz x))
using Pz
by (intro integrable-cong-AE) (auto simp: log-divide-pos log-Tecip)
then show integrable (distr M MX X) (Az. — log b (1 / Pz x))
unfolding distributed-distr-eq-density| OF X]
using Pz int
by (subst integrable-real-density) auto
qed (auto simp: minus-log-convez|OF b-gt-1])
also have ... = ([ z. log b (Pz z) ddistr M MX X)
unfolding distributed-distr-eq-density[OF X] using Pz
by (intro integral-cong-AE) (auto simp: AE-density log-divide-pos)
also have ... = — entropy b MX X
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unfolding distributed-distr-eq-density|OF X] using Pz
by (subst entropy-distr[OF X]) (auto simp: integral-density)
finally show ?thesis
by simp
qed

lemma (in information-space) entropy-le-space:
fixes Pz :: 'b = real and MX :: 'b measure
assumes X: distributed M MX X Pz and Px-nn[simp]: Az. = € space MX —>
0 < Pxrzx
and fin: finite-measure MX
and int: integrable MX (Axz. — Pz z * log b (Pz x))
shows entropy b MX X < log b (measure MX (space MX))
proof —
note Px = distributed-borel-measurable| OF X
interpret finite-measure MX by fact
have entropy b MX X < log b (measure MX {z € space MX. Px x # 0})
using int X by (intro entropy-le) auto
also have ... < log b (measure MX (space MX))
using Pz distributed-imp-emeasure-nonzero| OF X
by (intro Transcendental.log-mono)
(auto introl: finite-measure-mono b-gt-1 less-le] THEN iffD2]
simp: emeasure-eq-measure cong: conj-cong)
finally show ?thesis .
qed

lemma (in information-space) entropy-uniform:
assumes X: distributed M MX X (Az. indicator A x |/ measure MX A) (is
distributed - - - ?2f)
shows entropy b MX X = log b (measure MX A)
proof (subst entropy-distr|OF X))
have [simp]: emeasure MX A # oo
using uniform-distributed-params[OF X] by (auto simp add: measure-def)
have eg: ([ =. indicator A = | measure MX A x log b (indicator A z | measure
MX A) OMX) =
(| z. (— log b (measure MX A) / measure MX A) x indicator A x OMX)
using uniform-distributed-params|OF X|
by (intro Bochner-Integration.integral-cong) (auto split: split-indicator simp:
log-divide-pos zero-less-measure-iff)
show — ([ z. indicator A x| measure MX A x log b (indicator A x | measure
MX A) OMX) =
log b (measure MX A)
unfolding eq using uniform-distributed-params|OF X]
by (subst Bochner-Integration.integral-mult-right) (auto simp: measure-def less-top[symmetric]
intro!: integrable-real-indicator)
qed simp

lemma (in information-space) entropy-simple-distributed:
simple-distributed M X f = H(X) = — O_z€X‘space M. fz * log b (f z))
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by (subst entropy-distr[OF simple-distributed))
(auto simp add: lebesgue-integral-count-space-finite)

lemma (in information-space) entropy-le-card-not-0:
assumes X: simple-distributed M X f
shows H(X) < log b (card (X ‘ space M N {z. fz # 0}))
proof —
let ?X = count-space (X‘space M)
have H(X) < log b (measure ?X {x € space ?X. fz # 0})
by (rule entropy-le[OF simple-distributed OF X1])
(insert X, auto simp: simple-distributed-finite| OF X| subset-eq integrable-count-space
emeasure-count-space)
also have measure ?X {z € space ?X. fx # 0} = card (X ‘ space M N {z. fz
# 0})
by (simp-all add: simple-distributed-finite| OF X| subset-eq emeasure-count-space
measure-def Int-def)
finally show ?thesis .
qed

lemma (in information-space) entropy-le-card:
assumes X: simple-distributed M X f
shows H(X) < log b (real (card (X ¢ space M)))
proof —
let ?X = count-space (X‘space M)
have H(X) < log b (measure ?X (space ?X))
by (rule entropy-le-space[OF simple-distributed| OF X]])
(insert X, auto simp: simple-distributed-finite| OF X| subset-eq integrable-count-space
emeasure-count-space finite-measure-count-space)
also have measure ?X (space ?X) = card (X ¢ space M)
by (simp-all add: simple-distributed-finite| OF X| subset-eq emeasure-count-space
measure-def)
finally show ?thesis .
qed

12.6 Conditional Mutual Information

definition (in prob-space)
conditional-mutual-information b MX MY MZ X Y Z =
mutual-information b MX (MY @ m MZ) X (M. (Yz, Z z)) —
mutual-information b MX MZ X Z

abbreviation (in information-space)
conditional-mutual-information-Pow (<Z'( - ; - | - /)») where
I(X ; Y | Z) = conditional-mutual-information b
(count-space (X * space M)) (count-space (Y ¢ space M)) (count-space (Z © space
M) XYZ

lemma (in information-space)
assumes S: sigma-finite-measure S and T: sigma-finite-measure T and P:
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sigma-finite-measure P
assumes Pz[measurable]: distributed M S X Pz
and Pz-nn[simp]: Az. © € space S = 0 < Pz x
assumes Pz[measurable]: distributed M P Z Pz
and Pz-nn[simpl: \z. z € space P = 0 < Pz z
assumes Pyz[measurable]: distributed M (T @ m P) (Az. (Y z, Z 2)) Pyz
and Pyz-nn[simp|: Ny z. y € space T =—> z € space P = 0 < Pyz (y, 2)
assumes Prz[measurable]: distributed M (S @y P) (Az. (X z, Z z)) Pxz
and Pzz-nn[simp]: Az z. © € space S = z € space P = 0 < Pzz (z, z)
assumes Pzyz[measurable]: distributed M (S @ T @ m P) (Mz. (X, Y, Z
x)) Pxyz
and Pzyz-nn[simp|: Nz y z. © € space S => y € space T —> z € space P =
0 < Pxyz (z, y, 2)
assumes [1: integrable (S @ T @ P) (Mz, y, 2). Pryz (v, y, 2) * log b
(Pryz (z, y, z) [ (Prx * Pyz (y, 2))))
assumes I2: integrable (S @m T Qm P) (M(z, vy, 2). Pryz (z, y, 2) * log b
(Pzz (z, z) /| (Pzx * Pz 2)))
shows conditional-mutual-information-generic-eq: conditional-mutual-information
bSTPXYZ
= ([ (=, y, 2). Pryz (z, y, z) * log b (Pzyz (z, y, z) / (Pzz (z, z) * (Pyz (y,2)
/P 2)) (S @ T @ P)) (is 7eq)
and conditional-mutual-information-generic-nonneg: 0 < conditional-mutual-information
bSTPXYZ(is nonneg)
proof —
have [measurable]: Pr € S —p; borel
using Pz Pz-nn by (intro distributed-real-measurable)
have [measurable]: Pz € P — s borel
using Pz Pz-nn by (intro distributed-real-measurable)
have measurable-Pyz[measurable]: Pyz € (T @ a P) —ar borel
using Pyz Pyz-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)
have measurable- Prz[measurable]: Prz € (S @ s P) — s borel
using Pzz Pzz-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)
have measurable-Pryz[measurable]: Pryz € (S @m T @ m P) — s borel
using Pzyz Pryz-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

interpret S: sigma-finite-measure S by fact

interpret T': sigma-finite-measure T by fact

interpret P: sigma-finite-measure P by fact

interpret TP: pair-sigma-finite T P ..

interpret SP: pair-sigma-finite S P ..

interpret ST: pair-sigma-finite S T ..

interpret SPT: pair-sigma-finite S @ P T ..

interpret STP: pair-sigma-finite S T @ ar P ..

interpret TPS: pair-sigma-finite T @y P S ..

have TP: sigma-finite-measure (T @ nm P) ..

have SP: sigma-finite-measure (S @Q s P) ..

have YZ: random-variable (T @ v P) (Az. (Y z, Z 2))
using Pyz by (simp add: distributed-measurable)
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from Pzz Pxyz have distr-eq: distr M (S Q@ m P) (Mz. (X z, Z z)) =
distr (distr M (S @m T @um P) (Mz. (X z, Yz, Zx))) (S Q@m P) (Nz, v,
2. (z, 2)
by (simp add: comp-def distr-distr)

have mutual-information b S P X Z =
(Jz. Przx * log b (Pzzx | (Pz (fst ) * Pz (snd z))) (S @ m P))
by (rule mutual-information-distr[OF S P Pz Px-nn Pz Pznn Pxz Prz-nn))
also have ... = ([ (z,y,2). Pryz (2,y,2) * log b (Pxz (z,2) / (Px z % Pz z)) 9(S
Qu T Qum P))
using b-gt-1 Pxz Pr Pz
by (subst distributed-transform-integral|OF Pxyz - Pxz -, where T=\(z, y, z).
(@ )
(auto simp: split-beta’ space-pair-measure)
finally have mi-eq:
mutual-information b S P X Z = ([ (z,y,2). Pryz (z,y,2) = log b (Pxz (z,2) /
(PraxxPzz)0(SQ@QuT Qum P)) .

have ael: AExin S @m T @um P. Pr (fstz) =0 — Pryzz =0
by (intro subdensity-real[of fst, OF - Pxyz Pz]) (auto simp: space-pair-measure)
moreover have ae2: AEzin S @u T @ m P. Pz (snd (snd z)) = 0 — Payz
z=10
by (intro subdensity-real[of Az. snd (snd z), OF - Pzyz Pz]) (auto simp:
space-pair-measure)
moreover have ae3: AEzin S @u T Qv P. Prz (fst z, snd (snd z)) = 0
— Pxyzx = 0
by (intro subdensity-reallof Az. (fst z, snd (snd z)), OF - Pxyz Pzz]) (auto
sitmp: space-pair-measure)
moreover have aef: AEzin S @Qu T Qm P. Pyz (snd z) = 0 — Pryz z
=0
by (intro subdensity-real[of snd, OF - Pxyz Pyz]) (auto simp: space-pair-measure)
ultimately have ae: AEzin S Qum T Q m P.
Pryz x * log b (Pxyz  / (Px (fst ©) x Pyz (snd z))) —
Pzyz x x log b (Pzz (fst z, snd (snd z)) / (Pz (fst ) * Pz (snd (snd x)))) =
Pzyz x * log b (Pryz x * Pz (snd (snd z)) / (Pzz (fst z, snd (snd x)) * Pyz
(snd z)))
using AFE-space
proof eventually-elim
case (elim x)
show ?Zcase
proof cases
assume Pryz x # 0
with elim have 0 < Px (fst ©) 0 < Pz (snd (snd z)) 0 < Pzz (fst z, snd
(snd x))
0 < Pyz (snd z) 0 < Pryzx
by (auto simp: space-pair-measure less-le)
then show %thesis
using b-gt-1 by (simp add: log-simps less-imp-le field-simps)
qed simp
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qed
with I7 I2 show %eq
unfolding conditional-mutual-information-def
apply (subst mi-eq)
apply (subst mutual-information-distr[OF S TP Px Pz-nn Pyz - Pxyz])
apply (auto simp: space-pair-measure)
apply (subst Bochner-Integration.integral-diff |symmetric])
apply (auto introl: integral-cong-AFE simp: split-beta’ simp del: Bochner-Integration.integral-diff)
done

let ?P = density (S @m T @ m P) Pryz

interpret P: prob-space 7P
unfolding distributed-distr-eq-density|OF Pxyz, symmetric]
by (rule prob-space-distr) simp

let ?Q = density (T @ v P) Pyz

interpret : prob-space ?2Q)
unfolding distributed-distr-eq-density|OF Pyz, symmetric]
by (rule prob-space-distr) simp

let ?f = A(z, y, 2). Pxz (x, 2) * (Pyz (y, 2) /| Pz z) |/ Pryz (x, y, 2)

from subdensity-real[of snd, OF - Pyz Pz - AE-12 AE-I2]

have aeX1: AEzin T Qum P. Pz (sndz) =0 — Pyzaz =0
by (auto simp: comp-def space-pair-measure)

have aeX2: AEzin T Qn P. 0 < Pz (snd x)
using Pz by (intro TP.AE-pair-measure) (auto simp: comp-def)

have aeX3: AEyin T @ um P. ([t z. ennreal (Pzz (z, snd y)) 0S) = ennreal
(P2 (snd y))
using Pz distributed-marginal-eq-joint2[OF P S Pz Pxz]
by (intro TP.AE-pair-measure) auto

have ([T z. ?%f 2 09P) < ([T (=, y, 2). Pzz (z, z) * (Pyz (y, 2) / Pz z) 9(S
Qu T Qu P))
by (subst nn-integral-density)
(auto introl: nn-integral-mono simp: space-pair-measure ennreal-mult[symmetric))
also have ... = ([ T(y, 2). ([ T z. ennreal (Pzz (z, 2)) * ennreal (Pyz (y, z) /
Pz2)9S) (T @ m P))
by (subst STP.nn-integral-snd[symmetric])
(auto simp add: split-beta’ ennreal-mult[symmetric] space-pair-measure introl:
nn-integral-cong)
also have ... = ([ Tz. ennreal (Pyzz) * 1 0T Q@ m P)
proof —
have D: ([ z. ennreal (Pzz (z, b)) = ennreal (Pyz (a, b) / Pz b) 99)
ennreal (Pyz (a, b))
if P~b=0 — Pyz (a, b) = 0 a € space T N\ b € space P
(J* z. ennreal (Pzz (z, b)) 8S) = ennreal (Pz b)
for a b
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using that by (subst nn-integral-multc) (auto split: prod.split simp: en-
nreal-mult[symmetric])
show ?thesis
apply (rule nn-integral-cong-AE)
using aeX1 aeX3
by (force simp add: space-pair-measure D)
qed
also have ... = I
using Q.emeasure-space-1 distributed-distr-eq-density| OF Pyz]
by (subst nn-integral-density[symmetric]) auto
finally have lel: ([t z. 92z 0%?P) < I .
also have ... < co by simp
finally have fin: ([T z. 2fx 09P) # oo by simp

have ([ z. ennreal (Pxyz z) x
ennreal (Pzz (fst z, snd (snd z)) * Pyz (snd z) / (Pz (snd (snd x)) *

IS Qu T Qum P))#0
proof

let ?g = Az. ennreal (Pryz x) * (Pxz (fst z, snd (snd z)) * Pyz (snd z) / (Pz
(snd (snd )) * Pryz z))
assume ([Tz. 29z 0(S @m T Qm P)) =0
then have AEzin S @Qu T Qv P. gz =10
by (intro nn-integral-0-iff-AE|THEN iffD1]) auto
then have AEzin S Q@Qu T @ P. Pryzz = 0
using ae?2 aed ae4
by (auto split: if-split-asm simp: mult-le-0-iff divide-le-0-iff space-pair-measure)
then have ([ * z. ennreal (Pzyzz) 0S @ T @ m P) =0
by (subst nn-integral-cong-AE[of - Az. 0]) auto
with P.emeasure-space-1 show Fualse
by (subst (asm) emeasure-density) (auto cong: nn-integral-cong)
qed
then have pos: ([ Y. ?9f 2 d2P) # 0
by (subst nn-integral-density) (simp-all add: split-beta’)

Pzyz x))

have neg: ([T z. — 2 09P) = 0
by (subst nn-integral-0-iff-AE) (auto simp: space-pair-measure ennreal-neg)

have 13: integrable (S Q@ v T Q v P) (M(z, y, 2). Pryz (z, y, 2) * log b (Pryz
(2, y, 2) | (Paz (3, 2) + (Pyz (v,2) | Pz 2))))
apply (rule integrable-cong-AE[THEN iffD1, OF - - - Bochner-Integration.integrable-diff[OF
I1 12])
using ae
apply (auto simp: split-beta’)
done

have — log b 1 < — log b (integral® 2P ?f)
proof (intro le-imp-neg-le Transcendental.log-mono[OF b-gt-1])
have If: integrable 7P ?f
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unfolding real-integrable-def
proof (intro conjI)
from neg show ([ z. — ?f z 09P) #
by simp
from fin show ([ z. ?f 2 O?P) # o0
by simp
qed simp
then have ([t z. 9fz 09P) = ([z. ?f 2 O?P)
apply (rule nn-integral-eg-integral)
apply (auto simp: space-pair-measure ennreal-neg)
done
with pos lel
show 0 < ([z. (2 02P) ([x. ?fz O?P) < 1
by (simp-all add: one-ennreal.rep-eq zero-less-iff-neq-zero[symmetric])
qed
also have — log b (integral’ ?P 2f) < ([ 2. — log b (¢fz) O?P)
proof (rule P.jensens-inequality[where a=0 and b=1 and I={0<..}])
show AF zin ?P. ?fx € {0<..}
unfolding AE-density[OF distributed-borel-measurable]OF Pryz|]
using ael ae2 aed ae4
by (auto simp: space-pair-measure less-le)
show integrable ?P ?f
unfolding real-integrable-def
using fin neg by (auto simp: split-beta’)
have integrable (S @ n T Q@ v P) (Az. Pryz x x — log b (?f x))
apply (rule integrable-cong-AE[THEN iffD1, OF - - - 13])
by (auto simp: log-mult log-divide field-simps)
then
show integrable P (Az. — log b (9f z))
by (subst integrable-real-density) (auto simp: space-pair-measure)
qged (auto simp: b-gt-1 minus-log-conver)
also have ... = conditional-mutual-information b S T P X Y Z
unfolding «?eq>
apply (subst integral-real-density)
apply simp
apply (force simp: space-pair-measure)
apply simp
apply (intro integral-cong-AE)
by (auto simp: field-simps log-divide)
finally show ?nonneg
by simp
qged

lemma (in information-space)

fixes Pz :: - = real

assumes S: sigma-finite-measure S and T: sigma-finite-measure T and P:
sigma-finite-measure P

assumes Fu: finite-entropy S X Pz

assumes F2z: finite-entropy P Z Pz
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assumes Fyz: finite-entropy (T @ amr P) (Ax. (Y z, Z x)) Pyz

assumes Fzz: finite-entropy (S @ m P) (M\z. (X z, Z x)) Pxz

assumes Fryz: finite-entropy (S @ T Q@ m P) (Mz. (X z, Yz, Z x)) Pryz
shows conditional-mutual-information-generic-eq”: conditional-mutual-information
bSTPXYZ

= ([ (=, y, 2). Pryz (z, y, 2) * log b (Pzyz (z, y, z) / (Pzz (z, z) * (Pyz (y,2)

[ P22)) 08 @ T @ P)) (is %eq)

and conditional-mutual-information-generic-nonneg”: 0 < conditional-mutual-information
bSTPXYZ(is ?nonneg)
proof —

note Px = Fx[THEN finite-entropy-distributed, measurable]

note Pz = Fz[THEN finite-entropy-distributed, measurable]

note Pyz = Fyz[THEN finite-entropy-distributed, measurable]

note Pxz = Faz[THEN finite-entropy-distributed, measurable]

note Pxyz = Fayz| THEN finite-entropy-distributed, measurable]

note Pz-nn = Fx[THEN finite-entropy-nn)
note Pz-nn = Fz[THEN finite-entropy-nn]
note Pyz-nn = Fyz[THEN finite-entropy-nn]
note Pxz-nn = Fzz[THEN finite-entropy-nn)
note Pzyz-nn = Fryz[THEN finite-entropy-nn]

note Pz’ = Fx[THEN finite-entropy-measurable, measurable]
note Pz’ = Fz[THEN finite-entropy-measurable, measurable)
note Pyz' = Fyz[THEN finite-entropy-measurable, measurable]
note Pxz’ = Fxz[THEN finite-entropy-measurable, measurable]
note Pxyz’ = Fryz[THEN finite-entropy-measurable, measurable]

interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret P: sigma-finite-measure P by fact
interpret TP: pair-sigma-finite T P ..
interpret SP: pair-sigma-finite S P ..
interpret ST: pair-sigma-finite S T ..
interpret SPT: pair-sigma-finite S @ P T ..
interpret STP: pair-sigma-finite S T @ ar P ..
interpret TPS: pair-sigma-finite T @ np P S ..
have TP: sigma-finite-measure (T @ apr P) ..
have SP: sigma-finite-measure (S @ am P) ..

from Pzz Pxyz have distr-eq: distr M (S Q@ m P) (Az. (X z, Z x)) =
| c(iistr)()distr MSQ@Q@uT@RmuP) (M. ( Xz, Y, Zzx))) (SQ@m P) (M, v,

by (simp add: distr-distr comp-def)

have mutual-information b S P X 7 =
([z. Przx * log b (Pxzz / (P (fst z) * Pz (snd z))) (S @ m P))
using Pz Pz-nn Pz Pz-nn Pxz Prz-nn
by (rule mutual-information-distr[OF S P]) (auto simp: space-pair-measure)
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also have ... = ([ (z,y,2). Pryz (2,y,2) * log b (Pxz (z,2) / (Pxz % Pz z)) 9(S
Qu T Qu P))
using b-gt-1 Pxz Prz-nn Pxyz Pryz-nn
by (subst distributed-transform-integral|OF Pxyz - Pzz, where T=M\(z, y, z).
(z, 2)])
(auto simp: split-beta’)
finally have mi-eq:
mutual-information b S P X Z = ([ (z,y,2). Pryz (z,y,2) = log b (Pzz (z,2) /
(Prz+xPz2))0(SQ@Qu T Qum P)) .

have ael: AEzin S @um T @um P. Pr (fstz) =0 — Payzz =0
by (intro subdensity-finite-entropy|of fst, OF - Fzyz Fx]) auto
moreover have ae2: AEzinS @u T @ m P. Pz (snd (snd z)) = 0 — Payz
z =0
by (intro subdensity-finite-entropy[of Ax. snd (snd x), OF - Fxyz FZz]) auto
moreover have ae3: AEzin S @u T @ m P. Prz (fst z, snd (snd z)) = 0
— Pryzxz =0
by (intro subdensity-finite-entropy[of \z. (fst z, snd (snd z)), OF - Fayz Faz])
auto
moreover have aef: AExin S @Qnu T Qum P. Pyz (snd z) = 0 — Pryz z
=0
by (intro subdensity-finite-entropy|of snd, OF - Fxyz Fyz]) auto
ultimately have ae: AEzin S Qun T ® v P.
Pzyz x % log b (Pryz © / (Pz (fst ) * Pyz (snd z))) —
Pryz x = log b (Pxz (fst z, snd (snd z)) / (Pz (fst x) * Pz (snd (snd z)))) =
Pzyz x % log b (Pryz x % Pz (snd (snd z)) / (Pxz (fst z, snd (snd z)) * Pyz
(snd z)))
using AFE-space
proof eventually-elim
case (elim x)
show ?Zcase
proof cases
assume Pryz z # 0
with elim have 0 < Pz (fst z) 0 < Pz (snd (snd z)) 0 < Pxz (fst z, snd
(snd x))
0 < Pyz (snd z) 0 < Pryzz
using Pz-nn Pz-nn Pxz-nn Pyz-nn Pryz-nn
by (auto simp: space-pair-measure less-le)
then show ?thesis
using b-gt-1 by (simp add: log-simps less-imp-le field-simps)
qed simp
qed

have integrable (S @ nm T @ m P)
(Az. Pzyz x * log b (Pryz ) — Pryz z * log b (Px (fst z)) — Pxyz x * log b (Pyz
(snd 2)))
using finite-entropy-integrable] OF Fxyz]
using finite-entropy-integrable-transform[OF Fx Pryz Pryz-nn, of fst]
using finite-entropy-integrable-transform|OF Fyz Pryz Pxyz-nn, of snd]
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by simp
moreover have (\(z, y, 2). Pzyz (z, y, 2) * log b (Pxyz (z, y, 2) / (Pz x % Pyz
(y, 2)))) € borel-measurable (S @m T @ m P)
using Pxyz Pr Pyz by simp
ultimately have I7: integrable (S @ T @ v P) (M(z, vy, 2). Pryz (z, y, ) *
log b (Pxyz (x, y, z) / (Px x = Pyz (y, 2))))
apply (rule integrable-cong-AE-imp)
using ael aef Pr-nn Pyz-nn Pryz-nn
by (auto simp: log-divide log-mult field-simps)
have integrable (S @ T @ m P)
(Az. Pzyz x * log b (Pzz (fst x, snd (snd z))) — Pxyz x * log b (Pzx (fst z)) —
Pzyz x * log b (Pz (snd (snd x))))
using finite-entropy-integrable-transform[OF Fzz Pryz Pxyz-nn, of Ax. (fst x,
snd (snd x)))
using finite-entropy-integrable-transform[OF Fx Pryz Pryz-nn, of fst]
using finite-entropy-integrable-transform[OF Fz Pxyz Pxyz-nn, of snd o snd]
by simp
moreover have (A(z, y, z). Pryz (z, y, z) * log b (Pxz (z, z) / (Px z % Pz 2)))
€ borel-measurable (S @nu T Q m P)
using Pzyz Px Pz
by auto
ultimately have I2: integrable (S @ T Q@ v P) (M(z, y, 2). Payz (z, y, ) *
log b (Pzz (z, 2) /| (Px z * Pz 2)))
apply (rule integrable-cong-AE-imp)
using ael ae2 ael ae Pzx-nn Pz-nn Prz-nn Pyz-nn Pxyz-nn
apply(auto simp: field-simps log-divide log-mult)
done
from ae I1 I2 show ?eq
unfolding conditional-mutual-information-def mi-eq
apply (subst mutual-information-distr[OF S TP Pz Pz-nn Pyz Pyz-nn Pxyz
Pzyz-nn]; simp add: space-pair-measure)
apply (subst Bochner-Integration.integral-diff [symmetric])
apply (auto intro!: integral-cong-AFE simp: split-beta’ simp del: Bochner-Integration.integral-diff)
done

let P = density (S @n T @ amr P) Pryz

interpret P: prob-space 7P

unfolding distributed-distr-eq-density[OF Pxyz, symmetric] by (rule prob-space-distr)
stmp

let ?Q = density (T @ m P) Pyz

interpret : prob-space ?Q)

unfolding distributed-distr-eq-density[OF Pyz, symmetric] by (rule prob-space-distr)
stmp

let ?f = X(z, y, 2). Pxz (x, 2) * (Pyz (y, 2) /| Pz z) / Pryz (x, y, 2)

from subdensity-finite-entropy|of snd, OF - Fyz Fz]
have aeX1: AEzin T Qm P. Pz (snd ) = 0 — Pyz z = 0 by (auto simp:
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comp-def)
have aeX2: AEzin T @ n P. 0 < Pz (snd x)
using Pz by (intro TP.AE-pair-measure) (auto intro: Pz-nn)

have aeX3: AEyin T @ um P. ([t z. ennreal (Pzz (z, snd y)) dS) = ennreal
(Pz (snd y))
using Pz distributed-marginal-eq-joint2[OF P S Pz Pxz]
by (intro TP.AE-pair-measure) (auto )
have ([t z. 9z 09P) < ([T (2, y, 2). Pzz (z, z) = (Pyz (y, z) / Pz z) 9(S
Qu T Qum P))
using Pz-nn Pz-nn Pzrz-nn Pyz-nn Pryz-nn
by (subst nn-integral-density)
(auto introl: nn-integral-mono simp: space-pair-measure ennreal-mult[symmetric])
also have ... = ([ T(y, 2). [+ z. ennreal (Pzz (z, 2)) * ennreal (Pyz (y, z) /
Pz2) 080T Qum P)
using Pxz-nn Pz-nn Pzrz-nn Pyz-nn Pryz-nn
by (subst STP.nn-integral-snd[symmetric))
(auto simp add: split-beta’ ennreal-mult[symmetric] space-pair-measure introl:
nn-integral-cong)
also have ... = ([ Tz. ennreal (Pyzz) * 1 0T @ m P)
proof —
have x: ([T z. ennreal (Pxz (z, b)) * ennreal (Pyz (a, b) / Pz b) 05) = ennreal
(Py= (a, 1))
if Pb=0 — Pyz (a, b)) =00 < Pzba € space T N\ b € space P
(J* z. ennreal (Pzz (z, b)) S) = ennreal (Pz b) for a b
using Pyz-nnlof (a,b)] that
by (subst nn-integral-multc) (auto simp: space-pair-measure ennreal-mult[symmetric])
show ?thesis
using aeX1 aeX2 aeX3 AFE-space
by (force simp: * space-pair-measure intro: nn-integral-cong-AE)
qed
also have ... = 1
using Q.emeasure-space-1 Pyz-nn distributed-distr-eq-density| OF Pyz|
by (subst nn-integral-density[symmetric]) auto
finally have lel: ([* z. 9z 02P) < I .
also have ... < oo by simp
finally have fin: ([ * z. 2f z 9?P) # oo by simp

have ([t z. ?2fz 0?P) # 0

using Pxyz-nn

apply (subst nn-integral-density)

apply (simp-all add: split-beta’ ennreal-mult'[symmetric] cong: nn-integral-cong)
proof

let ?g = Az. ennreal (if Pryz © = 0 then 0 else Prz (fst x, snd (snd x)) * Pyz

(snd x) / Pz (snd (snd z)))
assume ([T 2. 292 0SS Qu T @m P)) =0
then have AE2in S Q@Qu T Qm P. gz =10
by (intro nn-integral-0-iff-AE[THEN iffD1]) auto
then have AEzin S Qu T Qnm P. Pryzz = 0
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using ael ae2 aed ae4
by (insert Pr-nn Pz-nn Pzz-nn Pyz-nn,
auto split: if-split-asm simp: mult-le-0-iff divide-le-0-iff space-pair-measure)
then have ([t z. ennreal (Pryz2) 0S @m T @ m P) = 0
by (subst nn-integral-cong-AE[of - Az. 0]) auto
with P.emeasure-space-1 show Fualse
by (subst (asm) emeasure-density) (auto cong: nn-integral-cong)
qed
then have pos: 0 < ([ * z. ?f 2 O?P)
by (simp add: zero-less-iff-neq-zero)

have neg: ([T z. — 2fz 02P) = 0
using Pz-nn Pxrz-nn Pyz-nn Pryz-nn
by (intro nn-integral-0-iff-AE[THEN iffD2])
(auto simp: split-beta’ AE-density space-pair-measure introl: AE-I2 en-
nreal-neg)

have 13: integrable (S Qv T @ v P) (M=, y, 2). Pryz (z, y, 2) * log b (Pryz
(2, y, 2) | (Paz (3, 2) + (Pyz (v,2) | Pz 2))))
apply (rule integrable-cong-AE[THEN iffD1, OF - - - Bochner-Integration.integrable-diff[OF
I1 12])
using ae
by (auto simp: split-beta’)

have — log b 1 < — log b (integral® 2P ?f)
proof (intro le-imp-neg-le Transcendental.log-mono[OF b-gt-1])
have If: integrable 7P ?f
using neg fin by (force simp add: real-integrable-def)
then have ([t z. 9fz 09P) = ([z. ?f 2 O?P)
using Pz-nn Pxz-nn Pyz-nn Pryz-nn
by (intro nn-integral-eq-integral)
(auto simp: AE-density space-pair-measure)
with pos lel
show 0 < ([z. ?fz 09P) ([z. ?%fz O?P) < 1
by (simp-all add: )
qed
also have — log b (integral’ ?P 2f) < ([ x. — log b (?fz) O?P)
proof (rule P.jensens-inequality[where a=0 and b=1 and I={0<..}])
show AF zin ?P. ?fx € {0<..}
unfolding AFE-density[OF distributed-borel-measurable]OF Pryz|]
using ael ae2 aeld ae4
by (insert Pryz-nn Pyz-nn Pz-nn Prz-nn, auto simp: space-pair-measure
less-le)
show integrable ?P ?f
unfolding real-integrable-def
using fin neg by (auto simp: split-beta’)
have integrable (S @ T @ amr P) (Ax. Pryz z x — log b (?f 1))
apply (rule integrable-cong-AE[THEN iffD1, OF - - - 13])
using Pz-nn Pzz-nn Pyz-nn Pzryz-nn ae2 ael ae4
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by (auto simp: log-divide field-simps)
then show integrable ?P (Axz. — log b (?f z))
using Pzyz-nn by (auto simp: integrable-real-density)
qged (auto simp: b-gt-1 minus-log-conver)
also have ... = conditional-mutual-information b S T P X Y Z
unfolding «?eq»
using Pz-nn Pzrz-nn Pyz-nn Pryz-nn
apply (subst integral-real-density)
apply simp
apply simp
apply simp
apply (intro integral-cong-AE)
using ael ae2 ae3 ae4
by (auto simp: log-divide zero-less-mult-iff field-simps)
finally show ?nonneg
by simp
qed

lemma (in information-space) conditional-mutual-information-eq:
assumes Pz: simple-distributed M Z Pz
assumes Pyz: simple-distributed M (Az. (Y z, Z x)) Pyz
assumes Pzz: simple-distributed M (\z. (X z, Z z)) Pzz
assumes Pryz: simple-distributed M (\z. (X z, Y z, Z z)) Pxyz
shows Z(X ; Y | Z) =
O (z, y, 2)e(Mx. (X z, Yz, Zx))‘space M. Pryz (z, y, 2) * log b (Pzyz (z, y,
z) | (Prz (z, z) * (Pyz (y,2) / Pz 2))))
proof (subst conditional-mutual-information-generic-eq|OF - - - - -
simple-distributed| OF Pz] - simple-distributed-joint[ OF Pyz] - simple-distributed-joint[ OF
Pzz] -
simple-distributed-joint2[ OF Pzyz]])
note simple-distributed-joint2-finite] OF Pxyz, simp)
show sigma-finite-measure (count-space (X © space M
by (simp add: sigma-finite-measure-count-space-finite
show sigma-finite-measure (count-space (Y * space M)
by (simp add: sigma-finite-measure-count-space-finite
show sigma-finite-measure (count-space (Z * space M))
by (simp add: sigma-finite-measure-count-space-finite)
have count-space (X ‘ space M) Q) pr count-space (Y “ space M) Q) pr count-space
(Z ¢ space M) =
count-space (X‘space M x Y‘space M x Z‘space M)
(is 7P = 20
by (simp add: pair-measure-count-space)

< — D —

let ?Px = Az. measure M (X —‘{z} N space M)
have (Az. (X z, Z z)) € measurable M (count-space (X ‘ space M) @ ar count-space
(Z ¢ space M))
using simple-distributed-joint|OF Pzz] by (rule distributed-measurable)
from measurable-comp[OF this measurable-fst)
have random-variable (count-space (X ‘ space M)) X
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by (simp add: comp-def)
then have simple-function M X

unfolding simple-function-def by (auto simp: measurable-count-space-eq2)
then have simple-distributed M X ?Px

by (rule simple-distributedl) (auto simp: measure-nonneg)
then show distributed M (count-space (X * space M)) X ¢Pz

by (rule simple-distributed)

let 7f = (Az. ifz € Ma. (X, Y, Zx)) ¢ space M then Pryz x else 0)

let 2g = (\x. if z € (A\z. (Yo, Zx)) ‘ space M then Pyz x else 0)

let ?h = (A\z. if 2 € (Ax. (X z, Zx)) ‘ space M then Pz x else 0)

show

integrable 7P (M (z, y, 2). ?f (z, y, z) * log b (?f (z, y, 2) / (?Pz z * ?g (y,
2))))
integrable 2P (AN(z, y, 2). ?f (z, y, z) * log b (?h (z, z) / (?Pzx © * Pz 2)))
by (auto introl: integrable-count-space simp: pair-measure-count-space)

let 26 =Xz yz of (z, 9y, 2) * logb (?f (z, 9, 2) /] (?h (z, 2) x (%9 (y, 2) /| Pz
)

let 95 = Az y 2. Pxyz (¢, y, 2) = log b (Pzyz (z, vy, z) /| (Pzz (z, 2) * (Pyz (y,2)
/ Pz z)))

have (A(z, y, 2). iz yz) = (Az. ifz € (A\z. (X o, Yz, Z2x)) ¢ space M then ?j
(fst x) (fst (snd z)) (snd (snd z)) else 0)

by (auto intro!: ext)

then show ([ (z,y, 2). %izyz9d?P) = (> (z, vy, 2)€(z. (X2, Y, Z1)) *
space M. ?j x y z)

by (auto intro!: sum.cong simp add: «?P = ?2C) lebesque-integral-count-space-finite
simple-distributed-finite sum.If-cases split-beta’)
qed (insert Pz Pyz Pxz Pryz, auto intro: measure-nonneg)

lemma (in information-space) conditional-mutual-information-nonneg:

assumes X: simple-function M X and Y: simple-function M Y and Z: sim-
ple-function M Z

shows 0 <Z(X ; Y | Z)
proof —

have [simp]: count-space (X * space M) @ pr count-space (Y ¢ space M) @ mr
count-space (Z * space M) =

count-space (X‘space M x Y'space M x Z‘space M)
by (simp add: pair-measure-count-space X Y Z simple-functionD)

note sf = sigma-finite-measure-count-space-finite[ OF simple-functionD(1)]

note sd = simple-distributedI[OF - - refl]

note sp = simple-function-Pair

show ?thesis

apply (rule conditional-mutual-information-generic-nonneg| OF sf[OF X| sf[OF
Y] sf[OF Z]))

apply (force intro: simple-distributed OF sd[OF X]))
apply simp
apply (force intro: simple-distributed| OF sd[OF Z]])
apply simp
apply (force intro: simple-distributed-joint[ OF sd[OF sp|OF Y Z]]])
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apply simp
apply (force intro: simple-distributed-joint[OF sd[OF sp|OF X Z]]))
apply simp
apply (fastforce intro: simple-distributed-joint2[OF sd[OF sp|OF X sp|OF
Y Z]|]])

apply (auto introl: integrable-count-space simp: X Y Z simple-functionD)
done
qed

12.7 Conditional Entropy

definition (in prob-space)
conditional-entropy b S T X Y = — ([ (z, y). log b (enn2real (RN-deriv (S @ m
T) (distr M (S @m T) (M\z. (X z, Ya)) (z,v)/
enn2real (RN-deriv T (distr M T Y) y)) Odistr M (S Qm T) (Mz. (X z, YV

z)))

abbreviation (in information-space)

conditional-entropy-Pow (<H'(- | -')») where

H(X | Y) = conditional-entropy b (count-space (X‘space M)) (count-space (Y space
M) XY

lemma (in information-space) conditional-entropy-generic-eq:

fixes Pry :: - = real and Py :: ¢ = real

assumes S: sigma-finite-measure S and T: sigma-finite-measure T

assumes Py[measurable]: distributed M T Y Py and Py-nn[simp|: \z. x € space
T— 0< Pyz

assumes Pry[measurable]: distributed M (S @ m T) (Az. (X z, Y z)) Pay

and Pzy-nn[simp]: Nz y. € space S = y € space T = 0 < Pxy (z, y)

shows conditional-entropy b S T X Y = — ([ (2, y). Pzy (z, y) * log b (Pzy (=,
y)/ Pyy) (S @u T))
proof —

interpret S: sigma-finite-measure S by fact

interpret T': sigma-finite-measure T by fact

interpret ST: pair-sigma-finite S T ..

have [measurable]: Py € T — s borel
using Py Py-nn by (intro distributed-real-measurable)
have measurable-Pxy[measurable]: Pry € (S @ m T) — o borel
using Pzy Pry-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

have AFE z in density (S @m T) (Az. ennreal (Pzy z)). Pry x = enn2real
(RN-deriv (S @um T) (distr M (S Qm T) (Mz. (X z, YV x))) )
unfolding AE-density[OF distributed-borel-measurable, OF Puy|
unfolding distributed-distr-eq-density|OF Pxy]
using distributed-RN-deriv[OF Pxy]
by auto
moreover
have AFE z in density (S @ m T) (Az. ennreal (Pzy z)). Py (snd z) = ennZreal
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(RN-deriv T (distr M T'Y) (snd z))
unfolding AE-density|OF distributed-borel-measurable, OF Pxy|
unfolding distributed-distr-eq-density|OF Py
using distributed-RN-deriv[OF Py
by (force intro: ST.AE-pair-measure)
ultimately
have conditional-entropy b S T X Y = — ([ z. Pzy z « log b (Pzy x / Py (snd
) 98 @ T)
unfolding conditional-entropy-def neg-equal-iff-equal
apply (subst integral-real-density[symmetric])
apply (auto simp: distributed-distr-eg-density|OF Pxy| space-pair-measure
intro!: integral-cong-AF)
done
then show ?thesis by (simp add: split-beta’)
qed

lemma (in information-space) conditional-entropy-eg-entropy:
fixes Pz :: 'b = real and Py :: 'c = real
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Py[measurable]: distributed M T Y Py
and Py-nn[simp]: Az. © € space T — 0 < Py x
assumes Pzxy[measurable]: distributed M (S @ pr T) (Az. (X z, Y z)) Py
and Pzy-nn[simp]: Az y. © € space S = y € space T — 0 < Pzy (z, y)
assumes [1: integrable (S Q@ p T) (Az. Pzy z * log b (Pzy z))
assumes [12: integrable (S @ apr T) (A\x. Pry x * log b (Py (snd x)))
shows conditional-entropy b S T X Y = entropy b (S @ u T) (Az. (X z, Y 1))
—entropy b TY
proof —
interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..

have [measurable]: Py € T — s borel
using Py Py-nn by (intro distributed-real-measurable)
have measurable-Pry|measurable]: Pry € (S Qm T) —m borel
using Pzy Pry-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

have entropy b TY = — ([y. Pyy * log b (Py y) 0T)

by (rule entropy-distr|OF Py Py-nn))
also have ... = — ([ (z,y). Pry (z,y) * logb (Py y) 9(S @ m T))

using b-gt-1

by (subst distributed-transform-integral|OF Pxy - Py, where T=snd))

(auto intro!: Bochner-Integration.integral-cong simp: space-pair-measure)
finally have e-eq: entropy b T Y = — ([ (z,y). Pzy (z,y) * log b (Py y) 9(S
®u T)) .

have #x: Az. z € space (S Qu T) = 0 < Pryx
by (auto simp: space-pair-measure)
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have ae2: AEzin S @Qum T. Py (sndz) =0 — Pryxz =10
by (intro subdensity-real[of snd, OF - Pxy Py])
(auto intro: measurable-Pair simp: space-pair-measure)
moreover have aej: AEzin S Qu T. 0 < Py (snd x)
using Py by (intro ST.AE-pair-measure) (auto simp: comp-def introl: measur-
able-snd'")
ultimately have AEzin S @ T. 0 < Pryx A 0 < Py (snd z) A
(Pryx =0V (Pryz # 0 — 0 < Pryxz A 0 < Py (snd x)))
by (auto simp: space-pair-measure less-le)
then have ae: AEzin S @um T.
Pry x « log b (Pry z) — Pry x = log b (Py (snd x)) = Pxy x * log b (Pxy = /
Py (snd z))
by (auto simp: log-simps field-simps b-gt-1)
have conditional-entropy b S T X Y =
— ([x. Pxyx * log b (Pry z) — Py x * log b (Py (snd z)) (S Qm T))
unfolding conditional-entropy-generic-eqOF S T Py Py-nn Pxy Pzy-nn, sim-
plified] neg-equal-iff-equal
using ae by (force intro: integral-cong-AFE)
also have ... = — ([z. Pryz % logb (Pzy2) 0(S Qm T)) — — ([z. Pry=z
x log b (Py (snd z)) (S @um T))
by (simp add: Bochner-Integration.integral-diff [OF I1 I2])
finally show ?thesis
using conditional-entropy-generic-eq(OF S T Py Py-nn Pry Pxy-nn, simplified]
entropy-distr|OF Pxy *x, simplified] e-eq
by (simp add: split-beta’)
qged

lemma (in information-space) conditional-entropy-eg-entropy-simple:
assumes X: simple-function M X and Y: simple-function MY
shows H(X | Y) = entropy b (count-space (X ‘space M) @ nr count-space (Y space
M) Az (Xz, Ya)) — H(Y)
proof —
have count-space (X ¢ space M) @ a count-space (Y ¢ space M) = count-space
(X‘space M x Y‘space M)
(is 2P = 2C) using X Y by (simp add: simple-functionD pair-measure-count-space)
show ?thesis
by (rule conditional-entropy-eg-entropy sigma-finite-measure-count-space-finite
simple-functionD X 'Y simple-distributed simple-distributedI[OF - - refi]
simple-distributed-joint simple-function-Pair integrable-count-space
measure-nonneg)-+
(auto simp: <?P = ?C» measure-nonneg introl: integrable-count-space sim-
ple-functionD X Y)
qged

lemma (in information-space) conditional-entropy-eq:
assumes Y: simple-distributed M 'Y Py
assumes XVY: simple-distributed M (Az. (X z, Y z)) Py
shows H(X | V) = — O (z, y)e(hz. (X z, Y)) ‘ space M. Pxy (z, y) * log
b (Pry (z,y) / Pyy))
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proof (subst conditional-entropy-generic-eq[OF - -
simple-distributed|OF Y] - simple-distributed-joint|OF XY])
have finite (\z. (X z, Y z)) ‘space M)
using XY unfolding simple-distributed-def by auto
from finite-imagel[OF this, of fst]
have [simp]: finite (X ‘space M)
by (simp add: image-comp comp-def)
note Y[THEN simple-distributed-finite, simp]
show sigma-finite-measure (count-space (X * space M))
by (simp add: sigma-finite-measure-count-space-finite)
show sigma-finite-measure (count-space (Y ¢ space M))
by (simp add: sigma-finite-measure-count-space-finite)
let ?f = (Az. if v € (\x. (X z, Y z)) ‘ space M then Pxy z else 0)
have count-space (X ¢ space M) @ nr count-space (Y * space M) = count-space
(X‘space M x Y‘space M)
(is 2P = 20)
using Y by (simp add: simple-distributed-finite pair-measure-count-space)
have eq: (A(z, y). f (z, y) * log b (?f (z, y) / Py y)) =
Az ifz € Az, (X z, Ya)) “space M then Pry z = log b (Pzy x / Py (snd z))
else 0)
by auto
from Y show — ([ (2, y). 7 (z, y) * log b (?f (z, y) / Pyy) O9P) =
- O (z, ye(z. (X x, Yz)) “space M. Py (z, y) * log b (Pxy (z, y) / Py
y))
by (auto intro!: sum.cong simp add: «?P = ?2C) lebesgue-integral-count-space-finite
simple-distributed-finite eq sum.If-cases split-beta’)
qed (use Y XY in auto)

lemma (in information-space) conditional-mutual-information-eq-conditional-entropy:
assumes X: simple-function M X and Y: simple-function MY
shows Z(X ; X | Y)=H(X | Y)
proof —
define Py where Py z = (if © € Y‘space M then measure M (Y —*{z} N space
M) else 0) for z
define Pxy where Pry x =
(if r € Az. (X z, Y x))‘space M then measure M (Az. (X z, Y x)) —“{z} N
space M) else 0)
for z
define Pzxy where Pxxy x =
(ifr € (M\o. (X z, Xz, Ya))space M then measure M ((Az. (X z, X z, Y 1))
—“{z} N space M)
else 0)
for z
let ?2M = X‘space M x X‘space M x Y‘space M

note XY = simple-function-Pair[OF X Y]
note XXY = simple-function-Pair|OF X XY
have Py: simple-distributed M Y Py
using Y by (rule simple-distributedl) (auto simp: Py-def measure-nonneg)



THEORY “Information” 190

have Pxy: simple-distributed M (Az. (X z, Y z)) Py
using XY by (rule simple-distributedl) (auto simp: Pry-def measure-nonneg)
have Pzzy: simple-distributed M (Az. (X z, X z, Y z)) Pxxy
using XXY by (rule simple-distributedl) (auto simp: Prxy-def measure-nonneg)
have eq: (Az. (X z, X z, Y 2)) ‘ space M = (A\(z, y). (z, z, y)) ‘(Az. (X z, YV
x)) ¢ space M
by auto
have inj: A\A. inj-on (A\(z, y). (z, z, y)) A
by (auto simp: inj-on-def)
have Przy-eq: Nz y. Przy (z, z, y) = Pzy (z, y)
by (auto simp: Prxy-def Pry-def introl: arg-conglwhere f=prob|)
have AFE z in count-space (A\z. (X z, Y z)) ‘space M). Py (snd ) = 0 — Pay
z =10
using Py Pxy
by (intro subdensity-real[of snd, OF - Pxy[THEN simple-distributed] Py|[THEN
simple-distributed]))
(auto intro: measurable-Pair simp: AE-count-space)
then show ?thesis
apply (subst conditional-mutual-information-eqOF Py Pxy Pxy Przy))
apply (subst conditional-entropy-eq|OF Py Pxy])
apply (auto introl: sum.cong simp: Przy-eq sum-negf [symmetric| eq sum.reindex| OF
inj]
log-simps zero-less-mult-iff zero-le-mult-iff field-simps mult-less-0-iff
AE-count-space)
done
qged

lemma (in information-space) conditional-entropy-nonneg:
assumes X: simple-function M X and Y: simple-function M 'Y shows 0 < H(X
| Y)
using conditional-mutual-information-eq-conditional-entropy[ OF X Y] conditional-mutual-information-nonne

XXY]
by simp

12.8 Equalities

lemma (in information-space) mutual-information-eq-entropy-conditional-entropy-distr:
fixes Pz :: 'b = real and Py :: ‘¢ = real and Pzxy :: (b x '¢) = real
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Pz[measurable]: distributed M S X Pz
and Pz-nn[simp]: Nz. z € space S = 0 < Pz x
and Py[measurable]: distributed M T Y Py
and Py-nn[simp]: N\z. © € space T — 0 < Py x
and Pxy[measurable]: distributed M (S @ v T) (Az. (X z, Y z)) Pay
and Pzy-nn[simp]: Nz y. € space S = y € space T = 0 < Pxy (z, y)
assumes Iz: integrable(S @ p T) (Az. Py x * log b (Px (fst x)))
assumes [y: integrable(S @y T) (Az. Pry x % log b (Py (snd z)))
assumes [zy: integrable(S @ rr T) (Az. Pry x * log b (Pry x))
shows mutual-information b S T X Y = entropy b S X + entropy b T Y —
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entropy b (S @m T) (Mz. (X z, Y z))
proof —
have [measurable]: Px € S —p; borel
using Pz Pz-nn by (intro distributed-real-measurable)
have [measurable]: Py € T — s borel
using Py Py-nn by (intro distributed-real-measurable)
have measurable-Pzy[measurable]: Pry € (S @ am T) —ar borel
using Pzy Pry-nn by (intro distributed-real-measurable) (auto simp: space-pair-measure)

have X: entropy b S X = — ([ . Py z = log b (Pz (fst z)) 0(S @ um T))
using b-gt-1
apply (subst entropy-distr[OF Px Pxz-nn], simp)
apply (subst distributed-transform-integral|OF Pxy - Pz, where T=fst])
apply (auto introl: integral-cong simp: space-pair-measure)
done

have Y: entropy b TY = — ([ z. Pry z % log b (Py (snd z)) (S @ m T))
using b-gt-1
apply (subst entropy-distr|OF Py Py-nn|, simp)
apply (subst distributed-transform-integrall OF Pzy - Py, where T=snd))
apply (auto introl: integral-cong simp: space-pair-measure)
done

interpret S: sigma-finite-measure S by fact
interpret T': sigma-finite-measure T by fact
interpret ST: pair-sigma-finite S T ..

have ST: sigma-finite-measure (S @ T) ..

have XY: entropy b (S Q@ m T) (\z. (X z, Yz)) = — ([ 2. Pryz = log b (Pzy
z) (S Qum T))

by (subst entropy-distr[OF Pxy)) (auto introl: integral-cong simp: space-pair-measure)

have AEzin S @um T. Px (fstx) =0 — Pryz =0
by (intro subdensity-real[of fst, OF - Pxzy Px]) (auto intro: measurable-Pair
simp: space-pair-measure)
moreover have AEzin S @y T. Py (sndx) = 0 — Pryxz =0
by (intro subdensity-real[of snd, OF - Pxy Py|) (auto intro: measurable-Pair
simp: space-pair-measure)
moreover have AE zin S @ T. 0 < Pz (fst x)
using Pz by (intro ST.AE-pair-measure) (auto simp: comp-def intro!: measur-
able-fst'’)
moreover have AE zin S @ T. 0 < Py (snd z)
using Py by (intro ST.AE-pair-measure) (auto simp: comp-def intro!: measur-
able-snd'")
ultimately have AE zin S @ T. Pry x x log b (Pry ) — Pzy x x log b (Pz
(fst z)) — Pxy x % log b (Py (snd x)) =
Pzy z * log b (Pry « /| (Pz (fst ) * Py (snd x)))
(is AEzin -. o%fz = ?g x)
using AFE-space
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proof eventually-elim
case (elim x)
show ?case
proof cases
assume Pry x # 0
with elim have 0 < Pz (fst z) 0 < Py (sndz) 0 < Pry x
by (auto simp: space-pair-measure less-le)
then show ?thesis
using b-gt-1 by (simp add: log-simps less-imp-le field-simps)
qed simp
qed

have entropy b S X + entropy b T'Y — entropy b (S Q@ m T) (A\z. (X z, Y 1))
= integral® (S @ m T) ?f
unfolding X Y XY
apply (subst Bochner-Integration.integral-diff)
apply (intro Bochner-Integration.integrable-diff Ixy Ix Ty)+
apply (subst Bochner-Integration.integral-diff)
(
(

apply (intro Iy Iz Iy)+

apply (simp add: field-simps)

done
also have ... = integrall’ (S Q@ T) %g

using <AE z in -. f x = 29 x» by (intro integral-cong-AE) auto
also have ... = mutual-information b S T X Y

by (rule mutual-information-distr(OF S T Pz - Py - Pxy - , symmetric|)
(auto simp: space-pair-measure)
finally show ?thesis ..
qed

lemma (in information-space) mutual-information-eq-entropy-conditional-entropy’:
fixes Pz :: 'b = real and Py :: 'c = real and Pxy :: ('b x '¢) = real
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Pz: distributed M S X Pz A\z. © € space S = 0 < Prx
and Py: distributed M T'Y Py Nz. z € space T — 0 < Py x
assumes Pzy: distributed M (S @ T) (Mz. (X 2, Y 2)) Py
Nz. z € space (S @u T) = 0 < Payx
assumes Iz: integrable(S @ p T) (Ax. Py x * log b (Px (fst x)))
assumes [y: integrable(S @ p T) (Az. Pry x % log b (Py (snd z)))
assumes Izy: integrable(S @ m T) (Ax. Pry x  log b (Pry x))
shows mutual-information b S T X Y = entropy b S X — conditional-entropy b
STXY
using
mutual-information-eg-entropy-conditional-entropy-distr[OF S T Px Py Pxy Iz
Iy Iy
conditional-entropy-eq-entropy[OF S T Py Pry Izy Iy
by (simp add: space-pair-measure)

lemma (in information-space) mutual-information-eg-entropy-conditional-entropy:
assumes sf-X: simple-function M X and sf-Y: simple-function M'Y
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shows Z(X ; V) =H(X) - H(X | Y)
proof —
have X: simple-distributed M X (Az. measure M (X —‘{z} N space M))
using sf-X by (rule simple-distributedl) (auto simp: measure-nonneq)
have Y: simple-distributed M 'Y (Ax. measure M (Y —*{x} N space M))
using sf-Y by (rule simple-distributedl) (auto simp: measure-nonneg)
have sf-XVY: simple-function M (Az. (X z, Y x))
using sf-X sf-Y by (rule simple-function-Pair)
then have XY simple-distributed M (A\z. (X z, Y z)) (Az. measure M ((Az. (X
z, Yx)) —{z} N space M))
by (rule simple-distributedl) (auto simp: measure-nonneg)
from simple-distributed-joint-finite| OF this, simp]
have eq: count-space (X ‘ space M) Q) n count-space (Y “ space M) = count-space
(X “space M x Y * space M)
by (simp add: pair-measure-count-space)

have Z(X ; V) = H(X) + H(Y) — entropy b (count-space (X‘space M) @ m
count-space (Y'space M)) (Az. (X z, Y z))
using sigma-finite-measure-count-space-finite
sigma-finite-measure-count-space-finite
simple-distributed|OF X| measure-nonneg simple-distributed(OF Y] mea-
sure-nonneg simple-distributed-joint[ OF XY
by (rule mutual-information-eq-entropy-conditional-entropy-distr)
(auto simp: eq integrable-count-space measure-nonneg)
then show ?thesis
unfolding conditional-entropy-eq-entropy-simple[OF sf-X sf-Y] by simp
qged

lemma (in information-space) mutual-information-nonneg-simple:
assumes sf-X: simple-function M X and sf-Y: simple-function MY
shows 0 <ZI(X;Y)
proof —
have X: simple-distributed M X (Axz. measure M (X —*{z} N space M))
using sf-X by (rule simple-distributedl) (auto simp: measure-nonneg)
have Y: simple-distributed M'Y (Az. measure M (Y —*{z} N space M))
using sf-Y by (rule simple-distributedI) (auto simp: measure-nonneg)

have sf-XVY: simple-function M (Az. (X z, Y x))
using sf-X sf-Y by (rule simple-function-Pair)
then have XY simple-distributed M (Az. (X z, Y z)) (Azx. measure M ((Az. (X
z, Yz)) —{z} N space M))
by (rule simple-distributedl) (auto simp: measure-nonneg)

from simple-distributed-joint-finite| OF this, simp]
have eq: count-space (X ‘ space M) Q) nr count-space (Y “ space M) = count-space
(X “space M x Y ¢ space M)
by (simp add: pair-measure-count-space)

show ?thesis
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by (rule mutual-information-nonneg[OF - - simple-distributed|OF X] - sim-
ple-distributed|OF Y] - simple-distributed-joint] OF XY]])

(simp-all add: eq integrable-count-space sigma-finite-measure-count-space-finite
measure-nonneg)
qed

lemma (in information-space) conditional-entropy-less-eg-entropy:
assumes X: simple-function M X and Z: simple-function M Z
shows H(X | Z) < H(X)
proof —
have 0 < Z(X ; Z) using X Z by (rule mutual-information-nonneg-simple)
alsohave Z(X ; Z) = H(X) — H(X | Z) using mutual-information-eq-entropy-conditional-entropy| OF
assms] .
finally show ?thesis by auto
qed

lemma (in information-space)
fixes Pz :: 'b = real and Py :: ‘¢ = real and Pzxy :: (b x '¢) = real
assumes S: sigma-finite-measure S and T: sigma-finite-measure T
assumes Pz: finite-entropy S X Pz and Py: finite-entropy T Y Py
assumes Pry: finite-entropy (S Q@ pm T) (Az. (X z, YV z)) Pry
shows conditional-entropy b S T X Y < entropy b S X
proof —
have 0 < mutual-information b S T X Y
by (rule mutual-information-nonneg”) fact+
also have ... = entropy b S X — conditional-entropy b S T X Y
proof (intro mutual-information-eg-entropy-conditional-entropy’)
show integrable (S @y T) (Az. Pry z * log b (Px (fst x)))
integrable (S @ v T) (Ax. Pry x * log b (Py (snd x)))
integrable (S @ m T) (Az. Pry x * log b (Pry x))
using assms
by (auto introl: finite-entropy-integrable finite-entropy-distributed
finite-entropy-integrable-transform[OF Pz finite-entropy-integrable-transform|OF
Pyl
intro: finite-entropy-nn)
qed (use assms Pz Py Pxy finite-entropy-nn finite-entropy-distributed in auto)
finally show ?thesis by auto
qged

lemma (in information-space) entropy-chain-rule:
assumes X: simple-function M X and Y: simple-function M Y
shows H(Az. (X z, Y 1)) = H(X) + H(Y]|X)

proof —

note XY = simple-distributedI[OF simple-function-Pair|OF X Y| measure-nonneyg
refl

note YX = simple-distributedI[OF simple-function-Pair|OF Y X| measure-nonneg
refi]

note simple-distributed-joint-finite] OF this, simp]
let ?f = Az. prob (Az. (X z, Y z)) — {z} N space M)
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let 2g = A\z. prob (Az. (Y z, X z)) —‘{z} N space M)

let ?h = Az. if x € (A\z. (Y z, X z)) ‘ space M then prob (A\z. (Y z, X z)) —*
{z} N space M) else 0

have H(Az. (X z, Yz)) = — O_ze(Az. (X z, Y)) ‘ space M. 2f x % log b (?f
z))

using XY by (rule entropy-simple-distributed)

also have ... = — > ze(A(z, v). (y, ) * (A\z. (X z, Y z)) ‘space M. ?g z *
log b (?g x))

by (subst (2) sum.reindex) (auto simp: inj-on-def introl: sum.cong arg-cong[where
f=MA. prob A x log b (prob A)])

also have ... = — (3 ze(M\z. (Y, X ) ‘ space M. ?h z * log b (?h x))
by (auto intro!: sum.cong)
also have ... = entropy b (count-space (Y ¢ space M) Q) n count-space (X °

space M)) (Az. (Y z, X z))
by (subst entropy-distr|OF simple-distributed-joint[OF YX]])
(auto simp: pair-measure-count-space sigma-finite-measure-count-space-finite
lebesgue-integral-count-space-finite
cong del: sum.cong-simp intro!: sum.mono-neutral-left measure-nonneg)
finally have H(A\z. (X z, Y z)) = entropy b (count-space (Y * space M) @ m
count-space (X “ space M)) (Az. (Y z, X z)) .
then show ?thesis
unfolding conditional-entropy-eq-entropy-simple]OF 'Y X| by simp
qed

lemma (in information-space) entropy-partition:
assumes X: simple-function M X
shows H(X) = H(f o X) + H(X]|f o X)
proof —
note fX = simple-function-compose| OF X, of f]
have eq: (A\z. ((f o X) z, X z)) ‘space M = (A\z. (fz, z)) ‘X ‘ space M by auto
have inj: \A. inj-on (Az. (fz, z)) A
by (auto simp: inj-on-def)

have H(X) = — (> z€X ‘¢ space M. prob (X —*{z} N space M) * log b (prob
(X —“{a} N space M)))
by (simp add: entropy-simple-distributed|OF simple-distributed][OF X mea-
sure-nonneg refl]])
also have ... = — > ze(Az. ((f o X) z, X z)) * space M.
prob (Az. ((f o X) z, X z)) —“{z} N space M) x
log b (prob (Az. ((f o X) z, X z)) —“{z} N space M)))
unfolding eq
apply (subst sum.reindex|OF inj])
apply (auto introl: sum.cong arg-cong[where f=AA. prob A x log b (prob A)])
done
also have ... = H(A\z. ((f o X) z, X z))
using entropy-simple-distributed| OF simple-distributedI|OF simple-function-Pair| OF
X X] measure-nonneg refl]]
by fastforce
also have ... = H(f o X) + H(X]|f o X)
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using X entropy-chain-rule by blast
finally show ?thesis .
qed

corollary (in information-space) entropy-data-processing:
assumes simple-function M X shows H(f o X) < H(X)
by (smt (verit) assms conditional-entropy-nonneg entropy-partition simple-function-compose)

corollary (in information-space) entropy-of-inj:
assumes X: simple-function M X and inj: inj-on f (X‘space M)
shows H(f o X) = H(X)
proof (rule antisym)
show H(f o X) < H(X) using entropy-data-processing|OF X] .
next
have sf: simple-function M (f o X)
using X by auto
have H(X) = H(the-inv-into (X‘space M) f o (f o X))
unfolding o-assoc
apply (subst entropy-simple-distributed| OF simple-distributedI [OF X measure-nonneg
refl]])
apply (subst entropy-simple-distributed| OF simple-distributedI[OF simple-function-compose[OF
X]], where f=MAz. prob (X —*{z} N space M)])
apply (auto introl: sum.cong arg-conglwhere f=prob| image-eql simp: the-inv-into-f-f[OF
inj] comp-def measure-nonneg)
done
also have ... < H(f o X)
using entropy-data-processing| OF sf] .
finally show H(X) < H(f o X) .
qed

end

13 Properties of Various Distributions

theory Distributions
imports Convolution Information
begin

lemma (in prob-space) distributed-affine:
fixes f :: real = ennreal
assumes f: distributed M lborel X f
assumes c: ¢ # 0
shows distributed M lborel (Az. t + ¢ x X z) (Az. f ((z —t) / ¢) / |c])
unfolding distributed-def
proof safe
have [measurable]: f € borel-measurable borel
using f by (simp add: distributed-def)
have [measurable]: X € borel-measurable M
using [ by (simp add: distributed-def)



THEORY “Distributions” 197

show (A\z. f ((z — t) / ¢) / |c|) € borel-measurable lborel
by simp

show random-variable lborel (Az. t + ¢ * X x)
by simp

have eq: ennreal |c| * (f z / ennreal |c|) = f z for z
using ¢
by (cases f x)
(auto simp: divide-ennreal ennreal-mult[symmetric] ennreal-top-divide en-
nreal-mult-top)

have density lborel f = distr M Iborel X
using f by (simp add: distributed-def)
with ¢ show distr M lborel (Az. t + ¢ * X x) = density lborel (Az. f ((x — t) /
¢) / ennreal |c|)
by (subst (2) lborel-real-affinelwhere c=c and t=t])
(simp-all add: density-density-eq density-distr distr-distr field-simps eq cong:
distr-cong)
qed

lemma (in prob-space) distributed-affinel:
fixes f :: real = ennreal and c :: real
assumes f: distributed M lborel (Az. (X z — t) / ¢) (Az. |c| * f (z *x ¢ + 1))
assumes c: ¢ # 0
shows distributed M lborel X f
proof —
have eq: f z * ennreal |c| / ennreal |c¢| = fz for z
using ¢ by (simp add: ennreal-times-divide[symmetric])

show ?thesis
using distributed-affine[OF f ¢, where t=t] ¢
by (simp add: field-simps eq)
qed

lemma (in prob-space) distributed-AE2:
assumes [measurable]: distributed M N X f Measurable.pred N P
shows (AEzin M. P (X)) «— (AEzin N. 0 < fz — P x)
proof —
have (AEzin M. P (X z)) «— (AE z in distr M N X. P x)
by (simp add: AE-distr-iff)
also have ... +— (AE z in density N f. P x)
unfolding distributed-distr-eq-density[OF assms(1)] ..
also have ... +— (AEzin N. 0 < fz — P 1)
by (rule AE-density) simp
finally show ?thesis .
qed
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13.1 Erlang

lemma nn-intergal-power-times-exp-Icc:
assumes [arith]: 0 < a
shows ([ Tz. ennreal (z7k * exp (—x)) * indicator {0 .. a} x dlborel) =
(1 — O_n<k. (a"n * exp (—a)) / fact n)) x fact k (is ?2I = -)
proof —
let 9f = Ak z. 27k * exp (—z) / fact k
let 2F = Xk z. — (O n<k. (z"n x exp (—x)) / fact n)
have ?I % (inverse (real-of-nat (fact k))) =
(J Tz. ennreal (z7k * exp (—x)) * indicator {0 .. a} z * (inverse (real-of-nat
(fact k))) Olborel)
by (intro nn-integral-multc[symmetric]) auto
also have ... = ([ Tz. ennreal (?f k z) * indicator {0 .. a} z dlborel)
by (intro nn-integral-cong)
(simp add: field-simps ennreal-mult’[symmetric] indicator-mult-ennreal)
also have ... = ennreal (?F ka — ?FkO0)
proof (rule nn-integral-FTC-Icc)
fix z assume z € {0..a}
show DERIV (?F k) z:> ?%fk«x
proof (induction k)
case 0 show Zcase by (auto intro!: derivative-eg-intros)
next
case (Suc k)
have DERIV (Az. ?F kx — (2 Suc k x exp (—x)) / fact (Suc k)) z :>
o%fkx — ((real (Suc k) — x) xx "k * exp (— x)) / (fact (Suc k))
by (intro DERIV-diff Suc)
(auto intro!: derivative-eg-intros simp del: fact-Suc power-Suc
simp add: field-simps power-Suc|[symmetric])
also have (\z. ?F kx — (27 Suc k * exp (—x)) / fact (Suc k)) = 2F (Suc k)
by simp
also have ?f kz — ((real (Suc k) — x) x ¢ "k *x exp (— z)) / (fact (Suc k))
= ?f (Suck) z
by (auto simp: field-simps simp del: fact-Suc)
(simp-all add: of-nat-Suc field-simps)
finally show ?case .

qed
qed auto
also have ... = ennreal (1 — (3. n<k. (a"n * exp (—a)) / fact n))

by (auto simp: power-0-left if-distribjwhere f=Az. z / a for a] sum.If-cases)
also have ... = ennreal (1 — (3. n<k. (a"n * exp (—a)) / fact n)) * fact k) *

ennreal (inverse (fact k))
by (subst ennreal-mult'[symmetric]) (auto introl: arg-cong[where f=ennreal])
finally show ?thesis
by (auto simp add: mult-right-ennreal-cancel le-less)
qed

lemma nn-intergal-power-times-exp-Ici:
shows ([ Tz. ennreal (z7k  exp (—z)) * indicator {0 ..} z dlborel) = real-of-nat

(fact k)
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proof (rule LIMSEQ-unique)
let 72X = An. [ " z. ennreal (z7k * exp (—x)) * indicator {0 .. real n} z dlborel
show ?X —— ([ *z. ennreal (z7k * exp (—x)) * indicator {0 ..} = dlborel)
apply (intro nn-integral-LIMSEQ)
apply (auto simp: incseq-def le-fun-def eventually-sequentially
split: split-indicator intro!: tendsto-eventually)
apply (metis nat-ceiling-le-eq)
done

have ((Az:real. (1 — (O n<k. (x "n / exp ) / (fact n))) * fact k) ——
(1 = O-n<k. 0/ (fact n))) * fact k) at-top
by (intro tendsto-intros tendsto-power-div-exp-0) simp
then show X —— real-of-nat (fact k)
by (subst nn-intergal-power-times-exp-Icc)
(auto simp: exp-minus field-simps introl: filterlim-compose| OF - filterlim-real-sequentially))
qed

definition erlang-density :: nat = real = real = real where
erlang-density k1 © = (if x < 0 then 0 else (I"(Suc k) * 27k = exp (— I x z)) /
fact k)

definition erlang-CDF :: nat = real = real = real where
erlang-CDF k1l x = (if < 0 then 0 else 1 — (O n<k. ((I * ) n * exp (— | *

x) / fact n)))

lemma erlang-density-nonneg[simp|: 0 < | = 0 < erlang-density k | x
by (simp add: erlang-density-def)

lemma borel-measurable-erlang-density[measurable]: erlang-density k| € borel-measurable
borel
by (auto simp add: erlang-density-def|abs-def])

lemma erlang-CDF-transform: 0 < | = erlang-CDF k | a = erlang-CDF k 1 (I
* a)
by (auto simp add: erlang-CDF-def mult-less-0-iff)

lemma erlang-CDF-nonneg[simp]: assumes 0 < [ shows 0 < erlang-CDF k1 z
unfolding erlang-CDF-def
proof (clarsimp simp: not-less)
assume (0 < zx
have (3 n<k. (Ixz) “nx*exp (— (I xz)) / fact n) =
exp (— (I ) * O n<k. (I *xx) “n / fact n)

unfolding sum-distrib-left by (intro sum.cong) (auto simp: field-simps)

also have ... = O n<k. (I xz) “n / fact n) / exp (I x z)
by (simp add: exp-minus field-simps)
also have ... < 1

proof (subst divide-le-eq-1-pos)
show (> n<k. (I xx) “n / fact n) < exp (I * x)
using <0 < b <0 < zy summable-exp-genericlof | * ]
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by (auto simp: exp-def divide-inverse ac-simps introl: sum-le-suminf)
qed simp
finally show (> n<k. (Ixz) “nxexp (— (I xx)) / factn) < 1.
qed

lemma nn-integral-erlang-density:
assumes [arith]: 0 <l
shows ([* z. ennreal (erlang-density k | z) * indicator {.. a} x Olborel) =
erlang-CDF k| a
proof (cases 0 < a)
case [arith]: True
have eq: Az. indicator {0..a} (z / 1) = indicator {0..a%l} x
by (simp add: field-simps split: split-indicator)
have ([ Tz. ennreal (erlang-density k | z) * indicator {.. a} x dlborel) =
([ Ta. (I/fact k) = (ennreal ((Ixz) % * exp (— (Ixz))) * indicator {0 .. a} z)
Olborel)
by (intro nn-integral-cong)
(auto simp: erlang-density-def power-mult-distrib ennreal-mult]symmetric]
split: split-indicator)
also have ... = (I/fact k) * ([ Tz. ennreal ((Ixz) "k = exp (— (Ixz))) * indicator
{0 .. a} z Jlborel)
by (intro nn-integral-cmult) auto
also have ... = ennreal (I/fact k) = ((1/1) * ([ Tz. ennreal (z7k * exp (— z))
% indicator {0 .. | x a} x Olborel))
by (subst nn-integral-real-affine[where c=1 / l and t=0]) (auto simp: field-simps
eq)
also have ... = (1 — (O n<k. (I * a) " n *x exp (—(I * a))) / fact n))
by (subst nn-intergal-power-times-exp-Icc) (auto simp: ennreal-mult’[symmetric])
also have ... = erlang-CDF k l a
by (auto simp: erlang-CDF-def)
finally show ?thesis .
next
case Fulse
then have ([t z. ennreal (erlang-density k | z) = indicator {.. a} z Olborel) =
([ *a. 0 d(lborel::real measure))
by (intro nn-integral-cong) (auto simp: erlang-density-def)
with False show ?thesis
by (simp add: erlang-CDF-def)
qed

lemma emeasure-erlang-density:

0 < | = emeasure (density lborel (erlang-density k1)) {.. a} = erlang-CDF k1
a

by (simp add: emeasure-density nn-integral-erlang-density)

lemma nn-integral-erlang-ith-moment:
fixes k 7 :: nat and [ :: real
assumes [arith]: 0 < |
shows ([ z. ennreal (erlang-density k 1 z x x ~ i) dlborel) = fact (k + i) /
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(fact k = 1 1)
proof —
have eq: Az. indicator {0..} (z /1) = indicator {0..}
by (simp add: field-simps split: split-indicator)
have ([ z. ennreal (erlang-density k | z x x7i) Olborel) =
(J o (I/(fact k = 170)) * (ennreal ((Ixz) (k+1) = exp (— (Ixz))) * indicator {0
..} ) Olborel)
by (intro nn-integral-cong)
(auto simp: erlang-density-def power-mult-distrib power-add ennreal-mult’[symmetric]
split: split-indicator)
also have ... = (I/(fact k = 17%)) = ([ Tx. ennreal ((Ixz) (k+1i) * exp (— (Ixx)))
x indicator {0 ..} x Olborel)
by (intro nn-integral-cmult) auto
also have ... = ennreal (I/(fact k = 170)) = ((1/1) = ([ Tz. ennreal (z7(k+i) *
exp (— x)) * indicator {0 ..} x dlborel))
by (subst nn-integral-real-affine[where c=1 / l and t=0]) (auto simp: field-simps
eq)
also have ... = fact (k + @) / (fact k x| 1)
by (subst nn-intergal-power-times-exp-Ici) (auto simp: ennreal-mult’[symmetric])
finally show ?thesis .
qed

lemma prob-space-erlang-density:

assumes [[arith]: 0 < {

shows prob-space (density lborel (erlang-density k 1)) (is prob-space ?D)
proof

show emeasure ?D (space ¢D) = 1

using nn-integral-erlang-ith-moment[OF [, where k=k and i=0] by (simp

add: emeasure-density)
qed

lemma (in prob-space) erlang-distributed-le:
assumes D: distributed M lborel X (erlang-density k 1)
assumes [simp, arith]: 0 <10 < a
shows P(z in M. X © < a) = erlang-CDF k l a
proof —
have emeasure M {x € space M. X x < a } = emeasure (distr M lborel X) {..
a}
using distributed-measurable[ OF D]
by (subst emeasure-distr) (auto introl: arg-cong2|where f=emeasure])

also have ... = emeasure (density lborel (erlang-density k 1)) {.. a}
unfolding distributed-distr-eq-density[OF D] ..
also have ... = erlang-CDF k | a

by (auto intro!: emeasure-erlang-density)
finally show ?thesis
by (auto simp: emeasure-eg-measure measure-nonneg)
qed

lemma (in prob-space) erlang-distributed-gt:
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assumes D[simp]: distributed M lborel X (erlang-density k1)

assumes [arith]: 0 <10 < a

shows P(zin M. a < Xz ) =1 — (erlang-CDF k [ a)
proof —

have 1 — (erlang-CDF kla) =1 — Pz in M. X x < a) by (subst er-
lang-distributed-le) auto

also have ... = prob (space M — {z € space M. X z < a })
using distributed-measurable|OF D] by (auto simp: prob-compl)
also have ... = P(zin M. a < X z ) by (auto introl: arg-cong[where f=prob]

simp: not-le)
finally show ?thesis by simp
qed

lemma erlang-CDF-at0: erlang-CDF k10 = 0
by (induction k) (auto simp: erlang-CDF-def)

lemma erlang-distributedI:
assumes X|[measurable]: X € borel-measurable M and [arith]: 0 < |
and X-distr: Na. 0 < a = emeasure M {z€space M. X z < a} = erlang-CDF
kla
shows distributed M lborel X (erlang-density k 1)
proof (rule distributedI-borel-atMost)
fix a :: real
{ assume a < 0
with X have emeasure M {x€space M. X © < a} < emeasure M {x€space M.

Xz <0}
by (intro emeasure-mono) auto
also have ... = 0 by (auto introl: erlang-CDF-at0 simp: X-distr[of 0])

finally have emeasure M {z€space M. X z < a} < 0 by simp
then have emeasure M {z€space M. X x < a} = 0 by simp

}

note eq-0 = this

show ([ * z. erlang-density k l z * indicator {..a} z Olborel) = ennreal (erlang-CDF
kla)
using nn-integral-erlang-density[of | k a
by (simp add: ennreal-indicator ennreal-mult)

show emeasure M {x€space M. X x < a} = ennreal (erlang-CDF k1 a)
using X-distr[of a] eq-0 by (auto simp: one-ennreal-def erlang-CDF-def)
qed simp-all

lemma (in prob-space) erlang-distributed-iff:
assumes [arith]: 0<I
shows distributed M lborel X (erlang-density k 1) +—
(X € borel-measurable M AN 0 <IN (Va>0.P(zin M. X z < a) = erlang-CDF
kla))
using
distributed-measurable[of M lborel X erlang-density k ]
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emeasure-erlang-density[of ]
erlang-distributed-le[of X k ]
by (auto introl: erlang-distributedl simp: one-ennreal-def emeasure-eqg-measure)

lemma (in prob-space) erlang-distributed-mult-const:
assumes erlX: distributed M lborel X (erlang-density k 1)
assumes a-posfarith]: 0 < o 0 < I
shows distributed M lborel (Az. a x X z) (erlang-density k (I / «))
proof (subst erlang-distributed-iff, safe)
have [measurable]: random-variable borel X and [arith]: 0 < I
and [simp]: Na. 0 < a = prob {z € space M. X < a} = erlang-CDF k l a
by (insert erlX, auto simp: erlang-distributed-iff)

show random-variable borel (Az. a x X2) 0 <l /a 0<1/ «
by (auto simp:field-simps)

fix a:: real assume [arith]: 0 < a
obtain b:: real where [simp, arith]: b = a/ o by blast

have [arith]: 0 < b by (auto simp: divide-nonneg-pos)

have prob {z € space M. « x X x < a} = prob {z € space M. X z < b}
by (rule arg-cong[where f= prob]) (auto simp:field-simps)

moreover have prob {z € space M. X x < b} = erlang-CDF k | b by auto

moreover have erlang-CDF k (I / «) a = erlang-CDF k 1 b unfolding er-
lang-CDF-def by auto

ultimately show prob {z € space M. a x X x < a} = erlang-CDF k (I / o) a
by fastforce
qed

lemma (in prob-space) has-bochner-integral-erlang-ith-moment:
fixes ki :: nat and [ :: real
assumes [arith]: 0 < | and D: distributed M lborel X (erlang-density k 1)
shows has-bochner-integral M (Az. X x ~ @) (fact (k + ) / (fact k x 1 1))
proof (rule has-bochner-integral-nn-integral)
show AEzin M. 0< Xz i
by (subst distributed-AE2[OF D)) (auto simp: erlang-density-def)
show ([ z. ennreal (X z ~ i) OM) = ennreal (fact (k + i) / (fact k * | ™))
using nn-integral-erlang-ith-moment|of | k 1]
by (subst distributed-nn-integral[symmetric, OF D)) (auto simp: ennreal-mult’)
qed (insert distributed-measurable[OF D], auto)

lemma (in prob-space) erlang-ith-moment-integrable:
0 < | = distributed M lborel X (erlang-density k 1) = integrable M (A\z. X
~4)

by rule (rule has-bochner-integral-erlang-ith-moment)

lemma (in prob-space) erlang-ith-moment:
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0 < | = distributed M lborel X (erlang-density k1) =
expectation (A\x. X ¢ ~ 1) = fact (k + ) / (fact k x| ~ 1)
by (rule has-bochner-integral-integral-eq) (rule has-bochner-integral-erlang-ith-moment)

lemma (in prob-space) erlang-distributed-variance:

assumes [arith]: 0 < | and distributed M lborel X (erlang-density k 1)

shows variance X = (k + 1) / I?
proof (subst variance-eq)

show integrable M X integrable M (\z. (X x)?)

using erlang-ith-moment-integrable] OF assms, of 1] erlang-ith-moment-integrable| OF
assms, of 2]

by auto

show expectation (\z. (X 1)?) — (expectation X)? = real (k + 1) / I?
using erlang-ith-moment|OF assms, of 1] erlang-ith-moment|OF assms, of 2]
by simp (auto simp: power2-eg-square field-simps of-nat-Suc)
qed

13.2 Exponential distribution

abbreviation ezponential-density :: real = real = real where
exponential-density = erlang-density 0

lemma exponential-density-def:
exponential-density | x = (if x < 0 then 0 else | x exp (— = * 1))
by (simp add: fun-eq-iff erlang-density-def)

lemma erlang-CDF-0: erlang-CDF 01l a = (if 0 < a then 1 — exp (— I * a) else
0)
by (simp add: erlang-CDF-def)

lemma prob-space-exponential-density: 0 < Il = prob-space (density lborel (exponential-density

)

by (rule prob-space-erlang-density)

lemma (in prob-space) exponential-distributedD-le:

assumes D: distributed M lborel X (exponential-density I) and a: 0 < o and [:
0 <1

shows P(zin M. Xz < a)=1 — exp (— ax*1l)

using erlang-distributed-le]OF D 1 a] a by (simp add: erlang-CDF-def)

lemma (in prob-space) exponential-distributedD-gt:

assumes D: distributed M lborel X (exponential-density [) and a: 0 < o and [:
0 <1

shows P(zin M. a < Xz ) =exp (— ax1)

using erlang-distributed-gt|OF D 1 a] a by (simp add: erlang-CDF-def)

lemma (in prob-space) exponential-distributed-memoryless:
assumes D: distributed M lborel X (exponential-density [) and a: 0 < o and [:
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0<land t: 0 <t
shows P(zin M.a+t< Xz|a< Xz)=PlxinM. t< Xzx)
proof —
have Pzin M. a+t< Xz |a< Xz)=PlxzinM. a+t< Xz)/ Plzin
M. a< X z)
using <0 < » by (auto simp: cond-prob-def intro!: arg-cong[where f=prob]
arg-cong2[where f=(/)])
also have ... = exp (— (a+ t) x 1) / exp (— a * 1)
using a t by (simp add: exponential-distributedD-gt[OF D - I])
also have ... = exp (— t x [)
using [ by (auto simp: field-simps exp-add[symmetric])
finally show ?thesis
using ¢ by (simp add: exponential-distributedD-gt[OF D - l])
qed

lemma exponential-distributedl:

assumes X|[measurable]: X € borel-measurable M and [arith]: 0 < |

and X-distr: Na. 0 < a = emeasure M {z€space M. X z < a} = 1 — exp

(—axl

shows distributed M lborel X (exponential-density [)
proof (rule erlang-distributedI)

fix a :: real assume 0 < a then show emeasure M {x € space M. X z < a} =
ennreal (erlang-CDF 01 a)

using X-distr|of a] by (simp add: erlang-CDF-def ennreal-minus ennreal-1[symmetric]
del: ennreal-1)
qged fact+

lemma (in prob-space) exponential-distributed-iff:
assumes 0 < [
shows distributed M lborel X (exponential-density 1) «—
(X € borel-measurable M N (YVa>0. Pz in M. Xz < a)=1 — exp (— ax1)))
using assms erlang-distributed-iff [of | X 0] by (auto simp: erlang-CDF-0)

lemma (in prob-space) exponential-distributed-expectation:
0 < | = distributed M lborel X (exponential-density ) = expectation X = 1
/1

using erlang-ith-momentlof | X 0 1] by simp

lemma exponential-density-nonneg: 0 < | = 0 < exponential-density | x
by (auto simp: exponential-density-def)

lemma (in prob-space) exponential-distributed-min:

assumes 0 < 10 < u

assumes expX: distributed M lborel X (exponential-density 1)

assumes expY: distributed M lborel Y (exponential-density u)

assumes ind: indep-var borel X borel Y

shows distributed M lborel (Az. min (X x) (Y z)) (exponential-density (I + u))
proof (subst exponential-distributed-iff, safe)



THEORY “Distributions” 206

have randX: random-variable borel X

using expX <0 < Iy by (simp add: exponential-distributed-iff)
moreover have randY: random-variable borel Y

using expY <0 < w by (simp add: exponential-distributed-iff)
ultimately show random-variable borel (Az. min (X x) (Y z)) by auto

show 0 <1+ u
using <0 < b <0 < w» by auto

fix a::real assume afarith]: 0 < a

have gt1[simp]: P(zin M. a < Xz ) = exp (— a * 1)
by (rule exponential-distributedD-gt[OF expX a)) fact

have gt2[simp]: P(zin M. a < Yz )= exp (— a % u)
by (rule exzponential-distributedD-gt[OF expY a]) fact

have P(zin M. a < (min (X z) (Yz)) )= PlzinM.a< (Xz)ANa<(Yx))
by (auto intro!:arg-cong[where f=prob))

also have .= P(zin M. a < (Xz)) *x Plxin M. a< (Y z))
using prob-indep-random-variable] OF ind, of {a <..} {a <..}] by simp
also have ... = exp (— a * (I + u)) by (auto simp:field-simps mult-exp-exp)

finally have indep-prob: P(z in M. a < (min (X z) (Yz)) ) =exp (—ax* (I +

have {z € space M. (min (X z) (Y z)) <a } = (space M — {z € space M.
a<(min (X z) (Yz)) })
by auto
then have 1 — prob {z € space M. a < (min (X z) (Y z))} = prob {z € space
M. (min (X z) (Y2)) < a}
using randX randY by (auto simp: prob-compl)
then show prob {z € space M. (min (X z) (Yz)) <a}=1—exp(—ax (I +
w))
using indep-prob by auto
qed

lemma (in prob-space) exponential-distributed-Min:

assumes finl: finite I

assumes A: I # {}

assumes It N\i.ie€ ] = 0<1li

assumes expX: Ni. i € I = distributed M lborel (X i) (ezponential-density (I
)

assumes ind: indep-vars (Ai. borel) X I

shows distributed M lborel (A\x. Min ((Ai. X { z)‘I)) (exponential-density (> i€l.
L))
using assms
proof (induct rule: finite-ne-induct)

case (singleton i) then show Zcase by simp
next

case (insert i I)
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then have distributed M lborel (Ax. min (X i z) (Min (\i. X ix)I))) (exponential-density
(li+ Ooiel. 11)))
by (intro exponential-distributed-min indep-vars-Min insert)
(auto intro: indep-vars-subset sum-pos)
then show ?case
using insert by simp
qed

lemma (in prob-space) exponential-distributed-variance:
0 < 1 = distributed M lborel X (exponential-density ) = variance X = 1 ] I?
using erlang-distributed-variance[of | X 0] by simp

lemma nn-integral-zero’: AEzin M. fz =0 = ([Tz. fz OM) =0
by (simp cong: nn-integral-cong-AFE)

lemma convolution-erlang-density:
fixes k1 ko :: nat
assumes [simp, arith]: 0 <l
shows (A\z. [ Ty. ennreal (erlang-density k1 | (z — y)) * ennreal (erlang-density
ko 1 y) Olborel) =
(erlang-density (Suc k1 + Suc ko — 1) 1)
(is 2LHS = ?RHS)
proof
fix z :: real
have x < 0V 0 < x
by arith
then show ?LHS © = ?RHS x
proof
assume z < ( then show ?thesis
apply (subst nn-integral-zero”)
apply (rule AE-I[where N={0}])
apply (auto simp add: erlang-density-def not-less)
done
next
note zero-le-mult-iff [simp)] zero-le-divide-iff [simp]

have I-eq1: integral™ lborel (erlang-density (Suc ki + Suc ke — 1) 1) = 1
using nn-integral-erlang-ith-moment[of | Suc k1 + Suc ko — 1 0] by (simp
del: fact-Suc)

have 1: ([T z. ennreal (erlang-density (Suc k1 + Suc ko — 1) | z * indicator
{0<..} z) Olborel) = 1
apply (subst I-eql [symmetric])
unfolding erlang-density-def
by (auto introl: nn-integral-cong split:split-indicator)

have prob-space (density lborel LHS)
by (intro prob-space-convolution-density)
(auto introl: prob-space-erlang-density erlang-density-nonneg)
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then have 2: integral™¥ Iborel ?LHS = 1
by (auto dest!: prob-space.emeasure-space-1 simp: emeasure-density)

let 71 = (integral™ Iborel (\y. ennreal ((1 — y) " ki * y ko * indicator {0..1}
v))

let 2C = (fact (Suc (k1 + k2))) / ((fact k1) = (fact k2))

let ?s = Suc k1 + Suc ko — 1

let ?L = (\z. [ Ty. ennreal (erlang-density ki | (z— y) * erlang-density ko 1 y
x indicator {0..x} y) Olborel)

{ fix z :: real assume [arith]: 0 < z
have x: Az yn. (r — yxazrea) n=xnx (1 —y)™n
unfolding power-mult-distrib[symmetric] by (simp add: field-simps)

have ?LHS x = ?L z
unfolding erlang-density-def
by (auto intro!: nn-integral-cong simp: ennreal-mult split:split-indicator)
also have ... = (Az. ennreal ?C % ?I x erlang-density ?s l z) x
apply (subst nn-integral-real-affine[where c=z and t = 0])
apply (simp-all add: nn-integral-cmult[symmetric] nn-integral-multc[symmetric]
del: fact-Suc)
apply (intro nn-integral-cong)
apply (auto simp add: erlang-density-def mult-less-0-iff exp-minus field-simps
exp-diff power-add *
ennreal-mult[symmetric)
simp del: fact-Suc split: split-indicator)
done
finally have ([ Ty. ennreal (erlang-density ki | (z — y) * erlang-density ko
l y) Olborel) =
(Az. ennreal ?C % ?I % erlang-density s | z) =
by (simp add: ennreal-mult) }
note x = this

assume [arith]: 0 < z
have 3: 1 = integral™ lborel (\za. ?LHS za * indicator {0<..} za)
by (subst 2[symmetric])
(auto introl: nn-integral-cong-AE AE-I[where N={0}]
simp: erlang-density-def nn-integral-multc[symmetric| indicator-def
split: if-split-asm,)
also have ... = integral™ lborel (A\z. (ennreal (?C) * ?I)  ((erlang-density ?s
[ z) = indicator {0<..} z))
by (auto intro!: nn-integral-cong simp: ennreal-mult[symmetric] * split: split-indicator)
also have ... = ennreal (?C) * ?I
using 1
by (auto simp: nn-integral-cmult)
finally have ennreal (¢C) % ¢?I = 1 by presburger

then show ?thesis
using * by (simp add: ennreal-mult)
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qed
qed

lemma (in prob-space) sum-indep-erlang:
assumes indep: indep-var borel X borel Y
assumes [simp, arith]: 0 <1
assumes erlX: distributed M lborel X (erlang-density ki 1)
assumes erlY: distributed M lborel Y (erlang-density ko 1)
shows distributed M lborel (A\x. X z + Y z) (erlang-density (Suc k1 + Suc ko —
)
using assms
apply (subst convolution-erlang-density[symmetric, OF <0<D)])
apply (intro distributed-convolution)
apply auto
done

lemma (in prob-space) erlang-distributed-sums:
assumes finl : finite I
assumes A: [ # {}
assumes [simp, arith]: 0 <1
assumes expX: \i. ¢ € I = distributed M lborel (X i) (erlang-density (k i) 1)
assumes ind: indep-vars (Ai. borel) X I
shows distributed M lborel (\x. Y i€l. X i z) (erlang-density ((>_i€l. Suc (k
D)~ 1))
using assms
proof (induct rule: finite-ne-induct)
case (singleton i) then show ?case by auto
next
case (insert i I)
then have distributed M lborel (A\z. (X iz) + (3. i€ I. X i z)) (erlang-density
(Suc (ki) + Suc (OJi€l. Suc (ki) — 1) — 1) 1)
by (intro sum-indep-erlang indep-vars-sum) (auto intro!: indep-vars-subset)
also have (Az. (X iz) + (O ie I. X ix)) = (A\z. > i€insert i I. X i x)
using insert by auto
also have Suc(k i) + Suc ((>_i€l. Suc (ki) — 1) — 1 = (D ic€insert i I.
Suc (k1)) — 1
using insert by (auto introl: Suc-pred simp: ac-simps)
finally show ?case by fast
qed

lemma (in prob-space) exponential-distributed-sum:
assumes finl: finite I
assumes A: [ # {}
assumes [: 0 < I
assumes expX: \i. ¢ € I = distributed M lborel (X i) (exponential-density I)
assumes ind: indep-vars (Ai. borel) X I
shows distributed M lborel (Az. Y i€l. X i x) (erlang-density ((card I) — 1) 1)
using erlang-distributed-sum[OF assms] by simp
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lemma (in information-space) entropy-exponential:
assumes [[simp, arith]: 0 < |
assumes D: distributed M lborel X (exponential-density [)
shows entropy b lborel X = log b (exp 1 /1)
proof —
have [simp]: integrable lborel (exponential-density l)
using distributed-integrable]OF D, of A-. 1] by simp

have [simp]: integral® Iborel (exponential-density [) = 1
using distributed-integral|OF D, of A-. 1] by (simp add: prob-space)

have [simp]: integrable lborel (Az. exponential-density | x * x)
using erlang-ith-moment-integrable]OF | D, of 1] distributed-integrable]OF D,
of Azx. z] by simp

have [simp]: integral” lborel (Az. exponential-density |z x x) = 1 /1
using erlang-ith-moment[OF 1 D, of 1] distributed-integral|OF D, of Az. z] by
stmp

have entropy b lborel X = — ([ z. exponential-density | z x log b (exponential-density
[ z) Olborel)
using D by (rule entropy-distr) simp
also have ([ z. exponential-density | z * log b (ezponential-density | ) dlborel)

(| z. (Inl = exponential-density | © — 1 * (exponential-density | = x)) / In b
dlborel)
by (intro Bochner-Integration.integral-cong) (auto simp: log-def In-mult expo-
nential-density-def field-simps)
alsohave ... =(Inl—-1)/Inbd
by simp
finally show ?thesis
by (simp add: log-def In-div) (simp add: field-split-simps)
qed

13.3 Uniform distribution

lemma uniform-distrl:
assumes X: X € measurable M M’
and A: A € sets M’ emeasure M’ A # oo emeasure M’ A £ 0
assumes distr: \B. B € sets M' = emeasure M (X —‘ B N space M) =
emeasure M’ (A N B) / emeasure M’ A
shows distr M M’ X = uniform-measure M’ A
unfolding uniform-measure-def
proof (intro measure-eql)
let ?f = Az. indicator A x / emeasure M’ A
fix B assume B: B € sets (distr M M’ X)
with X have emeasure M (X —‘ B N space M) = emeasure M’ (A N B) /
emeasure M’ A
by (simp add: distr[of B] measurable-sets)
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also have ... = (1 / emeasure M' A) x emeasure M' (A N B)
by (simp add: divide-ennreal-def ac-simps)

also have ... = ([ " z. (1 / emeasure M’ A) * indicator (A N B) z OM)
using A B
by (intro nn-integral-cmult-indicator[symmetric]) (auto introl: )

also have ... = ([ z. ?f z x indicator B x OM)

by (rule nn-integral-cong) (auto split: split-indicator)
finally show emeasure (distr M M' X) B = emeasure (density M' ?f) B
using A B X by (auto simp add: emeasure-distr emeasure-density)
qged simp

lemma uniform-distrl-borel:
fixes A :: real set
assumes X[measurable]: X € borel-measurable M and A: emeasure lborel A =
ennreal v 0 < 7
and [measurable]: A € sets borel
assumes distr: N\a. emeasure M {x€space M. X © < a} = emeasure lborel (A N
{oa}) )
shows distributed M lborel X (Az. indicator A x | measure lborel A)
proof (rule distributedI-borel-atMost)
let ?f = Az. 1 / r x indicator A z
fix a
have emeasure lborel (A N {..a}) < emeasure lborel A
using A by (intro emeasure-mono) auto
also have ... < o0
using A by simp
finally have fin: emeasure lborel (A N {..a}) # top
by simp
from emeasure-eq-ennreal-measure[OF this)
have fin-eq: emeasure lborel (A N {..a}) / r = ennreal (measure lborel (A N
{ea}) / 7)
using A by (simp add: divide-ennreal measure-nonneg)
then show emeasure M {z€space M. X x < a} = ennreal (measure lborel (A N

{-a}) /1)

using distr by simp

have ([ z. ennreal (indicator A x | measure lborel A x indicator {..a} z)
Olborel) =
(J " z. ennreal (1 |/ measure lborel A) * indicator (A N {..a}) z Olborel)
by (auto introl: nn-integral-cong split: split-indicator)
also have ... = ennreal (1 / measure lborel A) * emeasure lborel (A N {..a})
using <A € sets borel)
by (intro nn-integral-cmult-indicator) (auto simp: measure-nonneg)
also have ... = ennreal (measure lborel (A N {..a}) / r)
unfolding emeasure-eq-ennreal-measure| OF fin] using A
by (simp add: measure-def ennreal-mult’[symmetric))
finally show ([t z. ennreal (indicator A x / measure lborel A x indicator {..a}
z) Olborel) =
ennreal (measure lborel (A N {..a}) / r) .
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qed (auto simp: measure-nonneqg)

lemma (in prob-space) uniform-distrl-borel-atLeastAtMost:
fixes a b :: real
assumes X: X € borel-measurable M and a < b
assumes distr: A\t. a <t =t < b= PlzinM. Xz <t)=(t—a)/ (b—
)
shows distributed M lborel X (Az. indicator {a..b} x / measure lborel {a..b})
proof (rule uniform-distrl-borel)
fix t
havet<aV (a<tAt<bVb<t
by auto
then show emeasure M {z€space M. X © < t} = emeasure lborel ({a .. b} N
{-13) / (b —a)
proof (elim disjE conjE)
assume ¢ < a
then have emeasure M {z€space M. X © < t} < emeasure M {z€space M. X
z < a}
using X by (auto intro!: emeasure-mono measurable-sets)
also have ... =0
using distr[of a] <a < b> by (simp add: emeasure-eq-measure)
finally have emeasure M {z€space M. X z < t} = 0
by (simp add: antisym measure-nonneq)
with «t < a> show ?thesis by simp
next
assume bnds: a < tt <b
have {a..b} N {..t} = {a..t}
using bnds by auto
then show ?thesis using a < ¢ <a < b
using distr[OF bnds] by (simp add: emeasure-eq-measure divide-ennreal)
next
assume b < t
have 1 = emeasure M {z€space M. X x < b}
using distr[of b] <a < by by (simp add: one-ennreal-def emeasure-eq-measure)
also have ... < emeasure M {x€space M. X z < t}
using X <b < & by (auto introl: emeasure-mono measurable-sets)
finally have emeasure M {z€space M. X x < t} = 1
by (simp add: antisym emeasure-eq-measure)
with <b < t) <a < b> show ?Zthesis by (simp add: measure-def divide-ennreal)
qed
qed (insert X <a < b, auto)

lemma (in prob-space) uniform-distributed-measure:

fixes a b :: real

assumes D: distributed M lborel X (Az. indicator {a .. b} = / measure lborel {a
. b})

assumes t: a < tt<b

shows P(zin M. Xz <t)=(t —a)/ (b— a)
proof —
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have emeasure M {z € space M. X x < t} = emeasure (distr M lborel X) {.. t}
using distributed-measurable[OF D]
by (subst emeasure-distr) (auto introl: arg-cong2|where f=emeasure))
also have ... = ([ Tz. ennreal (1 / (b — a)) * indicator {a .. t} = Dlborel)
using distributed-borel-measurable]OF D] <a < t» <t < b
unfolding distributed-distr-eq-density[ OF D]
by (subst emeasure-density)
(auto introl: nn-integral-cong simp: measure-def split: split-indicator)
also have ... = ennreal (1 / (b — a)) * (t — a)
using <a < O «t < b
by (subst nn-integral-cmult-indicator) auto
finally show ?thesis
using t by (simp add: emeasure-eq-measure ennreal-mult'’[symmetric] mea-
sure-nonneg)
qed

lemma (in prob-space) uniform-distributed-bounds:
fixes a b :: real
assumes D: distributed M lborel X (Az. indicator {a .. b} x |/ measure lborel {a
. b))
shows a < b
proof (rule ccontr)
assume - a < b
then have {a .. b} = {} V {a .. b} = {a .. a} by simp
with uniform-distributed-params[OF D] show False
by (auto simp: measure-def)
qged

lemma (in prob-space) uniform-distributed-iff:
fixes a b :: real
shows distributed M lborel X (Az. indicator {a..b} x / measure lborel {a..b}) +—
(X € borel-measurable M N a < b A (Vte{a .. b}. P(zin M. Xz < t)= (t —
W/ (b~ a)
using
uniform-distributed-bounds[of X a b]
uniform-distributed-measure[of X a b]
distributed-measurable[of M lborel X)|
by (auto intro!: uniform-distrI-borel-atLeastAtMost simp del: content-real-if)

lemma (in prob-space) uniform-distributed-ezpectation:

fixes a b :: real

assumes D: distributed M lborel X (A\z. indicator {a .. b} x / measure lborel {a
. b})

shows expectation X = (a + b) / 2
proof (subst distributed-integral]OF D, of Ax. x, symmetric])

have a < b

using uniform-distributed-bounds[OF D] .

have ([ z. indicator {a .. b} = / measure lborel {a .. b} * x Olborel) =
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(| z. (z / measure lborel {a .. b}) * indicator {a .. b} x dlborel)
by (intro Bochner-Integration.integral-cong) auto
also have ([ z. (z / measure lborel {a .. b}) * indicator {a .. b} x dlborel) =
(a+10)/2
proof (subst integral-FTC-Icc-real)
fix z
show DERIV (A\z. 2% / (2 * measure lborel {a..b})) x :> x / measure lborel
{a..b}
using uniform-distributed-params|OF D]
by (auto intro!: derivative-eg-intros simp del: content-real-if )
show isCont (A\z. x / Sigma-Algebra.measure lborel {a..b})
using uniform-distributed-params|OF D]
by (auto intro!: isCont-divide)
have x: b2 / (2 * measure lborel {a..b}) — a® / (2 * measure lborel {a..b}) =
(bxb — axa) / (2 % (b— a))
using a < b
by (auto simp: measure-def power2-eq-square diff-divide-distrib[symmetric])
show b2 / (2 % measure lborel {a..b}) — a® / (2 x measure lborel {a..b}) = (a
+b)/2
using <a < b
unfolding * square-diff-square-factored by (auto simp: field-simps)
qed (insert <a < by, simp)
finally show ([ z. indicator {a .. b} = / measure lborel {a .. b} * z Olborel) =
(a+0)/ 2.
qed (auto simp: measure-nonneq)

lemma (in prob-space) uniform-distributed-variance:
fixes a b :: real
assumes D: distributed M lborel X (Az. indicator {a .. b} = / measure lborel {a
. b})
shows variance X = (b — a)? / 12
proof (subst distributed-variance)
have [arith]: a < b using uniform-distributed-bounds[OF D] .
let i = expectation X let ?D = Az. indicator {a..b} (z + ?u) / measure lborel
{a..b}
have ([ z. 2? * (2D z) Olborel) = ([ z. 2 * (indicator {a — ?u .. b — %u} z) /
measure lhorel {a .. b} Olborel)
by (intro Bochner-Integration.integral-cong) (auto split: split-indicator)
also have ... = (b — a)? / 12
by (simp add: integral-power uniform-distributed-expectation| OF D])
(simp add: eval-nat-numeral field-simps )
finally show ([ z. 2? * ¢D x Olborel) = (b — a)* / 12 .
qed (auto intro: D simp del: content-real-if)

13.4 Normal distribution

definition normal-density :: real = real = real = real where
normal-density p o x = 1 / sqrt (2 * pi * 02) * exp (—(z — p)?/ (2 * 0?))
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abbreviation std-normal-density :: real = real where
std-normal-density = normal-density 0 1

lemma std-normal-density-def: std-normal-density x = (1 / sqrt (2 = pi)) * exp
(— a2/ 2)

unfolding normal-density-def by simp

lemma normal-density-nonneg[simp]: 0 < normal-density p o x
by (auto simp: normal-density-def)

lemma normal-density-pos: 0 < 0 => 0 < normal-density 1 o
by (auto simp: normal-density-def)

lemma borel-measurable-normal-density[measurable]: normal-density p o € borel-measurable
borel
by (auto simp: normal-density-def[abs-def])

lemma gaussian-moment-0:

has-bochner-integral lborel (Az. indicator {0..} = xp exp (— z2)) (sqrt pi | 2)
proof —

let ?pf = \f. ([ Ts. f (s:real) * indicator {0..} s dlborel)

let ?gauss = A\z. exp (— z?)

let ?I = indicator {0<..} :: real = real
let ?ff= Az s. z * exp (— 2% x (I + §?)) :: real

have x: ?pI ?gauss = ([ Tx. gauss z x ?I x Olborel)
by (intro nn-integral-cong-AE AE-Ilwhere N={0}]) (auto split: split-indicator)

have ?pI ?gauss * ?pl ?gauss = ([ VY. [ts. 2gauss © x Pgauss s x 2 s x 2] x
dlborel dlborel)
by (auto simp: nn-integral-cmult[symmetric] nn-integral-multc[symmetric]
ennreal-mult[symmetric|
introl: nn-integral-cong split: split-indicator)
also have ... = ([Tz. [Ts. 2ffz s« 21 s 2] x Dlborel Dlborel)
proof (rule nn-integral-cong, cases)
fix = :: real assume = # 0
then show ([ *s. Zgauss = % ?gauss s x ?I s x 21 x Qlborel) = ([ Ts. 2ff z s *
?I s « 71 x Olborel)
by (subst nn-integral-real-affine[where t=0 and c=x])
(auto simp: mult-exp-exp nn-integral-cmult[symmetric| field-simps zero-less-mult-iff
ennreal-mult]symmetric]
intro!: nn-integral-cong split: split-indicator)
qed simp
also have ... = [Ts. [Ta. 2ff s x 21 s x 21  Olborel Dlborel
by (rule lborel-pair. Fubini'[symmetric]) auto
also have ... = ?pI (As. ?pI (Az. ?ff z s))
by (rule nn-integral-cong-AE)
(auto introl: nn-integral-cong-AE AE-I[lwhere N={0}] split: split-indicator-asm)
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also have ... = ?pI (\s. ennreal (1 / (2 * (1 + s%))))

proof (intro nn-integral-cong ennreal-mult-right-cong)
fix s :: real show ?pl (A\z. ?ff z s) = ennreal (1 / (2 * (1 + s%)))
proof (subst nn-integral-FTC-atLeast)

have ((Aa. — (exp (— (a®> x (1 + )/ (2 + 2 % ) —— (— (0 / (2 +
2 % 5%)))) at-top

apply (intro tendsto-intros filterlim-compose| OF exp-at-bot] filterlim-compose[OF
filterlim-uminus-at-bot-at-top))
apply (subst mult.commute)
apply (auto introl: filterlim-tendsto-pos-mult-at-top
filterlim-at-top-mult-at-top| OF filterlim-ident filterlim-ident]
stmp: add-pos-nonneg power2-eq-square add-nonneg-eq-0-iff)
done
then show ((Aa. — (exp (— a® — %> x a®) / (2 + 2 * s?))) —— 0) at-top
by (simp add: field-simps)
qed (auto intro!: derivative-eq-intros simp: field-simps add-nonneg-eq-0-iff)
qed
also have ... = ennreal (pi / 4)
proof (subst nn-integral-F'TC-atLeast)
show ((Aa. arctan a | 2) —— (pi / 2) /] 2) at-top
by (intro tendsto-intros) (simp-all add: tendsto-arctan-at-top)
qed (auto intro!: derivative-eg-intros simp: add-nonneg-eq-0-iff field-simps power2-eg-square)
finally have ?pl ?gauss™2 = pi / 4
by (simp add: power2-eq-square)
then have ?pl ?gauss = sqrt (pi / 4)
using power-eq-iff-eq-base[of 2 enn2real (?pl ?gauss) sqrt (pi | 4)]
by (cases ?pI ?gauss) (auto simp: power2-eq-square ennreal-mult[symmetric]
ennreal-top-mult)
also have ?pI ?gauss = ([ Tx. indicator {0..} z xp exp (— z%) dlborel)
by (intro nn-integral-cong) (simp split: split-indicator)
also have sqrt (pi / 4) = sqrt pi | 2
by (simp add: real-sqrt-divide)
finally show ?thesis
by (rule has-bochner-integral-nn-integral[rotated 3))
auto
qed

lemma gaussian-moment-1:

has-bochner-integral lborel (Az::real. indicator {0..} x *g (exp (— z%) * z)) (1 /
2)
proof —
have ([ *z. indicator {0..} z xg (exp (— 2?) * z) dlborel) =
(J *z. ennreal (z x exp (— z?)) * indicator {0..} z dlborel)
by (intro nn-integral-cong)
(auto simp: ac-simps split: split-indicator)
also have ... = ennreal (0 — (— exp (— 0%) ] 2))
proof (rule nn-integral-FTC-atLeast)
have ((Az::real. — exp (— 22) / 2) —— — 0 / 2) at-top
by (intro tendsto-divide tendsto-minus filterlim-compose| OF exp-at-bot]
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filterlim-compose[ OF filterlim-uminus-at-bot-at-top]
filterlim-pow-at-top filterlim-ident)

auto
then show ((Aa:real. — exp (— a?) / 2) —— 0) at-top
by simp
qed (auto introl: derivative-eq-intros)
also have ... = ennreal (1 / 2)
by simp

finally show ?thesis
by (rule has-bochner-integral-nn-integral[rotated 3))
(auto split: split-indicator)
qed

lemma
fixes k :: nat
shows gaussian-moment-even-pos:
has-bochner-integral lborel (Ax::real. indicator {0..} = xg (exp (—z?)*xx (2 *
B)
((sqrt pi | 2) = (fact (2 % k) / (2 7 (2 * k) = fact k)))
(is “even)
and gaussian-moment-odd-pos:
has-bochner-integral lborel (Az::real. indicator {0..} = xr (exp (—z?)*z (2 *
k+ 1)) (factk | 2)
(is Zodd)
proof —
let ?M = Mk x. exp (— %) * 27k = real

{ fix k I assume Mk: has-bochner-integral lborel (Az. indicator {0..} x xg ?M k
x) I
have 2 # (0::real)
by linarith
let ?f = Ab. [ z. indicator {0..} x xg ?M (k + 2) z = indicator {..b} x dlborel
have ((Ab. (k + 1) / 2 = ([ z. indicator {..b} z *g (indicator {0..} = xr ?M
k x) Olborel) — ?M (k+ 1) b/ 2) —
(k+ 1)/ 2 x ([ z. indicator {0..} z xg ?M k z dlborel) — 0 / 2) at-top
(is ?tendsto)
proof (intro tendsto-intros <2 # 0> tendsto-integral-at-top sets-lborel Mk|THEN
integrable.intros))
show (?M (k + 1) —— 0) at-top
proof cases
assume cven k
have ((A\z. ((22) (k div 2 + 1) / exp (2%)) * (1 / z) :: real) —— 0 * 0)
at-top
by (intro tendsto-intros tendsto-divide-0[ OF tendsto-const] filterlim-compose| OF
tendsto-power-div-exp-0]
filterlim-at-top-imp-at-infinity filterlim-ident filterlim-pow-at-top
filterlim-ident)
auto
also have (A\z. ((z2) (k div 2 + 1) / exp (22)) * (1 / z) = real) = ?M (k
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+ 1)
using <even k» by (auto simp: fun-eq-iff exp-minus field-simps power2-eq-square
power-mult elim: evenkE)
finally show ?thesis by simp
next
assume odd k
have ((A\z. ((z2) ((k — 1) div 2 + 1) / exp (2?)) :: real) — 0) at-top
by (intro filterlim-compose| OF tendsto-power-div-exp-0] filterlim-at-top-imp-at-infinity
filterlim-ident filterlim-pow-at-top)
auto
also have (\z. ((22) ((k — 1) div 2 + 1) / exp (z?)) :: real) = ?M (k + 1)
using <odd k» by (auto simp: fun-eq-iff exp-minus field-simps power2-eq-square
power-mult elim: oddFE)
finally show ?thesis by simp
qed
qed
also have ?tendsto «— ((9f —— (k + 1) / 2 * ([ z. indicator {0..} z xp
M k x Olborel) — 0 / 2) at-top)
proof (intro filterlim-cong refl eventually-at-top-linorder| THEN iffD2] exI|of -
0] alll impl)
fix b :: real assume b: 0 < b
have Suc k = ([ z. indicator {0..b} z xg ?M k x dlborel) = ([ x. indicator
{0..b} = xp (exp (— 22) * ((Suc k) * © " k)) Olborel)
unfolding integral-mult-right-zero[symmetric] by (intro Bochner-Integration.integral-cong)
auto
also have ... = exp (— b?) * b " (Suc k) — exp (— 0%) * 0 ~ (Suc k) —
([ z. indicator {0..b} z xg (— 2 * z * exp (— %) * = ~ (Suc k)) dlborel)
by (rule integral-by-parts’)
(auto intro!: derivative-eg-intros b
simp: diff-Suc of-nat-Suc field-simps split: nat.split)
also have ... = exp (— b?) x b ~ (Suc k) — ([ z. indicator {0..b} z xp (— 2
* (exp (— 2%) * z = (k + 2))) Olborel)
by (auto simp: intro!: Bochner-Integration.integral-cong)
also have ... = exp (— b%) * b ~ (Suc k) + 2 ([ z. indicator {0..b} z *g
M (k + 2) z Olborel)
unfolding Bochner-Integration.integral-mult-right-zero [symmetric]
by (simp del: real-scaleR-def)
finally have Suc k ([ z. indicator {0..b} z xg ?M k x dlborel) =
exp (— %) * b " (Suc k) + 2 * ([ z. indicator {0..b} z xg ?M (k + 2) z
Olborel) .
then show (k + 1) / 2 % ([ z. indicator {..b} z xg (indicator {0..} x xr ?M
k z)0lborel) — exp (— b?) x b ~(k+ 1)/ 2= ?fb
by (simp add: field-simps atLeastAtMost-def indicator-inter-arith)
qed
finally have int-M-at-top: ((?f —— (k + 1) / 2 * ([ z. indicator {0..} z *g
M k x Olborel)) at-top)
by simp

have has-bochner-integral lborel (Az. indicator {0..} © xg ?M (k + 2) z) ((k
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+1)/2x1)
proof (rule has-bochner-integral-monotone-convergence-at-top)
fix y :: real
have x: (\x. indicator {0..} © xg ?M (k + 2) = * indicator {..y} z:real) =
(Az. indicator {0..y} z xg ?M (k + 2) x)
by rule (simp split: split-indicator)
show integrable lborel (Az. indicator {0..} = xg (?M (k + 2) z) * indicator
{..y} z::real)
unfolding * by (rule borel-integrable-compact) (auto introl: continu-
ous-intros)
show ((9f —— (k+ 1)/ 2 = I) at-top)
using int-M-at-top has-bochner-integral-integral-eqOF Mk] by simp
qed (auto split: split-indicator) }
note step = this

show Zeven
proof (induct k)
case (Suc k)
note step[OF this]
also have (real (2 x k+ 1)/ 2 x (sqrt pi / 2 x ((fact (2 x k)) / ((2::real) (2xk)
* fact k)))) =
sqrt pi | 2 % ((fact (2 x Suc k)) / ((2::real) (2 * Suc k) * fact (Suc k)))
apply (simp add: field-simps del: fact-Suc)
apply (simp add: of-nat-mult field-simps)
done
finally show “case
by simp
qed (insert gaussian-moment-0, simp)

show ?odd
proof (induct k)
case (Suc k)
note step[OF this]
also have (real (2 x k+ 1 + 1) / (2::real) * ((fact k) / 2)) = (fact (Suc k))
/ 2
by (simp add: field-simps of-nat-Suc field-split-simps del: fact-Suc) (simp add:
field-simps)
finally show Zcase

by simp
qed (insert gaussian-moment-1, simp)
qed
context
fixes k :: nat and p o :: real assumes [arith]: 0 < o
begin

lemma normal-moment-even:
has-bochner-integral lborel (Axz. normal-density p o © x (x — p) ~ (2 * k)) (fact
(2 xk)/((2) 07k * fact k))



THEORY “Distributions” 220

proof —
have eq: A\z::real. 72k = (27k)?
by (simp add: power-mult[symmetric] ac-simps)

have has-bochner-integral lborel (\z. exp (—z2)xz (2 * k))
(sqrt pi = (fact (2 x k) / (2 " (2 x k) x fact k)))
using has-bochner-integral-even-function| OF gaussian-moment-even-pos[where
k=k]] by simp
then have has-bochner-integral lborel (\z. (exp (—z?)xx (2 * k)) * ((2%02) 7k /
sqrt (2 * pi x 02)))
((sqrt pi = (fact (2 x k) / (2 ~(2 % k) * fact k))) * ((2x0%) "k / sqrt (2 * pi
x0%)))
by (rule has-bochner-integral-mult-left)
also have (\z. (exp (—22)xz (2 * k)) * ((2%x0%) 7k / sqrt (2 * pi * 0?))) =
(Az. exp (— ((sqrt 2 * o) * 2)? | (2%02)) * ((sqrt 2 o) x x) ~ (2 = k) / sqrt
(2 * pi x 0?))
by (auto simp: fun-eq-iff field-simps real-sqrt-power|[symmetric| real-sqrt-mult
real-sqrt-divide power-mult eq)
also have ((sqrt pi x (fact (2 x k) / (2 ~(2 * k) = fact k))) = ((2%02) 7k / sqrt
(2 + pi % 02)) =
(inverse (sqrt 2 * o) * ((fact (2 * k))) / ((2/0?) "k x (fact k)))
by (auto simp: fun-eq-iff power-mult field-simps real-sqrt-power|[symmetric]
real-sqrt-mult
power2-eq-square)
finally show ?thesis
unfolding normal-density-def
by (subst lborel-has-bochner-integral-real-affine-iff[where c=sqrt 2 x o and
t=p]) simp-all
qed

lemma normal-moment-abs-odd:
has-bochner-integral lborel (Axz. normal-density p o x % |z — u| (2 xk+ 1)) (27k
x 0 (2% k+ 1) * fact k = sqrt (2 / pi))
proof —
have has-bochner-integral lborel (Az::real. indicator {0..} z *r (exp (—22)*|z| (2
xk+ 1)) (fact k / 2)
by (rule has-bochner-integral-cong| THEN iffD1, OF - - - gaussian-moment-odd-pos|of
K]]) auto
from has-bochner-integral-even-function|OF this|
have has-bochner-integral lborel (Az::real. exp (—z%)*|z| (2 x k + 1)) (fact k)
by simp
then have has-bochner-integral lborel (M\z. (exp (—22)x|z| (2 * k + 1)) * (27k
x o (2+k+ 1)/ sqrt (pi x 0?)))
(fact k * (27k x 0 (2 x k + 1) / sqrt (pi * 02)))
by (rule has-bochner-integral-mult-left)
also have (Az. (exp (—2®)*|z| (2 x k + 1)) * (2 kxc (2 x k + 1) / sqrt (pi
‘%)) =
(Az. exp (— (((sqrt 2 x o) x 2)% /| (2 x 0%))) * |sqrt 2 x o x x| " (2 x k + 1)
/ sqrt (2 x pi * 0?))
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by (simp add: field-simps abs-mult real-sqrt-power|symmetric] power-mult real-sqri-mult)
also have (fact k x (27 k x 0 (2 x k + 1) / sqrt (pi * 0%))) =
(inverse (sqrt 2) * inverse o x (2 "k * (o x o ~ (2 * k)) * (fact k) % sqrt (2 /
pi)))
by (auto simp: fun-eq-iff power-mult field-simps real-sqrt-power|[symmetric]
real-sqrt-divide
real-sqrt-mult)
finally show ?thesis
unfolding normal-density-def
by (subst lborel-has-bochner-integral-real-affine-iff[where c=sqrt 2 x o and
t=n])
simp-all
qed

lemma normal-moment-odd:
has-bochner-integral lborel (Ax. normal-density pn o« x (x — p) (2 xk+ 1)) 0
proof —
have has-bochner-integral lborel (Az. exp (— 22) * (2 * k + 1)::real) 0
using gaussian-moment-odd-pos by (rule has-bochner-integral-odd-function)
stmp
then have has-bochner-integral lborel (A\z. (exp (—2?)xx (2 * k + 1)) * (2 kxo (2xk)/sqrt

pi))
(0 + (27hso"(25k)/sqrt pi)
by (rule has-bochner-integral-mult-left)
also have (\z. (exp (—2?)xz (2 * k + 1))
(Az. exp (— ((sqrt 2 * o * z)? / (2 x 0?))
(sqrt 2 x o x x x (sqrt 2 x o x z) ~ (
sqrt (2 * pi * 02))
unfolding real-sqrt-mult
by (simp add: field-simps abs-mult real-sqrt-power|[symmetric] power-mult fun-eq-iff )
finally show ?thesis
unfolding normal-density-def
by (subst lborel-has-bochner-integral-real-affine-iff [ where c=sqrt 2 x ¢ and
t=pl) simp-all
qed

(27kxo (2xk)/sqrt pi)) =

K

lemma integral-normal-moment-even:

integral” lborel (Az. normal-density p o z * (v — p) (2 * k)) = fact (2 * k) /
(2 / 0®) 7k * fact k)

using normal-moment-even by (rule has-bochner-integral-integral-eq)

lemma integral-normal-moment-abs-odd:

integral” lborel (Az. normal-density p o z * |v — p| (2 k+ 1)) =2 " k*xo
(2 xk+ 1) * fact k * sqrt (2 ] pi)

using normal-moment-abs-odd by (rule has-bochner-integral-integral-eq)

lemma integral-normal-moment-odd:
integral” lborel (\z. normal-density p o x * (x — p) (2 x k+ 1)) =0
using normal-moment-odd by (rule has-bochner-integral-integral-eq)



THEORY “Distributions” 222

end

context

fixes o :: real

assumes o-posfarith]: 0 < o
begin

lemma normal-moment-nz-1: has-bochner-integral lborel (Az. normal-density p o
T K T) N
proof —

note normal-moment-even|OF o-pos, of u 0]

note normal-moment-odd|OF o-pos, of u 0] has-bochner-integral-mult-left[of w,
OF this)]

note has-bochner-integral-add[OF this]

then show ?thesis

by (simp add: power2-eq-square field-simps)

qed

lemma integral-normal-moment-nz-1:
integral” Iborel (\z. normal-density p o = * z) = p
using normal-moment-nz-1 by (rule has-bochner-integral-integral-eq)

lemma integrable-normal-moment-nz-1: integrable lborel (Az. normal-density p o
T x T)
using normal-moment-nz-1 by rule

lemma integrable-normal-moment: integrable lborel (Ax. normal-density u o x *
(2 — )W)
proof cases
assume even k then show ?thesis
using integrable.intros| OF normal-moment-even| by (auto elim: evenE)
next
assume odd k then show ?thesis
using integrable.intros| OF normal-moment-odd] by (auto elim: oddE)
qed

lemma integrable-normal-moment-abs: integrable lborel (Ax. normal-density p o x
o — k)
proof cases

assume even k then show ?thesis

using integrable.intros| OF normal-moment-even| by (auto simp add: power-even-abs
elim: evenFE)
next

assume odd k then show ?thesis

using integrable.intros| OF normal-moment-abs-odd] by (auto elim: oddE)

qed
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lemma integrable-normal-density[simp, intro]: integrable lborel (normal-density p
o)
using integrable-normal-moment|of p 0] by simp

lemma integral-normal-density[simp: ([ z. normal-density p o x dlborel) = 1
using integral-normal-moment-even[of o p 0] by simp

lemma prob-space-normal-density:
prob-space (density lborel (normal-density p o))
proof ged (simp add: emeasure-density nn-integral-eq-integral normal-density-nonneg)

end

context
fixes k :: nat
begin

lemma std-normal-moment-even:
has-bochner-integral lborel (A\z. std-normal-density v * © ~ (2 = k)) (fact (2 * k)
/ (27k * fact k))

using normal-moment-even[of 1 0 k] by simp

lemma std-normal-moment-abs-odd:

has-bochner-integral lborel (Ax. std-normal-density = = |z| (2 x k + 1)) (sqrt
(2/pi) x 27k * fact k)

using normal-moment-abs-odd[of 1 0 k] by (simp add: ac-simps)

lemma std-normal-moment-odd:
has-bochner-integral lborel (Ax. std-normal-density x x (2 x k + 1)) 0
using normal-moment-odd[of 1 0 k] by simp

lemma integral-std-normal-moment-even:

integral® Iborel (\x. std-normal-density x * x7(2xk)) = fact (2 x k) / (27k * fact
k)

using std-normal-moment-even by (rule has-bochner-integral-integral-eq)

lemma integral-std-normal-moment-abs-odd:

integral® lborel (\z. std-normal-density = || (2 * k + 1)) = sqrt (2 / pi) *
27k x fact k

using std-normal-moment-abs-odd by (rule has-bochner-integral-integral-eq)

lemma integral-std-normal-moment-odd:
integral® lborel (\z. std-normal-density z x t(2 x k + 1)) = 0
using std-normal-moment-odd by (rule has-bochner-integral-integral-eq)

lemma integrable-std-normal-moment-abs: integrable lborel (Ax. std-normal-density
x * |z| k)
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using integrable-normal-moment-abs[of 1 0 k] by simp

lemma integrable-std-normal-moment: integrable lborel (Ax. std-normal-density x
* 2 k)
using integrable-normal-moment[of 1 0 k] by simp

end

lemma (in prob-space) normal-density-affine:
assumes X: distributed M lborel X (normal-density p o)
assumes [simp, arith]: 0 < o o # 0
shows distributed M lborel (Az. B + « * X z) (normal-density (8 + a * ) (||
‘)
proof —
have eq: Az. |a| * normal-density (8 + a x p) (Ja| * o) (z * « + B) =
normal-density p o
by (simp add: normal-density-def real-sqrt-mult field-simps)
(simp add: power2-eq-square field-simps)
show ?thesis
by (rule distributed-affinel[OF - <o # 0>, where t=0)])
(simp-all add: eq X ennreal-mult’[symmetric])
qged

lemma (in prob-space) normal-standard-normal-convert:

assumes pos-var[simp, arith]: 0 < o

shows distributed M lborel X (normal-density p o) = distributed M lborel (Ax.
(X z — p) / o) std-normal-density
proof auto

assume distributed M lborel X (Az. ennreal (normal-density u o x))

then have distributed M lborel (Az. —p / o + (1/0) * X z) (Az. ennreal
(normal-density (—p / o + (1/0)x p) (|1/0| * o) z))

by (rule normal-density-affine) auto

then show distributed M lborel (A\z. (X — p) / o) (Az. ennreal (std-normal-density
7))
by (simp add: diff-divide-distrib[symmetric] field-simps)
next
assume x: distributed M lborel (Az. (X x — p) / o) (Az. ennreal (std-normal-density
7))
have distributed M lborel (A\z. p + o * (X x — p) / o)) (Az. ennreal (normal-density
p ol =)
using normal-density-affine] OF x, of o pu] by simp
then show distributed M lborel X (Az. ennreal (normal-density u o z)) by simp
qed

lemma conv-normal-density-zero-mean:

assumes [simp, arith]: 0 < o 0 < T

shows (Az. [ Ty. ennreal (normal-density 0 o (z — y) * normal-density 0 T y)
dlborel) =
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normal-density 0 (sqrt (0% + 72)) (is ?LHS = ?RHYS)
proof —
define ¢’ 7/ where ¢’ = 0? and 7/ = 7
then have [simp, arith]: 0 < o' 0 < 7’
by simp-all
let %0 = sqrt (o' x 7)) /] (6' + 7))
have sqrt: (sqrt (2 * pi x (6’ + 7)) * sqrt (2 x pi x (6’ x7") / (6" + 77))) =
(sqrt (2 = pi x ') x sqrt (2 x pi x "))
by (subst power-eq-iff-eq-base[symmetric, where n=2])
(simp-all add: real-sqrt-mult[symmetric] power2-eq-square)
have ?LHS =
(Az. [*y. ennreal((normal-density 0 (sqrt (o’ + 7')) ) * normal-density (7'
xx [/ (o' + 7)) % y) dlborel)
apply (intro ext nn-integral-cong)
apply (simp add: normal-density-def o’-def[symmetric] T'-def[symmetric] sqrt
mult-exp-exp)
apply (simp add: divide-simps power2-eq-square)
apply (simp add: algebra-simps)
done

2

also have ... =
(Az. (normal-density 0 (sqrt (0® + 72)) z) * [ *y. ennreal( normal-density (7%
z / (02 + 72)) %0 y) Olborel)
by (subst nn-integral-cmult[symmetric))
(auto simp: o’-def 7’-def normal-density-def ennreal-mult’[symmetric])

also have ... = (Az. (normal-density 0 (sqrt (0% + 72)) 1))
by (subst nn-integral-eq-integral) (auto simp: normal-density-nonneg)

finally show ?thesis by fast
qed

lemma conv-std-normal-density:
(Az. [*y. ennreal (std-normal-density (z — y) * std-normal-density y) dlborel)

(normal-density 0 (sqrt 2))
by (subst conv-normal-density-zero-mean) simp-all

lemma (in prob-space) add-indep-normal:
assumes indep: indep-var borel X borel Y
assumes pos-varfarith]: 0 < o 0 < T
assumes normalX [simp]: distributed M lborel X (normal-density p o)
assumes normalY [simp]: distributed M lborel Y (normal-density v )
shows distributed M lborel (A\z. X © + Y x) (normal-density (u + v) (sqrt (o2
+72)))
proof —
have ind[simp]: indep-var borel (Ax. — p + X ) borel (Az. — v + Y x)
proof —
have indep-var borel ( (Ax. —p + ) 0 X) borel (Az. —v +1z) 0 Y)
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by (auto intro!: indep-var-compose assms)
then show ?%thesis by (simp add: o-def)
qed

have distributed M lborel (A\x. —p + 1 x X z) (normal-density (— p + 1 * p)
(I1] * o))
by (rule normal-density-affine[OF normalX pos-var(1), of 1 —pu]) simp
then have I[simp]: distributed M lborel (A\x. — pn + X x) (normal-density 0 o)
by simp

have distributed M lborel (Az. —v + 1 = Y z) (normal-density (— v + 1 * v)
(1] % 7))
by (rule normal-density-affine] OF normalY pos-var(2), of 1 —v]) simp
then have 2[simp|: distributed M lborel (Az. — v + Y z) (normal-density 0 T)
by simp

have x: distributed M lborel (Az. (— p + X z) + (— v + Y z)) (Az. ennreal
(normal-density 0 (sqrt (o2 + 12)) 1))
using distributed-convolution|OF ind 1 2] conv-normal-density-zero-mean[OF
pos-var)
by (simp add: ennreal-mult’[symmetric] normal-density-nonneg)

have distributed M lborel Az. p+v + 1 x (—p+ Xz + (— v+ Ya)))
(Az. ennreal (normal-density (u + v + 1 % 0) (|1 * sqrt (0 + 72)) 7))
by (rule normal-density-affine[OF x, of 1 u + v]) (auto simp: add-pos-pos)

then show ?thesis by auto
qed

lemma (in prob-space) diff-indep-normal:

assumes indep[simp|: indep-var borel X borel Y

assumes [simp, arith]: 0 < o 0 < T

assumes normalX[simpl: distributed M lborel X (normal-density p o)

assumes normalY [simp|: distributed M lborel Y (normal-density v 7)

shows distributed M lborel (A\z. X © — Y z) (normal-density (u — v) (sqrt (o2
+7%))
proof —

have distributed M lborel (Ax. 0 + — 1 * Y z) (Az. ennreal (normal-density (0
+ —1xv) (|- 1| *x7) 1))

by (rule normal-density-affine, auto)

then have [simp]:distributed M lborel (Az. — Y z) (Az. ennreal (normal-density

(= v) T z)) by simp

have distributed M lborel (Az. X z + (— Y z)) (normal-density (u + — v) (sqrt
(0% +72)))
apply (rule add-indep-normal)
apply (rule indep-var-compose[unfolded comp-def, of borel - borel - Az. = - Az.
)

apply simp-all
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done
then show ?thesis by simp
qed

lemma (in prob-space) sum-indep-normal:

assumes finite I I # {} indep-vars (\i. borel) X I

assumes \i. i€ I = 0 <o i

assumes normal: N\i. i € I = distributed M lborel (X i) (normal-density (u )
(0 1)

shows distributed M lborel (Az. > i€l. X i x) (normal-density (> i€l. i) (sqrt
(i€l (o 1))

using assms
proof (induct I rule: finite-ne-induct)

case (singleton i) then show ?Zcase by (simp add : abs-of-pos)
next

case (insert i I)

then have 1: distributed M lborel (\x. (X i z) + (3 i€l. X ix))
(normal-density (i + sum p I) (sqrt ((o )% + (sqrt (3. 4€l. (o

02)2)

apply (intro add-indep-normal indep-vars-sum insert real-sqrt-gt-zero)
apply (auto intro: indep-vars-subset introl: sum-pos)

apply fastforce
done

have 2: (Az. (X iz)+ O iel. X ix)) = (Qx. (O j€insertiI. X jz))
i+ sum p I = sum p (insert i I)
using insert by auto

.)2)§1ave 3: (sqrt ((o 0)? + (sqrt (S 4€l. (o 0)?))?)) = (sqrt (> icinsert i I. (o

using insert by (simp add: sum-nonneg)

show ?Zcase using 1 2 8 by simp
qed

lemma (in prob-space) standard-normal-distributed-expectation:
assumes D: distributed M lborel X std-normal-density
shows expectation X = 0
using integral-std-normal-moment-odd|of 0]
distributed-integral| OF D, of Az. z, symmetric]
by auto

lemma (in prob-space) normal-distributed-expectation:

assumes ofarith]: 0 < o

assumes D: distri