Chapter 1

Solow Model

The Solow growth model was introduced by Robert M. Solow in 1956 and sought to explain several
consistent patterns in economic data, which seem to hold in the long term and which later in 1961
Nicholas Kaldor summarized in 6 ”stylized” facts. These 6 are therefore called Kaldor’s facts.

G1 Continued growth in the aggregate volume of production, i.e. in the long term economies
seem to grow.

G2 A continued increase in the amount of capital per worker, meaning that each employee man-
ages more and more capital.

G3 A steady rate of profit on capital, i.e. when you invest money, the average return you get on
it when discounting inflation, seems to be quite constant over time.

G4 Steady capital-output ratios over long periods, which implies the near-identity in the percent-
age rates of growth of production and of the capital stock.

G5 A steady share of profits (and of wages) in societies and periods in which the share of invest-
ment in output is constant.

G6 There are appreciable differences in the rate of growth of labour productivity and of total
output in different societies.

1.1 The Model

The model consists of output (Y;), capital (K;), labor (L;), technology (or efficiency A;), a savings
rate s, and a depreciation rate §. Later we will also introduce wages w; and interest rates on capital
7+ and a production function f that converts capital, labor, and technology into output.

In economics, time-dependent variables are typically denoted as sequences by x, instead of x(t),
which is used for functions. This saves some brackets and makes many equations much clearer. Un-
fortunately, we cannot follow this notational change here because sequences are already introduced
in 100_theorems.ftl.tex with their typical notation. Thus, denoting functions with a domain
on R in the same way as sequences will run into parsing problems. In addition, Naproche does
not have any notational rules regarding parentheses implemented. Therefore, a - b + ¢ will return
an error and must be rewritten as (a - b) + ¢. This makes the whole formalization a bit heavy on
parentheses. Despite that, one aim of this text is to show that formalizations can be done visually
quite clearly in Naproche.
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[read examples/solow/sections/7exponential.ftl.tex]
Let a point in time stand for a real number. Let ¢ denote a point in time.
Let f stand for (Df/f).
Signature 1. An output level is a differentiable real map with positive range.
Let Y denote an output level.
Signature 2. A capital stock is a differentiable real map with positive range.
Let K denote a capital stock.
Signature 3. A labor amount is a differentiable real map with positive range.
Let L denote a labor amount.
Signature 4. A labor growth rate is a nonnegative real number.
Let gL denote a labor growth rate.
Axiom 5 (labor growth rate). gL = L(t).
AL(%)

Lemma 6 (lemma gL). Tw = 9L-

Proof. gL = I:(t) = %&t)) (by labor growth rate, def div map, deriv and derivin). O
Signature 7. An efficiency level is a differentiable real map with positive range.

Let A denote an efficiency level.

Signature 8. An efficiency growth rate is a nonnegative real number.

Let gA denote an efficiency growth rate.
Axiom 9 (efficiency growth rate). g¢gA = A(t).

Lemma 10 (lemma gA). 6;}4(%) = gA.
Proof. gA = fl(t) = 81:1(%) (by efficiency growth rate, def div map, deriv and derivin). O

Signature 11. A depreciation rate is a positive real number ¢ such that § < 1.
Let 6 denote a depreciation rate.
Signature 12. A savings rate is a positive real number s such that s < 1.

Let s denote a savings rate.

The first relation we want to introduce is the capital accumulation rule. It says that the marginal
change in our capital stock depends on how much we save and how much it depreciates. If we
save more than it depreciates, our capital stock grows, while if more depreciates than is saved, our
capital stock shrinks. Formally, this means:

Axiom 13 (capital accumulation).
K () = (- Y (1) — (3 K (1)),

Next we introduce capital per efficiency unit labor k; = A?Lt' As we will see, this will be the

defining variable in this model. Properly, we would have to define k(t) := %, but because k
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then depends on K, A, and L, we would have to write kx 4,1+ as we will later do with firm profits.
Because we use k so often, we would like to suppress this extra notation. Thus, we introduce it
with a signature and by axiom. If there were two different capital stocks K, this would lead to a
contradiction[ﬂ, but we will not assume this.

Lemma 14. (A - L) is a real map with positive range and A(t) - L(t) is nonzero.
Signature 15. A capital per efficiency unit labor is a real map with positive range.
Let k denote a capital per efficiency unit labor.

Axiom 16 (def k). k= (K/(A-L)).

Lemma 17 (lemma k). k() = Aé{)(z)(t)

Proof. k(t) = (K/(A-D)(t) = s = atee

AL by def k, def div map, def mult func). O

Next we want to introduce the production function and thus the connection between capital, labor,
and technology on one side and output on the other. The typical production function is

Y = F(Ky, AcLy),
where the assumption of constant returns to scale is typically defined separately as
F(AK, ML) = Y,
for every positive real number A. We define a production function in the following way:
Signature 18. A production function is a strictly convex differentiable real map.

Let f denote a production function.

Axiom 19 (constant returns to scale). Y

((A-L)-(fok)).
Lemma 20 (lemma Y). Y (¢t) = (A(t)- L(t)) - f(k(t)).
) -

Proof. Y (t) = ((A- L) - (fok))(t) = (A- L)(#) - f(k(t)) = (A(?) - L(2)) - f(k(t)) (by constant

returns to scale, def mult func, composmon). O

In our definition of the production function, we already assume constant returns to scale implicitly:

MK
AA Ly

(ML) f ( ) = ML f (k) = AV,

In general constant returns to scale seems to be reasonable condition to assume. Two identical bak-
eries should probably produce basically twice as much as a single of those bakeries would produce.
Also, on a country-wide level: if one country is twice as large as another and both are otherwise
identical, the larger one should probably have an economy about twice as large. What reasonably
holds in a large economy does not necessarily need to be the case on a firm level. When you are
a car manufacturer for example the size of your addressed market is crucial. When you are very
large, then investing in a huge and highly automated factory makes a lot of sense. However, when
you are just producing a couple of hundred cars per year, the upfront cost of the large machinery

KO k().

!Say, there were two different capital stocks K and K'. Then k(t) = A(t) L(t) #* AT =
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cannot be justified by the slight efficiency improvements. Therefore, a factory that produces 10,000
cars instead of 100 is probably not needing 100 times the inputs of the latter but fewer, because
the processes the larger factory allows are not viable in the smaller one.

Next we discuss the maximization problem of the firm:

Signature 21. A wage is a differentiable real map with positive range.
Let w denote a wage.
Signature 22. An interest rate is a differentiable real map with positive range.

Let r» denote an interest rate.

The typical formulation of the maximization problem of a firm is

max F(Kt,AtLt) - T‘th - tht-
Ky, Lt

This is total output minus the costs consisting of the capital (rK;) and labor (w;L;) costs. The
firm chooses its capital and labor demand such that it maximizes profits. Here we will just focus
on maximizing profits by capital because Kaldor’s facts, as we stated them above, only demand
that of us. With II we denote the profits depending upon the capital stock.

Definition 23 (def Pi). Il frwt = (faw).Le).+0°o(fofi/aw)-L)+0) T (—fr@). +w)-Lw))-

Lemma 24. 114 1, f,w,: is a differentiable real map.

Later we will add the following axiom, but first we want to show that such a K(t) also exists:
Axiom 25 (profit maximizing K). K(t)is a maximum of IT4 1, . w.-

From an economics perspective, we should discuss what this maximization problem of a firm means.
We did not introduce any firms, and K is the capital stock of the whole economy. So who is max-
imizing based on profits? Do we assume that only one firm exists? In a way, we do exactly that.
This is obviously not realistic, and monopolies bring about their own set of problems. Actually
when we assume constant returns to scale, we implicitly also assume perfect competition - i.e. the
firm is making, when it maximizes profits, exactly zero proﬁtsﬂ Instead economists would rather
speak of a "representative firm”. The idea is that we have many small identical firms and therefore
perfect competition, preventing profits from realizing, but because every firm faces the very same
maximization problem - namely the one above, just with firm specific capital and labor -, total
capital and labor demand behave as if they were maximized. This makes it obviously also not so
much more realistic, as we certainly do see profits in the real economy. Another implicit assumption
we make is that capital demand is equal to capital supply, and - even more problematically - labor
demand is equal to labor supply. This means there is no unemployment in this modeled economy
and there are no vacancies. On the other hand, we can certainly make the model more complex in
order to remedy this, but the model is designed to make statements about long-term growth trends

2The proof works as follows: Because \Y; = F(AK;, AA:L:), taking the derivative with respect to A on both
sides yields Y; = %Kt + g—LFtLt when evaluated for A = 1. As we will later see r; = 66711; (or rather we show that
re = f'(ke), but f'(kt) = g—llg). Analogously w: = aa—ft when L; is chosen optimally. This leaves us, however, with
zero profits.
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and introducing labor market frictions or imperfect markets will not change the results. Therefore
it is probably preferable to keep the model simple and clear, even though we then may have to
make some assumption we are not perfectly comfortable with - as long as we know that making
the assumptions more realistic does not significantly change the results.

Next we introduce the Inada-conditions. They focus on the concept of diminishing returns on
capital and labor that we already introduced in our definition of the production function, when
we stated that it was strictly convex, but which did not discuss there. The idea is that when you
have no capital, any capital might significantly help. A farmer is already much more productive
with a plough than with his bare hands - and even more productive with a tractor. But there is
also a limit to the productivity increases more capital brings: Giving a farmer a tractor when he
has none makes him much more productive; giving the same tractor to a farmer who already has a
hundred, will probably not help him at all. The same argument can be made for labor: If you have
a small plot of land, having one worker on it will yield much more crops than leaving it barren.
But when you already have a million workers on your small plot of land, adding the one million
and first worker will only stand in the way of the others.

In macroeconomics textbooks, you will find the Inada-conditions typically defined like this:

limO F,(Kt, AtLt) =00 = lim F/(Kt, AtLt)

Ki— Li—0
lim F/(Kt,AtLt) =0= lim F/(Kt,AtLt).
Ki—o0 Li—o0

Infinity is, however, nothing that we have defined so far. For our purposes, we just want to make
sure that the production function is such that it is optimal to use at least some capital and labor,
while at the same time it is also not optimal to use infinitely much of it.

Axiom 26 (Inada condition I). 9f(0) > r(t).

Axiom 27 (Inada condition IT). There exists a positive real number = such that df(x) <
r(t).

Axiom 28 (Inada condition ITT). There exists a positive real number M such that for all
real numbers £ f(£) < M.

Axiom 29 (Inada condition IV). f(0) > 0.

Utilizing the Inada-conditions, we will show that there exists a profit maximizing capital stock.

Proposition 30 (derivative profit function). For any real number
DIl (@) = 0f (57— ) —T®)
x) = —r(t).
Avaf»rvwvt A(t) . L(t)

Proof. Let x be a real number. f ofy/a).1(t))-_40 is a real map.

(A) Take & = (f o f1/(a(t)-L(t))-+0) (7). Then & is a real number.

(B) Ofaet).Lt)-+0(8) = fo_raw)-L(§) and 0ty (). tw(e)-L(t)(2) = fo._1r()(2) and
Of1/(A)-L(t))-+0(T) = fo_y1/(A@0)-L(r)) (). Proof.
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A(t) - L(t),r(t),w(t) - L(t),z,1/(A(t) - L(t)) are real numbers.

M aqw)-Lt)-+0(&) = Dfag).Lt)-+0(E)

and Ofy(p). +u(t)L(t)(*) = D) w1 (@) and

Of1/(aw)-L)—+0(®) = Dy jac).Lt))-—+o(z) (by deriv and derivin).

Dfagt).r(t)—+0(&) = fo_y @)Lty (§) and

Df, (1) w(t)-L(t) (2) = fo._4r(y(z) and

Df1/caw)-Lit))-+0(T) = fo._11/(a0)-L)) (%) (by derivative of linear function). End.
DITA 1 frwt(2). = OIla 1 frwi(x) (by deriv and derivin)

.= 0(fa@) L) 40 © (f o f1yca@)-Lt))—+0) + (—Er(t)rw(t)- L)) (@) (by def Pi)

= Of gt)-L(t)-+0 © (f o f1/0a0)-L(1))-+0) () + O(~Fr (). 4w()-L()) () (by derivative addition rule)
= (Ofaw).L)+0((f © fiya@)-Lew)—+0)(®@) - OFf (f1/aw)-L)-—+0(T)) - Of1ycaw)-L@t))-+0(2))) —

r(6)-—+w(t)-L(t)(T) (by derivative chain rule, minus derivative)

M aw)-Lt)+0(&) - (OF (f1/(a@)-L1))-+0(®)) - Of1y(ar)-L(t))-—+0(T))) — +uw(t)-L(t) () (by A)
fo. A1) L(t)(f) (af(ﬁ/ (A(t)-L(t))- +0( ) - fo. _+1/(A(t)-L(t) )(37))) fo. —r( t)( z) (by B)

((A(E) - L(2)) - (OF (f1(a@)-Lwy)-+0(2)) - (1/(A(E) - L(£))))) — r(t) (by A, linear lem 1)
((A(2) - L(2)) - (9F (1/(A() - L(2)) - ) - (1/(A(2) - L(¢))))) — r(¢) (by linear lem 2)
( ) - L(t)) - 1/(A(t) - L(t))) - Of < )) r(t) (by mult comm, mult ass)

’—h

0

=
= (

=0f (m) — r(t) (by multiplicative inverse, mult comm, existence one). O
Proposition 31. There exists a maximum of I14 1, 7, u.¢-
Proof. Take Il =114 1, frwzt- [Prover eprover]
(1) For any real number x DII(z) = 0f (W) — r(t) (by derivative profit function).
(2) f1/(A(t)-L(#))-+0 is a real map.
Let us show that DIT = f;. .4y o (Df o fi/(a@)-L(#))+0)-

Let x be a real number. f1,7+_r(t) o (Df ofy/ca(t)-L(t)).+0) is a real map.

DIN(2). = 3f (%) — r®) (by 1)
.=Df((1/(A(t) - L(t)) - ) +0) — r(t) (by deriv and derivin, mult comm, existence zero)
= (1-(Df ofy/ca)-L(t))-—+0)(x)) — r(t) (by linear function, composition, existence one)
= (fi._4—r@y © (Df o f1/0a)-L())- +0)) (%) (by linear function, composition). End.
Thus DII is differentiable. D f is differentiable. Indeed for every real number z D f is differen-
tiable in z.
Let us show that ODII(x) < 0 for every real number z.

D(f1. 4 —r@o(Dfofi/aw)-Lt))-+0))- = (Dfr._y—r@yo(Dfofy jcaw)-Lw))-—+0)) DD fofr/caw)-Lit))-+0))
(by derlvatlve chain rule 2)
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= ((Df1_y—r@) © (DS o f1/0a(t)L(t))-—+0)) - (DD o f1/(a0t)-L(t))-—+0) - Diryca@)-L(t))-—+0))
(by derivative chain rule 2)

- = ((fo 10 (DF o fi/aq)Lv)-+0)) - (DDS o f1a(e)-Lw))-—+0) - Dhycae-Lv)-+0))
(by derivative of linear function)

.= ((fo-41 0 (Df o f1/0a@)-L(1))-+0)) - (DD o f1/aqt)-L())-—+0) * To_+1/(a@)- L))

(by derivative of linear function).

Let z be a real number.

((fo-+1 0 (Df o f1/(a@)-L(t))—+0)) - (DDf o f1/ca)-Lt))-+0) * fo1/(A)-L()))) (@)

.= (fo- 410 (Df o f1/(a@)-L(t))+0)) (@) - (DDf o f1/(aq)-Lt))-+0) * fo-_+1/(A0)-L@))) (@)
(by def mult func)

- =fo._+1((Df o f1yca@)-L(t))-—+0)(@)) - (DD o f1/(a@)-Lit))—+0) - fo_11/(a)- L)) (@)
(by composition)

.=1-((DDf o fi/ca@)-L(t))-—+0) - fo_1/(A@)-L(t)))(z) (Dy linear lem 1)

.= (DD o f1/ca)-L(t))-+0)(®) - fo._11/(A@t)-L)) () (by existence one, def mult func)
.= (DDfo f1/(A(t)~L(t))-,+0)<$) -1/(A(t) - L(t)) (by linear lem 1)

.= DD f(f1/(a@)L@y)+0(x)) - 1/(A(2) - L(t)) (by composition)

_ D¢ (awrm)

= ABLE (by linear lem 2, mult comm).

A(t)-L(t) A(t)-L(t)

DDf(

DD —__Z
We can show that M < 0. f is strictly convex. Therefore D f ( L ) < 0. Thus
T DDf ta? t t?

~—

Indeed DD f (W) is nonzero. End. End.
Therefore II is strictly convex.

Let us show that there exists a positive real number & such that DII(§) = 0.

DII(0). = Of (W) —r(t) (by 1)

.=0f(0) —r(t) (by eq lemma 9).

df(0) —r(t) > 0. Indeed 9f(0) > r(t) (by Inada condition I). Thus DII(0) > 0.
Take a positive real number u such that 9f(u) < r(t).

A(t)-L(t))u
DIT((A(t) - L(t)) - w). = 0f (LABHI) —1(t) (by 1)
.= 0f(u) —r(t) (by mult ass, fraction lemma 2).
Of(u)—r(t) < 0. Indeed 0f(u) < r(t) (by Inada condition IT). Therefore DII((A(t) - L(t))-u) =
Of(u) — r(t) < 0. [timelimit 10][prover vampire]
Take w = (A(t) - L(t)) - u. Then DII(w) < 0 < DII(0) and 0 € (DII(w),DII(0))o;. DII
is a continuous real map and 0 < w. (DIL(w),DII(0))or € DI[(0,w)or] (by intermediate
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value theorem II). Therefore 0 € DII[(0,w)o;]. [prover eprover| Take £ € (0,w)or such that
DII(¢) = 0. ¢ is a positive real number. End.

Take a positive real number ¢ such that 9II(§) = 0. £ is a local maximum of II (by sufficient
condition local maximum). Indeed ODII(¢) < 0. Then ¢ is a maximum of II (by sufficient
condition for maximum on interval). Indeed R is an interval and & is an element in R.[timelimit

3] 0

Now that we know that there exists such a profit maximizing capital stock, we assume that firms
will choose exactly that:

Axiom 32 (profit maximizing K). K(t) is the maximum of 14 1, fr 4.+

Next, we can show that there exists a stable-steady state amount of capital per efficiency unit
labor. What we will see is that for some function A, Dk(t) = A(k:). Furthermore, there exists a
level of capital per efficiency unit labor, x, such that A(k) = 0, i.e. if k; = k for some ¢, then it
is constant throughout time; meaning, the capital per efficiency unit labor will always be at that
level and actually also always has been. This level is called the steady state. In addition, we can
show that for any capital levels « below k, A(z) > 0 and for any levels above, A(x) < 05 i.e., if the
amount of capital is off steady state, it will always converge to « (although it will never reach that
level).

In the proposition derivative k, because we want to use K, L, and A during the proof, although
they are otherwise not mentioned in the declaration of the proposition, we have to add them there

by

Let K be a capital stock and L be a labor amount and A be an efficiency level.

Proposition 33 (derivative k). Let Y be an output level and K be a capital stock and
L be a labor amount and A be an efficiency level. k is differentiable in ¢ and

Ok(t) = (s- f(k(t)) — (6 + (9A + gL)) - k(t)).

Proof.((A - L)(t))?, A(t) - L(t) are nonzero.

O(A- :
(A) ((EX-L@)t()t))? = (gfzrﬂf). Proof. A(t) - L(t), L(t) is nonzero.

(Al) A ()) gA and 6LLTS) = gL (by lemma gA, lemma gL).
(¢

((,Sx 55) () )2 = (8A(t)~Ji((2.)L+)Eg§g)-aL(t)) (by derivative multiplication rule)

OA(t)-L(t OL(t
= ( (A(J%)(t()) + ((A)L) ) 1/(A-L)(t)
(by potence lemma 2, eq lemma 30, mult ass, eq lemma 1)
- (821(()) (()) + A(@)) () ) 1/(A-L)(t) (by def mult func)

DA(t)- )-A(t)
. = ( L(g)?Aé)) + A((t))Lé) ) -1/(A - L)(t)(by mult comm)

:((aA(t)-%M@L() A(ﬁ(?(t)) 1/(A- L)(t) (by mult ass)
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= (gﬁz)g(?) (by eq lemma 29, Al). End. [timelimit 10]
(B) OK(t) — (K(t)- (gA+gL)) = (s-Y(t)) — (K(t)- (6 + (9gA+ gL))). Proof.
(B1) 0K (t) = (s-Y(t)) — (6 - K(t)) (by capital accumulation). [timelimit 3]
) = (K(#) - (9A+gL)) . = ((s-Y(#)) = (5- K(t))) — (K(#) - (94 + gL)) (by BI)
— ((K(t)-6)+ (K(t)- (9A+gL))) (by mult comm, add ass, eq lemma 15)
(K(t)- (04 (gA+gL))) (by distributive law). End.[prover vampire]
A(t) - L(t)) - f(k(t)) (by lemma Y). [prover eprover]
(D) k(t) = 28 __ (by lemma k).

) )

)() (by def k).
_

O(K/(A-L))() . OK(®)-(A4: L()((X)L)(g)(t) AA-L)()) (by derivative of a fraction)
(61((((1? L(Q tf))Qt)) - (K((&aéﬁj));t) ) (by eq lemma 1, eq lemma 11)
. = (j{i() ()t) - K(t&(.%‘(”:)gm (by A, potence lemma 2, mult ass, eq lemma 29)
— aK(t)fg.(z))'(%A“L)) (by eq lemma 1, eq lemma 11)
— (8~Y(t))—(I((Igfkgt(s:)r(gAerL))) (by B)
.= (Zigt()t) - K(t)'(&fgé;gm) (by eq lemma 1, eq lemma 11)

((A(tz L(tgzt{( ®) <((5+ (9gA+gL)) - %) (by C, mult comm, mult ass, def mult

func)
L= =A0L gizt)“ — (0 + (94 + gL)) - k(t)) (by D)
= A (LW))(@ CO) _ (5 + (gA + gL)) - k(t)) (by def mult func)
= (s ((4- D)) - FED)) = (0 + (9A+91) - k(t)) (by mult ass)
= (s f(k(®)) — ((6 4+ (gA + gL)) - k(t)) (by fraction lemma 2). O

The reason we chose the Inada-conditions the way we did, was to make the production function
resemble most closely the following image with the limited concepts, which we have defined so far.
This image is always shown for illustrative purposes during any presentation of the Solow model.
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Functions
— (delta+g_A+g )k
— 51K

Delta is the difference between the functions

Capital per Efficiency Unit Labor (k)

The A-function that we define right below, is exactly the difference between these to graphs.

Definition 34 (Delta). Ag 54491 = (fsvo0 f + (—f51gat91)-+0))-

Let x denote a real number.

Lemma 35 (lemma Delta). A ¢55445(2) = (s- f(x)) — ((0 + (gA+gL)) - z).

Proof. As f5,94,91(2). = (fs. 400 f + (=51 (g4 91)-+0))(2) (by Delta)

= (Fs100 1)(&) + (—F51 gargry+0)(z) (by def add func)

-=(fs 400 f)(x) — f51(gatg1)-+0(x) (by def func minus)

. =fo_40(f (@) — f54(ga+gL)_+0(x) (by composition)

=(s-f(z)) = ((0 4+ (gA+gL)) - z) (by linear lem 2). O

Proposition 36 (proposition Delta). Let Y be an output level and K be a capital stock
and L be a labor amount and A be an efficiency level. A, ¢s 44,41 0 k = DE.

Proof. Take A = Ay f54441- Let t be a point in time. A, Aok are real maps and k() is a
real number. [timelimit 30]

(1) 9k(t) = (s- f(k(t))) — (0 + (gA + gL)) - k(t)) (by derivative k).

(2) A(k(t)) = (s f(k(t)) — ((6 + (9A + gL)) - k(t)) (by lemma Delta).

(3) Ok(t) = (s- f(k(1)) — ((0 + (9A+gL)) - k(t)) = A(k(t)) (by 1,2).
)

Therefore Dk(t) = 0k(t) = A(k(t)) = (A o k)(t) (by deriv and derivin, 3, composition).
[timelimit 3] O

Lemma 37 (derivative Delta). DA f50491 = fo. 4 (54(ga491)) © Df-

Proof. f5. _(54+(gA+¢1)) © Df is a real map.

Let us show that for all real numbers © DA 7.5 44,91.(2) = (fs. 4 (54(ga+gr)) © D) (2).
DA 1o,g9ag0- =D(fs 400 f + (—fs1(gatgr)_+0)) (by Delta)
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.= (D(fs._yo o f) + (=Dfsy (gat¢1). +0)) (by derivative addition rule 2, minus derivative 2)

= (((fo_ts o f) - Df) + (—fo. 46+4(ga+gr))) (by derivative chain rule 2, derivative of linear
function).

Let x be a real number.
((fot5 0 £) D) + (~fors4tpas0my) (@) = (250 ) - DAE) — o sstrory (@)
(by def add func, def func minus)
— ((fots © £)(@) - DF(@)) — fo_t54(gs g1y () (by def mult func)
= (fo_+s(f(x)) - Df(x)) — fo. 154 (ga+9r)(z) (by composition)
=(s-Df(x)) — (6 + (gA + gL)) (by linear lem 1)
.= fo 1 (54+(gA+gr))(Df(z)) (by linear function)
.= (fs. 4+—(5+(ga+g1)) © Df)(x) (by composition). End.
Thus DA ¢594,90 = Ls. 4 —(54(gA+9L)) © DS O
Lemma 38 (lemma Delta 2). A f544,42(0) > 0.
Proof.
Ag 15.94,90(0) = (s f(0)) = ((0 + (gA+gL)) - 0) (by lemma Delta).
(s-f(0)) —((6+(gA+gL))-0) .= (s-f(0)) — 0 (by mult comm, eq lemma 9)
= s- f(0) (by eq lemma 0, existence zero).
s-f(0) >s-0=0. Indeed f(0) > 0 (by Inada condition IV). O

Lemma 39 (lemma Delta 3). Let £ be a positive real number such that A, ¢544.41.(§) = 0.
Then for all real numbers ¢ such that ¢ > & Ag r544,40(¢) <O0.

Proof. Let ¢ be a real number such that ¢ > £. Take A = Ay 1554 91 A, DA are differentiable
real maps and R is an interval. [prover vampire]

DA is strictly decreasing on R (by derivative strictly decreasing). Indeed we can show that
ODA(z) < 0 for any = € R. Let = be a real number.

(1) DA =f,. 1 _(54(ga+gr)) © Df (by derivative Delta).

ODA(z). = O(fs_+—(5+(ga+gL)) © Df)(@) (by 1)

.= Ofs 4 _(54(gAa+g1))(Df(x)) - ODf(x) (by derivative chain rule)
.=Tfo.4s(Df(z)) - 9D f(x) (by deriv and derivin, derivative of linear function)
.=s5-90Df(x) (by linear lem 1).

s-0Df(z) < s-0=0. Indeed 9D f(x) < 0. Thus ODA(x) < 0. End.

A(0) > 0 (by lemma Delta 2).

Take Z € (0,&)or such that 0A(Z) = %(f) (by mean value theorem).
A0 —
DA(Z) < 0. Proof. dA(Z) = §5(6) = 28250 = =20 <,

DA(Z) = %(0) < 0 (by frac lemma 5). End.
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A is strictly decreasing on [Z, (]cr (by derivative strictly decreasing, interval lemma). Indeed
we can show that for all z € [Z,(]cr 0A(z) < 0. Let x € [Z,(]cr. DA(z) < DA(Z) < 0.
Indeed z > Z and DA is strictly decreasing on R. End.[prover eprover]

Therefore A(¢) < A(§) = 0. Indeed &, ¢ € [Z,(]cr and € < C. O
Proposition 40. There exists a positive real number « such that Ag f544 4r.(k) = 0.

Proof. Take A = Ag 554491 A is a continuous real map.

Take a positive real number x such that A(x) < 0. Proof.

Take a positive real number M such that f(§) < M for all real numbers £ (by Inada condition
111).

(A) Take c = m - M. cis a positive real number. Indeed ¢ + (gA + gL)
positive.

A(c) = (s- f(c)) = ((0+ (gA+ gL)) - ¢) (by lemma Delta).
(s 1) = (6 + (gA+gL)) - ). = (s () = (6 + (9A+ L)) - (s - M) ) (by A)

.= (s f(e)) — (((5+ (9A+gL)) - m) M) (by mult ass)
.=(s-f(c)) — (s- M) (by fraction lemma 2).
(s-flc))—(s-M)<(s-M)—(s-M)=0. Thus A(c) < 0. End.

A(0) > 0 (by lemma Delta 2). 0 < z. (A(z),A(0))or € A[(0,z)os] (by intermediate value
theorem II). 0 € (A(z),A(0))or. Therefore take x € (0,x)or such that A(k) = 0. kis a
positive real number. O

s
’ 0+ (gA+gL) Bre

Signature 41. A steady state capital is a positive real number.
Let x denote a steady state capital.
Axiom 42 (def kappa). A, ¢544,45(k) =0.

Proposition 43 (off steady state). Let x be positive. (If x < k then A, ¢544g1.(x) > 0)
and if x > K then Ag ¢544 gr.() < 0.

PT’OOf. Take A = As,f,&,gA,gL-
Case z < k. Assume the contrary. Then A(z) < 0. [timelimit 20]
Case A(x) = 0. Then A(x) < 0 (by lemma Delta 3). Contradiction (by def kappa). End.

Case A(z) < 0. A is a continuous real map and 0 < x. Therefore (A(z), A(0))or € A[(0,z)o1]
(by intermediate value theorem II). 0 € (A(z), A(0))or. Indeed A(z) < 0 < A(0) (by lemma
Delta 2, lemma Delta 3). Therefore take £ € (0,z)os such that A(§) = 0. Then A(k) < 0 (by
lemma Delta 3). Indeed £ is a positive real number such that A({) = 0 and « is a real number
such that k > £. Contradiction (by def kappa). End. End.

Case x > k. [timelimit 50] A(z) < 0 (by lemma Delta 3). Indeed « is a positive real number
such that A(k) = 0 and z is a real number such that > x (by def kappa). [timelimit 3] End.
0

So k is our steady-state capital per efficiency unit labor. When our capital per efficiency unit labor
is once at a level of k, it does not change anymore, since 0k(t)|x=, = A(k) = 0. If we are not at
the level k, we know that we converge to this level. For Kaldor’s facts, we will assume that we are
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in the steady state. However, at G6, we will continue our discussion of what happens off steady
state, because that is exactly what is relevant there.

Axiom 44 (steady state). 0k(t) =0.

Lemma 45 (lemma kappa). Let Y be an output level and K be a capital stock and L
be a labor amount and A be an efficiency level. Let s be a savings rate and f be a production
function and § be a depreciation rate and gA be an efficiency growth rate and gL be a labor
growth rate. k(t) = k.

Proof. Take A = A 594,90 k is constant on R (by derivative zero then constant). Indeed
for every point in time 7 9k(7) = 0 and R is an interval and k is a continuous real map.

(1) Take ¢ = k(0). ¢, k are positive real numbers. A o k is a real map. Then for any point in
time 7 k(1) = .

A(r). = (Aok)(0) (by 1, composition). [timelimit 30][prover vampire] Then (Aok)(0) = Dk(0).
Indeed A o k = Dk (by proposition Delta). Dk(0) = 0k(0) = 0 (by deriv and derivin, steady
state). Assume ¢ # K.

Case ¢ < k. A(r) > 0 (by off steady state). End.
Case ¢t > k. A(1) < 0 (by off steady state). End. [timelimit 3] O

1.2 Kaldor’s Facts
Having the model presented, we can now turn to Kaldor’s facts.

G1 Continued growth in the aggregate volume of production, i.e. in the long term economies
seem to grow.

We will make a stronger claim in this model: Even the aggregate volume of production per capita
grows.

Let Y denote an output level. Let K denote a capital stock. Let L denote a labor amount. Let
f denote a production function. Let § denote a depreciation rate. Let gA denote an efficiency
growth rate. Let gL denote a labor growth rate. Let ¢t denote a point in time. Let r denote an
interest rate. Let x denote a steady state capital.

Lemma 46. (Y/L) is a real map with positive range.

Proof. Let t be a point in time. Therefore % is a positive real number. Indeed Y (t), L(t) are
positive real numbers. O
Proposition 47 (G1). Let A be an efficiency level and f be a production function and k
be a capital per efficiency unit labor.

(Y/L)(#) = gA.

Proof. (A) (Y/L)=(A-(fok)). Proof.

Let 7 be a real number. [timelimit 20]
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(1) Y(r) = ((A -L)-(fok))(r) (by constant returns to scale). [timelimit 3]
(Y/L)(r). = 22 (by def div map)
)

.=(A-(fok))(r) (by def mult func). End.
(by steady state).
(B) O(f o k)(t) = 0. Proof.
O(fok)(t).=0f(k(t)) - 0k(t) (by derivative chain rule)

= 9f(k(t)) - 0 (by 2)
=0 (by mult comm, eq lemma 9). End.

(2) 8;?(55)) = gA (by lemma gA).

L(t), (fok)(t) are nonzero. Proof. Assume (fok)(t) = 0. Then Y (t) = (A(t)-L(t))-(fok)(t) = 0.
End.

(Y/L)(t). = (A- (f o k))(t) (by A)
__ D(A-(fok))(t)
T (A v(fok))()
_ 0 (fok
T (A(fok))(
_ (OA(®)- (foli)(t()
QAW-ROIHOAW) (1,y B, mult comm)

= % (by eq lemma 9, existence zero)

y deriv and derivin)

o
} ())E t;-a(f ok)(t)) (by derivative multiplication rule)

.= 0A(t) - % (by def mult func, mult comm, mult ass)
_ 241

- = 0 (by eq lemma 29)
.= gA (by 2). O

We can see that output per capita grows with improvements in technology. So the more efficient
we become, the wealthier we will be. Hence, we cannot only show with the model that the first
of Kaldor’s facts holds within it, but can also point out why this is true in this model and under
which conditions this is the case. I think therein lies the biggest advantage of modeling theories:
you have to explicitly state every single assumption you make that leads you to a conclusion. This
structures one’s own thoughts and ideas and makes them transparent to everyone else. By having
rigid methods on which you can rely, you can also see where your assumptions lead you. In our
case, given our assumptions, only technological advancements can increase our wealth in the steady
state.

G2 A continued increase in the amount of capital per worker, meaning that each employee man-
ages more and more capital.
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For G2, we see that the capital stock grows in the steady-state with technological advancements
and labor force increases. The capital per worker therefore increases with the efficiency gains.

Proposition 48 (G2). Let Y be an output level and § be a depreciation rate and s be
a savings rate and f be a production function. Let A be an efficiency level and L be a labor
amount and k be a capital per efficiency unit labor.

K(t) = gA+gL.

Proof. k(t) is a real number.

(A) 0 ( )=(s-Y(t)) — (6- K(t)) (by capital accumulation).

(B) % K =0+ (9gA+ gL). Proof.

(B1) 0k(t) = (s- f(k(t))) — (6 + (gA+ gL)) - k(t)) (by derivative k).

(B2) 0k(t) = 0 (by steady state).

(B3) s- f(k(t)) = (6 + (9A+gL)) - k(t). Indeed (s - f(k(?))) — (6 + (9A +gL)) - k(t)) = 0 (by
B1, B2). [prover vampire]

(B4) Y (t) = (A(t) - L(t)) - f(k(t)) (by lemma Y). [prover eprover]
(B5) (A(t) - L(t)) - k(t) = K(t). Indeed k(t) = 5B (by lemma k).

A(t)-L t

— (A@®)-L@))-(s-f (k1)) (
K(t)

CIJ

(

by mult comm, mult ass)

. -((6 ’
— AOLONGgAtgl)KO) (1, B)

= AOLONEOHALIL) by mult comm)

= ((AQt) - L)) - k(t)) - YL (by mult ass)

L= K(t) - L) (by By)

=0+ (gA+ gL) (by fraction lemma 2). End.
K(t). = (DK/K)(t)

= 8;((%) (by def div map, deriv and derivin)

sY(t)—(6-K(t
= EYOLERE) (1 )

.= }Y(g) 5,§(E)) (by eq lemma 1, eq lemma 11)

= W — ¢ (by mult ass, multiplicative inverse, mult comm, existence one)
= (6+ (9A+gL)) — 4 (by B)
= (gA+gL)+ (6 — 9) (by add comm, add ass)
.= gA + gL (by additive inverse, existence zero). ]

G3 A steady rate of profit on capital, i.e. when you invest money, the average return you get on
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it when discounting inflation, seems to be quite constant over time.

Profit on capital we interpret as the real interest rate. The real interest rate differs from the
nominal interest rate in that the nominal profits are those in euros or dollars, but the real values
always account for inflation. Otherwise, we would observe significant changes in the rate of profit
on capital depending on whether we are currently in a high or low inflation environment.

[timelimit 10]

Proposition 49 (G3). Let Y be an output level and K be a capital stock and L be a labor
amount and A be an efficiency level. Let s be a savings rate and f be a production function
and § be a depreciation rate and gA be an efficiency growth rate and gL be a labor growth
rate and w be a wage and k be a capital per efficiency unit labor.

r(t) = 0f (k).

Proof. Take Il =114 1, ¢ ws- [Prover vampire]

Let us show that OII(K(t)) = 0. K(t) is the maximum of II (by profit maximizing K).
OII(K (t)) = 0 (by derivative of maximum). Indeed K (¢) is a local maximum of IT (by maximum
is local maximum). End.

(1) For any real number x DII(x) = df ( A(th(ﬂ) —r(t) (by derivative profit function).
(2) (f)(ﬁ 7y = k(t) (by lemma k).

(3) k(t) = k (by lemma kappa). [prover eprover]
DI(K (). = 3f (5 ) = r(®) (by 1)
= 9 (k(t)) = () (by 2)
.= 0f(k) —r(t) (by 3).
Thus r(t) = 0f (k). 0

[timelimit 3]

(3 is an interesting observation that holds in many macroeconomic models. The interest on capital
that is being paid is equal to the marginal productivity of capital. If the interest rate wer lower
than the marginal productivity of capital, then it would increase profits to take out a loan, bor-
row more capital, but producing significantly more. However, by increasing capital, we reduce its
marginal productivity due to diminishing returns on it. Similarly, if the interest rate is higher than
the marginal productivity of capital, it would be better to have less capital. Although we would be
producing less, we would also be reducing our capital costs, which would save us more than what
we lose in output. By decreasing our capital share, we increase the marginal productivity of the
remaining capital—the idea being that we essentially discard machines that are not significantly
contributing - and in equilibrium, the interest rate aligns with the marginal productivity.

The next logical step that is usually done in extensions of the Solow model is to endogenize the
interest rate by introducing households and thus their inclination to either consume or to save and
to examine how this relates to the interest rate and the supply of capital.
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G4 Steady capital-output ratios over long periods, which implies the near-identity in the percent-
age rates of growth of production and of the capital stock.

Given that we do steady-state analysis, G4 is trivially the case.

Lemma 50. ¢ + (gA + gL) is a positive real number.
Proof. 6 + (9A + gL) is nonzero. [timelimit 20] O

Lemma 51 (lemma G4). Let s be a savings rate and 0 be a depreciation rate and gA be
an efficiency growth rate and gL be a labor growth rate. Let Y be an output level and K be
a capital stock and A be an efficiency level and L be a labor amount and k be a capital per
efficiency unit labor and ¢ be a point in time. Then f(k) is a positive real number.

Proof. Y (t), A(t), L(t) are positive real numbers. Therefore A(ZFtL)(t) is positive. [prover vam-
pire]
(1) Y(#) = (A(#) - L(#)) - f(k(#)) (by lemma Y).
(2) k(t) = k (by lemma kappa).|[prover eprover]
Y@ — AO-LO)-fkO) (1 1)

A®)-LE) — A(t)-L(t)
= (A(t) - L(t)) - A2 (by mult ass)

= f(k(t)) (by fraction lemma 2)

— f(x) (by 2).
Thus f(k) is a positive real number. O
[prover vampire]

Proposition 52 (G4). Let s be a savings rate and ¢ be a depreciation rate and gA be an
efficiency growth rate and gL be a labor growth rate. Let A be an efficiency level and L be a
labor amount and k be a capital per efficiency unit labor. f(k) is nonzero and

Proof. (0) Y(t) = (A(t) - L(®)) - f(k(t)) (by lemma Y).
(1) x5y 25 = k(t) (by lemma k).
(2) k(t) = k (by lemma kappa).

f(k) is nonzero (by lemma G4). Thus f(k(t)), (A(t)-L(t))- f(k(t)) are nonzero.|prover eprover|

KO _ KO
= @) FEH) Py 0)
C T AR )Zt) 1/f(k(t)) (by eq lemma 30, mult ass)
= 7y (by 1)
= (L) (by 2). .

G5 A steady share of profits (and of wages) in societies and periods in which the share of invest-
ment in output is constant.
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G5 is a corollary of G3 and G4.

Proposition 53 (G5). Let s be a savings rate and ¢ be a depreciation rate and gA be an
efficiency growth rate and gL be a labor growth rate and w be a wage. Let A be an efficiency
level and L be a labor amount and & be a capital per efficiency unit labor. f(k) is nonzero and

r(t) - K(t) _ 0f(x) -+
Y (t) f(r)

Proof. f(k) is nonzero (by lemma G4).
(1) r(t) = 0f(x) (by G3).

(2) % - K) (by G4). [prover eprover]
) % (by mult ass)
':8f<“)'ﬁ (by 1, 2)

f(n)‘ (by mult ass). O

G6 There are appreciable differences in the rate of growth of labour productivity and of total
output in different societies.

G6 can be analyzed in the Solow model as being off steady state. A country is in a steady state
when the capital per efficiency unit labor is constant, which we can interpret as the long-term state
of the economy of an industrialized country like Britain with the appropriate amount of capital for
its labor around which it fluctuates with booms and recessions in the short to medium term. If a
country has a different growth rate from Britain in the longer term - typically growing much faster
for some decades, like China in the last 30 years, or Japan in the 30 years before that, or Germany
before the First or after the Second World War -, then this is interpreted in the country having
less capital than it should have - so it has much less machinery than an industrialized country. In
this catch up phase, where the country builds up its capital until it reaches the point where it is
equivalent to Britain, it reaches higher growth rates in the Solow model.

1.3 Cobb-Douglas Example

An alternative to the way we introduced a production function with the Inada conditions, we also
could have defined

[ = ext|pow, -

This is the Cobb-Douglas production function
F(Ky, AtLy) = K (AL ™,

which is equivalent to

fke) = ki
for some o € (0,1). Because this is a function that satisfies the standard Inada-conditions stated
above, but not the ones that we defined, since we do not have limits against infinity, we cannot

define f = ext|pow, axiomatically at this time and view it as an example. However in the future,
formalizations including examples like this would be a great idea.
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