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Abstract

Fixed points are a recurring theme in computer science and are
often constructed as limits of suitably seeded fixed point iterations.
We present the algebra of iterative constructions (AIC) — a purely
algebraic approach to reasoning about fixed point iterations of con-
tinuous endomaps on complete lattices. AIC allows derivations of
constructive fixed point theorems via equational logic and avoids
explicit computations with indices. We demonstrate the applica-
bility of AIC by providing algebraic proofs of several well- and
less-well-known fixed point theorems: Among others, we prove the
Tarski-Kantorovich principle — a generalization of the Kleene fixed
point theorem — as well as a fixed point-theoretic generalization of
k-induction, which is used in software verification.

We moreover improve upon a recent generalization of the Tarski-
Kantorovich principle due to Olszewski for obtaining pre- and post-
fixed points from lattice-theoretic limit inferiors and limit superiors
trough iterating an endomap on an arbitrary seed element: We
identify sufficient continuity conditions on the endomaps so that
these limits become proper fixed points.

We have mechanized our algebra in Isabelle/HOL. Isabelle’s
sledgehammer tool is able to find proofs of the above fixed point
theorems fully automatically.

Finally, we investigate the completeness of our axiomatization
of AIC. We prove that our finite set of finitary axioms is (a) sound
but incomplete for standard models of AIC (sequences of elements
from a complete lattice) and that (b) a different finite set of infini-
tary axioms is complete. We also prove that infinitary axioms are
unavoidable: there exists no complete axiomatization of standard
models given by finitely many finitary axioms.
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1 Introduction and Overview

Fixed points are ubiquitous in computer science and related fields:
shortest paths [24], game equilibria [25], social choice theory [12],
dynamical systems [15], or semantics [1, 13] and verification [9]
are only a few of many instances.

In verification, for example, a common task is to approximate the
greatest fixed point (gfp) of a continuous endomap F from below,
because this amounts to finding a loop invariant that implies the
most general loop invariant. Let a be a candidate for such a lower
bound on gfp F. Thenif a X F(a) holds, we have — by coinduction -
verified that the candidate a is indeed alower bound on gfp F. Dually,
if F(a) < a, then a is a verified upper bound on Ifp F, so:

a 2 F(a) implies a = gfpF, and
F(a) X a implies IfpF <X a.

One justification of the above goes through a certain fixed point
iteration principle: Consider the case for gfp F. If a < F(a), then
this “kicks off” an ascending fixed point iteration a < F(a) =
F?(a) < ... which (under suitable continuity conditions on F) in
the limit (supremum) converges to a fixed point “just above” a. More
precisely: sup, ., F¥(a) is the least fixed point of F that is greater
than or equal to a. Since a < sup.,, F¥(a) and since sup,,, F*(a)
is itself a fixed point and is hence necessarily less or equal to the
greatest fixed point gfp F, we get that a < gfp F. Dually, if F(a) < a,
then infyc,, F¥(a) is the greatest fixed point of F “just below” a and
a upper-bounds Ifp F. This fixed point iteration principle is called
the Tarski-Kantorovich principle [16].

But what if neither a < F(a) nor F(a) < a hold?
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What does iterating F on a yield?

Is limg_,, F*(a) even well-defined? Indeed, both lim infy_,,, F¥(a)
and lim supy._,,, F*(a) are well-defined and (under certain slightly
stronger continuity conditions on F) they are both fixed points of F.
In other words: From all candidates a, we can construct by suitable
iteration some fixed point (possibly even two distinct ones). This is
an improvement on a recent (but unfortunately rather unknown)
result due to Olszewski [27] and to the best of our knowledge new.

Also new — and our main methodological contribution - is the
way in which we prove such fixed point iteration theorems. Let us
first take a completely standard definition of a limit superior

lim sup F*(@) = inf sup F*(a) .
k—w 0sn <

There are really three nested sequences involved on the right-hand-
side: The first sequence is (F" (a)), ., obtained by iterating F on a.
The second one is the sequence (sup, ., F (“))”Ew. By making the
index k of the first sequence depend on the index n of the second one,
we can imagine how “sup,,_,” acts as an operation, transforming
the first into the second sequence. The third sequence is, perhaps
surprisingly, (inf,<, sup, ., F*(a)), ., constructed by “inf,,<,,”
from the second one, making n depend on m. Our desired limit
superior is then at index m = 0.

Reasoning about limit superiors and inferiors naturally involves
such interdependent indices. Nevertheless: Our key observation is
that the exact indices do not really matter and are in fact distracting.
We can rather think of the sup, inf, and F (=) as operations — almost
modalities — on sequences: We think of inf as O, of sup as ©, and we
turn F(-) into a sort of iteration operation F*. Altogether, we obtain

limsup F*(a) = inf sup F(a) “=" OOFa.
k—w 0sn <k
In this paper, we will make the above ideas rigorous and introduce
the algebra of iterative constructions (AIC), in which we can reason
algebraically about fixed points of endomaps on complete lattices.
For example, we will be able to prove that for continuous F,

FOF'1L = OF'1,

(cf. sup;. F¥( 1)), thus proving part of the Kleene fixed point theorem.
We demonstrate the usefulness of AIC by means of several case
studies. Purely within AICs (or to put it a bit flippantly, purely by
pushing boxes and diamonds around), we prove:
(1) The Tarski-Kantorovich principle, a generalized version of the
well-known Kleene fixed point theorem: If F is w-continuous, then
& F*a is the least fixed point of F just above a.
(2) A generalization of Park induction (a < F(a) implies Ifp F < a),
a heavily used principle in verification of various types of systems.
(3) A new improvement on a theorem due to Olszewski [27]: If F is
countably continuous (preserving suprema of arbitrary countable
sets) and w-cocontinous, O & F*a is a fixed point of F.
(4) Latticed k-induction [5], a generalization of k-induction [31]
that is extremely effective in hardware and software verification.
We have mechanized AIC and the algebraic proofs of the theo-
rems above in Isabelle/HOL. The mechanized algebraic proofs fol-
low the manual exposition closely, with intermediate steps solved
automatically. High-level theorems such as Tarski-Kantorovich or
Park induction can even be proved fully automatically.
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Overview and Organization of the Paper. We present the algebraic
structures we treat in this paper — in particular, our standard models,
which we call sequence algebras — in Section 2. There, we also show
how equational proofs for such structures work.

In Section 3, we present a finitary base axiomatization of AIC
called AIC,, which is sound for sequence algebras. We also pro-
vide an axiomatization with additional (redundant) axioms called
AICy, which is more usable for automatic proof search. We demon-
strate applicability of AIC through algebraic proofs of fixed point
theorems in Section 4.

We comment on the mechanization of AIC in Isabelle/HOL in
Section 5. We investigate aspects of (in)completeness of AIC axiom-
atizations in Section 6. We discuss limitations and give an outlook
on future directions in Section 7.

Related Work. Axiomatic approaches to fixed point theory have a
long tradition in theoretical computer science, having appeared
in different settings and levels of generality. The most prominent
examples are Kozen’s complete axiomatization of the modal y-
calculus [20, 34], and the abstract perspective on fixed point equa-
tions of Bloom and Esik’s iteration theories [2, 8], which extend the
categorical account of universal algebra based on Lawvere theories.
While these works are aimed at axiomatically capturing properties
of least or greatest fixed points, the focus of AIC lies on reasoning
about the iterative construction of (not necessarily least or greatest)
fixed points and related objects, such as pre- and post-fixed points.

Approximating (instead of merely stating the existence of) fixed
points was somewhat recently investigated in a series of papers [3,
4, 19]. In particular [3] tackles the problem of approximating in
the directions that are not covered by usual (co)induction: un-
derapproximating least and overapproximating greatest fixed points.

Finally, our < operations seem very related to the notion of least
decreasing majorants from Banach function spaces [18, 30, 32]. We
discuss further related work in Section 7.

2 The Algebra of Iterative Constructions

The algebra of iterative constructions (AIC) is an algebraic theory,
in the sense that it comprises an algebraic signature that dictates
the available operations and their arities, and a set of equational
inference rules that tell us how these operations interact with one
another. We parameterize the theory in a set Funcs = {F,G, H, ...}
of function symbols, which abstractly represent monotonic maps
for which we will be constructing and reasoning about fixed points.

Let us first deal with the signature. Given Funcs, the signature
of AIC consists of two constants L and T, two binary operations
v and A, four unary operations <, O, ©, and O, as well as for each
functions symbol F € Funcs two unary operations F and F*. Models
of AIC will be (algebraic) structures with this signature.

Definition 1 (AIC-Structures). An AIC-structure is a tuple
A= (AL TN o e e 07,
{F"|FeFuncs}, {F*" | F € Funcs}),

where A is a set with 1, T € Aand v A AXx A — Aand
oM oM e, 07 FA F*': A — A. The set A is called the carrier
of A and we also say that A carries A.
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Table 1: Overview of metavariables.

a b, c ... variables (appearing in terms)

A, B, T, ... algebraic structures / AIC-structures

F, G, H, ... function symbols representing monotonic maps
3 interpretation of variables (appearing in terms)
3o interpretation of the function symbols

6m, - elements from the ambient lattice

o0, 9, ... sequences of lattice elements

s, t,u,e ... iterative construction terms (denoting sequences)

Given two AIC-structures A and B, an algebra homomorphism
h: A — B is a function h: A — B that preserves the algebraic
structure. i.e. h(J_"[) = 1% and h(T "() =T%, and for any £,m € A,
h(¢ v7'm) = h(£) v h(m), and (&7 ¢) = & h(¢), and so on.
We drop the superscript ” when the A is clear. An overview of the
metavariables we use throughout this paper is given in Table 1.

So far, nothing in the definition of AIC-structures dictates what
the different operations mean or how they interact. Since our central
aim is to capture iterative constructions of lattice fixed points, we
are naturally going to concern ourselves with AIC-structures that
are carried by sequences of elements from a lattice.

2.1 Sequence Algebras

Let w = {0, 1, 2, 3, ...} be the natural numbers. Given a set L, a
function ¢: w — L is called a sequence (in L). We let L be the set
of all sequences in L. We usually write ¢ = ¢ ¢1 ¢2 ¢35 ..., where
¢; denotes the i™ element of ¢. We say that a sequence is flat if it
is a constant sequence £ £ £ £ ... and denote such a sequence by ¥.

For the remainder of the paper, (L, E) is a fixed countably com-
plete lattice (i.e. every countable subset S C L, including the empty
set, has a supremum and infimum in L) with bottom and top ele-
ments 1° and T+, and join and meet denoted by LI and 1. We denote
by MonoMaps(L) the set of monotonic maps L — L (monotonic
with respect to ). An example of a countably-complete lattice is
the extended real numbers R = (R U {—o00, 400}, S), for which
MonoMaps(R) consists of the nondecreasing functions.

We will now define the kind of AIC-structures suitable for rea-
soning about fixed point iterations of monotonic endomaps in L.

Definition 2 (Sequence Algebras). Every countably complete lat-
tice (L,C) together with an interpretation of the function symbols
Jo: Funcs — MonoMaps(L) induces an AIC-structure carried
by L® with the following operations: for any ¢, 3 € L and n € w,
I

1, = 1 Tp =T (2.1)
(@Y Nn = @ U (@A Dn = epN Iy (2.2)
(@@ = oo (CQhn = @un1 (2.3)
(@ = iup Pr (O = gﬁ Pk (2.4)
(Fo)n = J0(F)(¢n) (F'@)n = S0(F)"(pn) (2.5)

An AIC-structure of this kind is called a sequence algebra.

To capture fixed point iterations, all members of a sequence algebra
are sequences. As we will demonstrate in Section 4, the constants
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and algebraic operations that make up sequence algebras are ubiq-
uitous in lattice fixed point (iteration) theorems. Lines (2.1-2.2)
lift the constants and operations from the underlying lattice point-
wise to sequences: the constants L and T are the flat sequences
aEabab b el®and TF TE T T € L®. The operation v
takes two sequences ¢ and ¢ and yields their element-wise join
@oUJy o1 U3 @10, ...;dually, A is the element-wise meet.

The two operations on Line (2.3) are called head and shift. The
head operation © takes a sequence ¢ = @y @1 @2 @3 ... and yields a
flat repetition of ¢’s 0" element, i.e. @y @o @o @ . ... The shift oper-
ation O shifts sequences by one position to the left (while deleting
the 0™ element). Together, ® and O allow extracting single sequence
elements in the following sense: identifying a lattice element £ € L
with its corresponding flat sequence £ £ £ ¢ ... € L, the k' element
of a sequence ¢ can be expressed as ® OFp =© 0 O ¢.

The operations on Line (2.4) are called majorum and minorum,
respectively. For the majorum < ¢, the element at index n is the
supremum of all (countably many) elements of ¢ with index > n.
It is clear that & ¢ is a majorant of ¢, ie., ¢, T (O @), for all
n. Moreover, the sequence ¢ ¢ always descends: For instance, the
supremum at index 0 can “see” all elements of ¢, whereas at in-
dex 1 it can “see” all but the 0" element. Hence, the latter can only
ever yield a potentially smaller supremum. In fact, & ¢ is the least
decreasing majorant of ¢. Similar concepts have been studied for Ba-
nach function spaces also under the name least decreasing majorant
or essential supremum [18, 30, 32]. Dually, for the minorum O ¢, the
n't element is the infimum of all elements with index > n. O ¢ is
a minorant of ¢, i.e. (O @), T ¢, and it is the greatest increasing
minorant of ¢. A depiction of & ¢ and O ¢ is provided below:

CPi O O O e O &

k times

< @

Gray o’s depict elements of ¢, blue ©’s the elements of < ¢, and or-
ange [1’s the elements of 0 ¢. Continuous lines connecting elements
are for better visualization. All sequences are discrete.

Here, we can see visually that & ¢ is a descending majorant of ¢
whereas O ¢ is an ascending minorant. We can also see how < ¢
and O ¢ together form the tightest monotonic envelope around ¢.
Finally, we reiterate that <& ¢ and O ¢ are not simply the global
supremum and infimum of all the elements of ¢. Global infimum
and supremum of ¢ are expressible as ® O ¢ and ® & ¢, respectively.

The operations in Line (2.5) are the function application and orbit
operations. For simplicity, let us omit J, from the notation and treat
F (as opposed to Iy (F)) as a monotonic endomap on L. Then F ¢ is
the element-wise application of F to ¢, i.e. it yields the sequence!

F(po) F(p1) F(p2) F(os)... .

The unary operation F* yields the iteration of F on a lattice element.
However, the input to F* is already a sequence and so we need F*
to operate on sequences. For this, we apply F zero times to the 0

Fo =

More accurately, the sequence o (F) (¢0) Jo(F) (¢1) S0 (F)(@2) So(F)(e3) ... .
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element of ¢, once to the 1% element, twice to the 2" element, and
so forth, thus yielding the sequence

F'¢ = ¢o F(p1) F(p2) F(g3)... .

When we apply F* to a flat sequence £ = £££ £ . .. then F*¢ is indeed
the F-orbitof £ € L,1i.e. the sequence F*¢ = ¢ F(£) F?(¢) F3(¢)....

2.2 Iterative Construction Terms

Sequence algebras are where iterative constructions of lattice fixed
points live. By combining the operations of a sequence algebra, one
can obtain a variety of different recipes for constructing fixed points.
In fact, we will see in Section 4 that many fixed point constructions
can be carried out using &, O, and F* alone. For example, the least
fixed point of F can (under certain continuity assumptions on F) be
expressed as <& F* L, which should look familiar when recalling the
construction from the Kleene fixed point theorem (i.e. sup, F*(L)).

Our ultimate goal is to be able to algebraically manipulate these
different recipes for constructing lattice fixed points and thereby
carry out algebraic proofs of fixed point theorems. This requires a
syntax for writing these recipes down, as well as a set of inference
rules with which we can prove identities and other algebraic laws.

Definition 3 (Syntax of Iterative Construction Terms). For a fixed
set Vars = {a, b, ...} of variables, the set Terms of iterative construc-
tion terms (or simply, terms), ranging over metavariables s, t, ...,
adheres to the grammar below, where a € Vars and F € Funcs:?

s — L | T | a | svys | sAs
| @s | Oos | ©s | Os | Fs | F's

Every term s represents a recipe for constructing new sequences
from known ones. The known sequences can well be left arbi-
trary/uninterpreted and terms hence feature variables a, b, c, ...
which have to be interpreted to obtain a concrete sequence.

Definition 4 (Interpretations). Given an AIC-structure A carried
by A, an interpretation (in A) is a function J: Vars — A that maps
variables to elements of A. We say that J is a standard interpretation
if A is a sequence algebra.

Given a sequence algebra A carried by L and a standard interpre-
tation J: Vars — L?, each term s denotes the sequence obtained
by recursively evaluating its operations after replacing each oc-
currence of a variable a in s with J(a). Formally, the set Terms of
iterative construction terms itself carries an AIC-structure called
the term algebra 7, whose operations are given by term formation
(e.g. 0" a = O a), and every interpretation J: Vars — A extends
to a unique algebra homomorphism > [-]: T — A. For instance,
S[oa] =3[0"a] = 0" 3[a] = 0" I(a). This unique homomor-
phism yields the semantics of terms under a given interpretation.

Definition 5 (Semantics of Terms). Let A be an AIC-structure, let
3 be an interpretation in A, and let *[~]: 7 — A be the unique
algebra homomorphism satisfying % [a] = 3(a) for every a € Vars.
Then for each term s € Terms, we call *[s] the 3-semantics of s.

While Definitions 4 and 5 allow interpretations (and hence seman-
tics) in arbitrary AIC-structures, we are primarily trying to capture

ZParenthesizing is handled in the usual manner: unary symbols (O, <, ...) bind stronger
than binary ones (v, A), and unary symbols associate to the right, e.g. & F s = & (F's).
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the sequence algebras. Hence, we call interpretations in sequence al-
gebras standard interpretations. We record the semantics of iterative
construction terms under a standard interpretation in Table 2.

As we will see, standard interpretations capture many important
aspects of iterative fixed point constructions.

Remark 1 (On Interpretations of Variables and Functions). We
typically bundle the interpretation of the function symbols J in
with the standard interpretation, and simply write J(F) instead of
Jo(F) for each F € Funcs. While an abuse of notation, we could
have equivalently defined a standard interpretation to be a suitable
function J: Vars U Funcs — L U MonoMaps(L).

2.3 Quasiequations

For two terms s and t, we call a formal expression s = t an identity.
For instance, F a = a is an identity (expressing that a is a fixed point
of F).2 Fixed point theorems usually require certain assumptions, so
that a is indeed a fixed point. We therefore want to be able to derive
identities that hold, provided that other identities (the assumptions)
hold. This is captured by quasiequations (a.k.a. quasi-identities).

Definition 6 (Quasiequations, Axiom Systems). A quasiequation Q
is a formula of the form

(Nier's =t) = s =1t ©

for some index set I and iterative construction terms s,t, s, ‘t €
Terms, for each i € I. The identities ’s = ‘t are called the premises
and s =t is called the conclusion of Q. The quasiequation Q is called
finitary if it has only finitely many premises (i.e. if I is finite).

An AIC-structure A carried by A satisfies Q, denoted A |= Q, if
for any interpretation J: Vars — A the following holds:

if  foralliel: ['s] = 3[it] then SIs] = [

A quasiequation is valid (for sequence algebras) if it is satisfied by
every sequence algebra.

An axiom system Ax is a set of quasiequations and its elements
are called the axioms (of Ax). We say that Ax is finite if it is a finite
set, and finitary if all axioms are finitary. An AIC-structure A
satisfies Ax, written A |= Ax, if A |= o for every @ € Ax. In this
case, A is a model of Ax. An axiom system Ax is sound (for sequence
algebras) if every axiom is valid for sequence algebras.

We generally prefer to write quasiequations like @ from Definition 6
as inference rules of the form

where I = {1,2,...} in case of the left inference rule and I = 0 in
case of the right one. For I = (), the notion of quasiequation and
identity collapse into a single notion and so we can also speak of
satisfaction and validity of identities.

Quasiequations are, in a formal sense [21], algebraic laws, which
means that satisfaction is preserved by substitution: Let s,e €
Terms, a € Vars, and let s [a\e] be the term obtained by replac-
ing each occurrence of a in s with e. Then algebraicity means
that if A |= (A;er’s = t) = s = t, then we also know that

3More precisely, interpreted in a sequence algebra, this states that a,, is a fixed point
of F for all n € w. This is because F a is F applied pointwise to a.
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Table 2: Semantics of iterative construction terms under a standard interpretation J.

Term ¢ Semantics “[c] n Name Remarks Intuition
1 1 bottom constant sequence of 1’s L1dd...
T T top constant sequence of Ths TTTT...
a 3I(a)n variable the sequence JI(a) agaj az as . ..
sVt S[[s]]n u S[[t}]n join element-wise join of s and ¢ SoVty sVt SV, S3Vis...
SAt 3[[3]]” mn 3[[t]]n meet element-wise meet of s and ¢ SoAly S1At SoAty S3At3...
3 : n'™ element is the supremum over
Os su s majorum g sup Sk Sup Sk Sup Sk Sup Sk...
nﬁi [ ) all elements with index > n osg k 1;,: k zgg k 353 K
3 th element is the infi
Os inf ~[s minorum n - element s the inlimum over inf s inf sg inf s inf sg...
n<k [sJi all elements with index > n oSk K gz R kR sz K
®s S[[s]]o head repeat 0 element 505050 S0 .-
3 . drop 0™ element and left-shift all
Os ’[s shift P . S1825384...
[s]ner other elements by 1 index 19253 %
Fs J(F) ( 3[[s]}n) funcponI apply J(F) element-wise to s F(sg) F(s1) F(s3) F(s3)...
application
% 3 : n™ element is the n-fold iteration 2 3
F*s SF"(S) orbit so F(s1) F°(sz) F°(ss3)...
(F) [s1. of 3(F) on the n™ element of s o Fls1) Fo(s2) F(s)
I a="0b a=0 b = ¢ conclusion of Q, and moreover every node is either (i) a leaf labelled
- ) SYMM ————————— EQ-TRANS with some premise of Q, or (ii) a point of branching of the form
a=a =a a=c

=% ... "g=np

a
(‘a,....,"a) = @ (', ...,"b)

Figure 1: The inference rules of equational logic. Above,
a,b, 'a, b, c € Vars, ranges over the operations of arity
n > 0 appearing in the signature of the algebra under consid-
eration. In our case ® € {Y, A, ®, O, <, ...}, son € {1, 2}.

A | (Nieg 's [a\e] = 't [a\e]) = s[a\e] = t[a\e]. The latter
quasiequation is a substitution instance of the former. Substitution
instances of quasiequations can be obtained from any substitution
of variables with terms: given a mapping o: Vars — Terms and
a term s, we write s[o] for the term obtained by simultaneously
substituting each variable a in term s with term o(a).*

Quasiequational logic lets us derive new quasiequations syn-
tactically from known ones using derivations, which are a form of
inference tree in the following sense: a (finite) inference tree is a
(finite) tree whose nodes are labelled with identities (i.e. expressions
of the form s = t for two terms s and t). In an inference tree, points
of branching are interpreted as inference rules:

=1z ng =
s ="t "s ="t «_» \ /
s=t B
s=t

¢

Definition 7 (Derivations and Provability). Let Ax be an axiom
system, and let @ be a finitary quasiequation. A derivation of Q from
Ax is a finite inference tree such that the root is labelled with the

4In other words, s[o] = 7 [s]; cf. Section 2.2.

Is[o] = 't[o] "slo] = "t[o]
s[lo] = t[o]

for some quasiequation (A}, ’s = t) => s =t in Ax or in equa-
tional logic (see Figure 1), and some substitution o: Vars — Terms.
We say that  is derivable (or provable) from Ax and write Ax I Q if
Q has a derivation from Ax.

Remark 8. (1) We stress that Definition 7 (ii) may apply to leaves
(where n = 0); for example any instance of using EQ-REFLEX.
(2) An axiom system Ax is sound for sequence algebras iff all
quasiequations derivable from Ax are valid for sequence algebras.
This is because our proof system is standard quasiequational logic,
which cannot derive non-valid quasiequations from valid ones.
(3) If Ax + @, we may add Q to Ax without increasing the expres-
sive strength of Ax. Formally, if both Ax + @ and Ax U {Q} + ¢’,
then already Ax I @’. Indeed, whenever we would use @ within a
derivation of @’ from Ax U {Q}, we might as well “inline” a deriva-
tion of a suitable substitution instance of @ from Ax instead. It can
make a difference for the automation of theorem proving, however,
whether @’ is present in the axiom system or not, cf. Section 5.

2.4 Quasi-Inequalities

Lattice-theoretic fixed point theorems often refer to the under-
lying partial order C of the lattice. For instance, Park induction
states that F(¢) C ¢ implies Ifp F C ¢. Since C is so prevalent in
lattice-theoretic fixed point theorems, we want to be able to make
judgements directly about C, thus rendering theorem statements
and proofs more readable and potentially more automatable. Rea-
soning about L is not more general than reasoning about =, because
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in any lattice (L, C) with meet M and join LI, and £, m € L, we have
¢ C mifand only if L m = m (or equivalently £ = m M ¢).

As every sequence algebra is a lattice with meet A and join v,
also here we can recover the underlying partial order via the meet
and join operations: ¢, C §, foralln € w ifand only if p v & = §.
This allows us to treat point-wise inequalities between sequences
from L, as equations and thus appeal to the correctness of equational
logic reasoning.

While the reasoning under the hood is equational, our aim is
still to reason about inequalities. We thus introduce the shorthand
notation s < ¢ for the identity s v t = ¢.

Definition 9 (Quasi-Inequalities). An inequality is an identity of
the form s v t = ¢, denoted s < ¢, for s, ¢t € Terms. A quasiequation
(Aier’s 2 t) = s 2 tis called a quasi-inequality.

Aninequality s < t is valid for sequence algebras iff for any standard
interpretation I and any n € o, we have 3[s], € 3[¢t],,. It is direct
from the definition of lattice that s = t is valid if and only if both
s 2 tand t < s are valid. A number of interesting properties of
sequences can be expressed as inequalities:

a is an ascending chain a X Oa

ais a descending chain Oa = a

aisflat Ga <X Oa

O0Ca X &0Oa
Fa X a
a X Fa

a converges

all elements of a are prefixed points of F
all elements of a are postfixed points of F

3 Axioms for Iterative Constructions

We now present two axiom systems, AIC, and AlCy, for the algebra
of iterative constructions. AICy is a basic set of axioms that is sound
for sequence algebras. It is intended to be small, so that it is easy to
prove whether or not some class of structures forms models of AIC.

For more usable, i.e. more readable and more automatable, al-
gebraic proofs of lattice-theoretic fixed point theorems, we intro-
duce the extended axiom system AIC;. All additional axioms in
AIC; \ AIC, are derivable from AIC, and hence every model of
AIC, is also a model of AIC;. The extended system AIC; is indeed
more usable: Isabell’s sledgehammer tool finds proofs of all fixed
point theorems in Section 4 automatically in AIC; but not in AIC,.

We stress that AIC is not complete for sequence algebras (thus
neither is AIC;), nor can any finite system of finitary axioms achieve
completeness, cf. Section 6.1. There is hence no point in attempting
to provide a minimal finitary axiomatization. A complete but in-
finitary axiomatization of sequence algebras is given in Section 6.2.

3.1 The Basic Axiom System AIC,

The basic axiom system AlC is shown in Figure 2. Since we want
to capture sequence algebras, we provide intuitions for the setting
where variables represent sequences. However, it should be noted
that our axioms do not explicitly axiomatize that we are operating
on sequences. There could well be other models.

3.1.1 Bounded Lattice and Shifts. These axioms state that models
of AIC, form a bounded lattice with join v, meet A, least element
1 and greatest element T; that shifting is a monotonic operation;
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and that O distributes over v and A. The axioms O-or-1 and O-0r-T
together with Bot and tor ensure that L and T are flat.

We postulate nothing on ® because our axiomatization is bound
to be incomplete anyway and we will not be needing ® for the fixed
point theorems of Section 4. We do state axioms on ® for the com-
plete infinitary axiomatization of sequence algebras in Section 6.2.

3.1.2  Majora and Minora. &-inFLaTE and O-DEFLATE state that & can
only enlarge a sequence whereas O can only make it smaller. By
<&-1pEM and O-1pem, & and O are idempotent operations. Intuitively,
< aand O a together form the tightest monotonic envelope around a.
Putting a tightest envelope around the already tightest envelope
cannot yield an even tighter one. By ¢-mono and o-mono, ¢ and O
are monotonic. These six axioms together describe that & and O
form so-called closure or hull operators.

Next, by 0¢-comm and 0o-comm, O commutes with & and O. For
a proof of validity for sequence algebras, see Section A.8.

Finally, we postulate the induction rule ¢-inp for ¢: If a is de-
scending, i.e. Oa =X a, then &Ga = a. In fact, then even GCa=a
(since a X ¢ a already holds by ¢-inFLATE), so taking majora of
descending chains has no effect. The converse is also true (indi-
cated by the double inference bar): if & a <X a, i.e. taking majorum
of a has no effect, then a is descending. For a proof of validity, see
Section A.8. The coinduction principle O-coinp is entirely dual.

3.1.3  Function Applications and Orbits. In sequence algebras, func-
tions are applied element-wise to sequences, see Table 2. Naturally,
O and F must then commute, as postulated by FO-comm.

All functions in AIC are monotonic, postulated by an axiom
F-mono for every function symbol F € Funcs. It is not hard to prove
that F is monotonic (in the standard sense on single lattice-elements)
ifand only if F-mono is valid for sequence algebras, see Section A.9.2.
Hence, F-mono captures precisely standard monotonicity.

Inherited from standard monotonicity, applying F multiple times
is also a monotonic operation. Consequently, F*-mono postulates
that F* is monotonic. Contrary to our finitary axiomatization, mono-
tonicity of F* is provable from monotonicity of F in the complete
infinitary axiomatization.

FF*-comm postulates that it does not matter whether we first
apply F once and then arbitrarily many times or first arbitrarily
many times and then once more. In other words, F and F* commute.

Next, we investigate shifts of orbits.
Intuitively, we want F*a to be the F-orbit ITER
of a lattice element. If we left-shift such OF*a = FF'Oa
an orbit, we might expect that this re-
sults in F being applied once more, i.e. O F*a = F F*a. However, in
AIC ais not a single element but a sequence and hence F* has a more
intricate semantics, see Table 2. To be valid under this semantics,
the identity rrer for shifting orbits is also more involved.

OF*a: F(a)) F*(ay) F*(a3) F*(aq) The listing on the left
F*a: ay  F(a)) F?(a2) F*(a3) may provide some intu-

a: ap a, as ition on ITER.
Oa: az as ay Finally, we postulate
F*Oa: F(az) F*(a3) F(ay) (co)induction principles
FF*Oa: F(ay) F’(ay) F’(a3) F'(ay) F-np and F-com: If ap-

plying F once takes us in a certain direction (with respect to <),
then F’s orbit takes us in the same direction.
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Bounded Lattice: -COMM -COMM Y -ASSOC ~ASSOC
avb =bva arb =bra (avb) ve=av (bve) (avb) ve=av (bve)
V-ABSORB A-ABSORB BOT TOP
av (arb) = a aA (avbdb) =a L =a a T
Shifts: a=xb i -OF-L )-OF-T -OVER-Y -OVER-
O-MONO
Oa X Ob oL =21 TZXOT O(avb) = 0avy Ob O(aArb) = Oa A Ob
MaJora and Mlnora: -INFLATE O-DEFLATE O-IDEM O-IDEM Oa j a IND a j Oa O-COIND
a X Oa Oa X a OOa = Ca OOa = Oa Ca X a a X Oa
a X b a=xb -COMM O-coMM
— »-MONO O-MONO
Ca X Ob Oa X 0O 00a = &0a OOa = 0O0a
Function Applications and Orbits: FO -CoMM < b a <b FF*-comm
_— ——— F-MoNo ———  F*-MoNO —_—
FOa = OFa < Fb F'a X F'b FFa = F'Fa
ITER Fa X a a X Fa
T ——— - F-IND — F-COIND
OF'a = FF'Oa Fa £ a a X Fa

Figure 2: The basic axiom system AIC,. Above, a, b, c are fixed variables, and F ranges over all function symbols.

3.1.4 Soundness. We have the following theorem whose proofcErN

(Section A.8) has been formalized in Isabelle/HOL:

THEOREM 10. AIC, is sound for sequence algebras.

3.2 The Usable Axiom System AIC,

The extended axiom system AIC; is given by AIC, plus all axioms
shown in Figure 3. Let us go over some of these additional axioms.

3.2.1 Additional Partial Order and Lattice Axioms. AlC, axioma-
tizes algebraically the underlying bounded lattice. AICy, through
REFLEX, TRANS, and aNTisymm axiomatizes directly the induced partial
order = on the lattice. We will sometimes write

a; 2 ay ay X a3 ajp_1 2 ap
a; 2 ap
instead of
a; 2 as az X ap
a; 2 ay ay; X ai

a; 2 ap

as a shorthand for several intermediate applications of TraNs.
The INDISCERN

sla\u] = t[a\u]
sla\w] =X tla\w]

axiom is morally u=w
the congruence
rule of equation-
al logic, but for inequalities and for arbitrary terms (not just flat
ones of the form & (a, b, ...)). Intuitively, if u = w, then we can
freely replace term u with term w in any inequality. Formulating
this as a rule is slightly more involved: Let s < t be the context in
which the subterm u potentially occurs. All to-be-replaced occur-
rences of u are represented by a placeholder variable a occurring
instead of u in s and ¢ and hence s [a\u] < ¢ [a\u] is the inequal-
ity in which occurrences of u are to be replaced with w. If now
u = w, we can actually make the replacement and conclude that if
s [a\u] = t [a\u] holds, then also s [a\w] =< t [a\w] holds.

INDISCERN

avb X bra a = Fa

As an example, the derivation on
the left is valid. Here, term s is
av b,termtis b A ¢, and the place-
holder is c. The substitution instance b A F a is obtained by replacing
every cinb A ¢ by Faand b A a is obtained by replacing ¢ with a.
Notice that when reading the inference rule from top to bottom,
not every occurrence of a was replaced by F a. This is because s was
a Y b but placeholder ¢ does not occurin a v b.

Just for readability (but with no technical necessity), we write

avb 2 bA Fa

bA Fa (i.e.with ablue marking) below the inference bar to indicate
where F a replaced a. Intuitively, inpiscern gives us the flexibility
to select only certain occurrences of u for replacement by w and
we indicate which ones we select in blue .

We will often use
INDISCERN implicitly
(but rigorously) in the
context of identity ax-
ioms: Whenever we introduce an identity aABc, we will implicitly
introduce an inference rule which is derivable using ABc as the right-
hand premise of INDISCERN, and we will call this new inference
rule also aBc. For example, the identity v-comm induces the rule
Y -coMM shown
in the box above.
Its derivation is
presented on the
right. indicates an assumption (i.e. a premise above the bar) of
an inference rule / quasiequation that we want to derive.

An example of applying the implicit
v-comM rule on the left-hand-side (were we

c[x\bV al
c[x\av b]

X d[x\bV a]
< d[x\aV b]

V -COMM

V-COMM

clx\bva] 2 d[x\bY a]
c[x\av b] 2 d[x\avb]

avb =bva

bva 2 bAra

avb =X bra

again indicate in blue the part to which the
explicit Y-comm identity was applied) is shown above right.

INDISCERN

-COMM
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Addit. Partial Order and Lattice Axioms: REFLEX e sla\u] = t[a\u] u=w brsermn
v. SCER
a=a a2 c¢ sla\w] =< t[a\w]
a3b b 2a a="»b a="» avb = ¢ a X bAc
—_—— ANTISYMM WEAKENR WEAKENI V-ELIM A -ELIM
a=1»5 a Xb b Xa <c a=zb
IDEM IDEM a = c b ¢ a XD a 2 ¢ < c a =
V-INTROL ————  A-INTROR A-INTROL -INTROR
ava = a ala = a avb < ¢ a 2 brc aAb < ¢ a X bve
Addit. Majora and Minora Axioms: axXb a Xb Sa 2 b a X Ob
e -INTROR O-INTROL -ELIM O-ELIM
a 2 Ob Oa = a=3b a =X
a=xb ob < b a 2 Oa a=zb EXP O-EXP -DESC O-ASC
_— INTROL ——————— [O-INTROR
Ca 2 b a X Ob Ca =av 0da Oa = a A OOa 0Ca 2 Ca Oa X OOa
Addit. Func. Applic. and Orbit Axioms: SEMI-CONT SEMI-COCONT a X Oa Oa % a
ASC-ITER —_— DESC-ITER
OFa 2 Foa Foa < OFa FF'a 2 OFa OF'a X FF'a
a 2 Fa a X Oa Oa X a Fa 2 a a XD Fb X b a 2 Fa a=zb
" " ORBIT-ASC " " ORBIT-DES( P — F*-INTROL B Ems— F*-INTROR
F*a £ OFa OFa % F'a F'a 2 b a 3 Fb

Figure 3: Additional axioms for the automation-friendly axiom system AIC;. The axiom system AIC; contains AIC, plus the
additional axioms listed above. All additional axioms are finitely derivable from AIC,.

3.2.2  Additional Majora and Minora Axioms. By ¢&-pEsc and O-asc,
majora form descending chains and minora form ascending chains.
In fact, we had mentioned earlier that the majorum < a is the
least decreasing majorant of a. So if some sequence b is descend-
ing (Ob =X b) and b is a majorant of a (a < b), then b is also a
majorant of & a. Dually the minorum O a is a’s greatest increasing
minorant. The axioms ¢-iNTroL and O-INTROR capture precisely this
(see Section A.3.3 for a derivation). Finally, much like in LTL, both
¢ and O satisfy an expansion law (see Section A.3.2).

3.2.3  Additional Function Application and Orbit Axioms. Any mono-
tonic function is semi-continuous. In AIC, this reads & Fa X F & a,
stated by semi-cont. Dually, semi-cocont states FOa < OF a. To

get a first feel for how to conduct actual AIC-style algebraic proofs,
we show the derivation of semr-conT from other axioms:

>-DESC
N O0Ca = Ca
CINFLATE ————  F-MmonNo
a 2 Oa FOCa X Foa )
F-MONO ————— FO-comm
Fa < Fba OFGa = Foa
O-INTROL
OFa 2 F&a
As for additional orbit axioms,
a 2 Oa

we can recover the “naive” ver-
sion of rTer, namely O F*a =
F F*a, for flat sequences: For
chains a, the two rules asc-1Ter

ASC-ITER

FF'a X OF'a
Oa = a
OF'a X FF'a

DESC-ITER

and pesc-1TER are derivable (see
Section A.6). If a is now flat (@ X O a = a), we obtain O F*a = F F*a.

The axioms orsiT-asc and orsiT-pEsc assert that certain orbits
form chains. This is of interest since chains always converge in our
setting and we often want orbits to constitute fixed point iterations
that converge to a fixed point. If ¢ X Fa and a is ascending, for

instance, then the orbit F*a is provably also ascending. Dually, if
Fa < aand a is descending, F*a is also descending.

Finally, we can derive from F-IND and F-coIND rules that are sim-
ilar to O-INTROL and O-INTROR, namely F*-iNTroR and F*-INTROL
(see Section A.6.1 for a derivation).

3.3 Continuous Functions

From monotonicity, all functions are necessarily semi-continuous:
& Fa X F < a. If the other direction F &G a X O Fa (and thus the
identity F <& a = < F a) holds, the function is “fully” continuous.
We can state that certain functions F are continuous by additionally
postulating non-derivable continuity axioms for those functions.
More specifically, if we can pull out majora
from F without discharging any further
premises, this essentially means that one
can pull the supremum of any unordered
non-empty countable set S out from F, i.e.
F(sup S) = sup F(S). We would then pos-
tulate for such functions c-cont shown above right.

A more commonly used no-

C-CONT

Fba X OFa

C-COCONT

OFa =% FOa

. . <

tion of continuity, called - _a=s0a -
continuity [1], is when one need Foa 2 OFa

not be able to pull out suprema of Oa =X a

W-COCONT

any unordered set but only of as-
cending chains. In AIC, this cor-
responds to being able to pull out majora of ascending chains and
we would capture w-continuity of F by postulating w-cont. As with
monotonicity, one can prove that F is c- or w-continuous if and
only if the appropriate quasi-inequalities are valid for sequence
algebras, see Sections A.9.4 to A.9.6. Notions and axioms for minora
and cocontinuity are entirely dual.

OFa X FOa
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4 Algebraic Proofs of Fixed Point Theorems

To demonstrate the usefulness of AIC, we will now present purely
algebraic proofs of well- and less-well-known fixed point theorems.

4.1 Kleene, Tarski-Kantorovich, and Park

We first prove in AIC the well-known Kleene fixed point theo-
rem> [22], or rather a slightly more general result — the Tarski-
Kantorovich principle (TKP) [16]. It says: for w-continuous F, if
¢ C F(?) then iterating F on ¢ will converge to the least fixed point
of F just above ¢, which we denote by Ifp5, F:

THEOREM 11 (TARSKI-KANTOROVICH PRINCIPLE). Let F: L — L
be an w-continuous endomap on a complete lattice L, and { € L. Then

¢ C F(¢) implies Ifp5, F = sup F"(¢). (TKP)"
new

Remark 2. TKP and all other fixed point theorems in this section
have duals, which emerge by reversing the order (e.g. replace w-
continuous with w-cocontinous maps and least with greatest fixed
points), which can be proved in AIC in the same way.

AIC FORMALIZATION OF THEOREM 11. Before we derive the theo-

rem, we will first describe how to formalize it in AIC. Let us assume
some a such that a < Fa and that w-coNT holds for F. While a
is by default any sequence in AIC, a morally takes the role of the
single lattice element ¢. It would thus make sense to require that a
is flat, so as to emulate a single lattice element. However, it turns
out that this is not necessary, as long as a is ascending, i.e. a X Oa.
Note that this makes the theorem we will prove more general. To
obtain the classical single-element version of Theorem 11 (TKP),
we would instantiate a with the flat sequence £ = £ £ £ £... and
that sequence is trivially ascending, hence ¢ < O £.
Assuming a <X Fa and
a % Oa, we formalize that
O F*a (cf. sup,,c,, F"(¢)) is
the least fixed point of F
above a. This comprises proving that (i) ¢ F*a is a fixed point,
i.e. that Tkp-rp shown above right is derivable. By , we annotate
which continuity axioms we need to postulate on F (cf. Section 3.3)
to prove the rule derivable. This is just for convenience and bears
no further formal meaning.

X Oa

FOFa

a 2 Fa

O F'a

a

TKP-FP

We further
formalize that R pABOVE
O F*a is the a X OFa
least  fixed
@t above a, g b Y = I TKP-LEAST
ie. (ii) © F*a OFa 2 b

is itself above
a and (iii) any fixed point (and in particular any prefixed point) b
above a is also above & F*a. We thus derive the two quasi-
inequalities Tkp-aBovE and Tkp-LEAST above.

ALGEBRAIC PROOF OF
THEOREM 11. For prov-
ing Tkp-FP, it is useful
to first prove that F*a
is a majoral quasi fixed

a X Oa
OFF'a = OFa

<{-QUASI-PRE-FP

a 2 Fa

5 : : S - OUASLPOST-FP
Though for our restricted setting whe&e fhe Jatice 3 fFopmtably conipléte

-MONO

>-Co

-INTROR

-COMM

EXP
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point, i.e. under the scope

of a majorum, it makes

no difference whether or not F is applied once more to F*a; for-
mally, & F F*'a = < F*a, which intuitively means that & Frais a
fixed point of F up to continuity. We divide this identity into the
two quasi-inequalities shown in the box above right, and will later
reuse these lemmas to prove the Olszewski fixed point theorem.
For a proof of ¢-guasi-pre-Fp, con-
sider the upper proof tree on the left;

a =X Oa

R for ¢-ouasi-posT-Fp the lower.
oFFa < o0Fa Before we show that & F*a is a
proper fixed point, we would like to

OFFa X2 0¢Fa . .

point out the seemingly mundane
OFFa 5 00Fay Fa essence of the two proofs shown on
OFF'a = Fav 00Fa the left: Both are about making one

missing F appear. For $&-QUASI-PRE-
Fp (upper tree), F is missing on the
right-hand side and can be created
by expanding <, crucially: forget-

OFFa 2 OFa

a X Fa
Foone o P ra ting the irrelevant F*a, creating a O
-COMM 3
Fa < FFa on the non-forgotten part, and this

>-MONO

O acts on F* to create the missing F
(via 1TER hidden in Asc-1TER).
For ¢-quasi-post-Fp (the lower tree), F is missing on the left and
while we can expand the left <&, we cannot forget joinees (V) on
the left. Therefore, we instead need that adding F on the right
makes that side bigger which is essentially ensured by a X Fa.
As a precursor to the Olszewski theorem about O F*a we will
see later: a < F a would not have been necessary if we had some
additional O guarding F*a. Then we can expand O on the left forget
the unshifted part of that O-expansion.

We now show that & F*a is a proper fixed point: For & F*a being
a postfixed point (Tkp-posT-FP), We require only semi-continuity
(which all monotonic functions satisfy):

OF'a 2 OFF'a

1A

a Fa SEMI-CONT
O F'a OFF'a OFF'a 2 FOF'a
OF‘'a 2 FOF'a

>-QUASI-POST-FP

IA

TRANS
For & F*a being a prefixed point, we require w-continuity:

a X Fa

F'a 2 OF'a a 2 Oa
FOF'a 2 OFF'a OFF'a 2 OFa
FOF'a = OFa

ORBIT-AS(

(V-CON O-QUASI-PRE-FP

For c-continuous F, the left branch of the above tree simplifies to:

C-CONT

FOFa <= OFF*a

Remark 12 (Prefixed Points of c-continuous Maps). As aby-product,
we have shown for ascending a that & F*a is a prefixed point of
any c-continuous map F. Indeed, a = F a is not required for being
a prefixed point. In the classical single-lattice-element setting this
reads: If F is c-continuous, then sup,,., F"(¢) is a prefixed point
of F for any ¢ € L. While a minor result, this is to the best of our
knowledge a novel result.
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. . <
We can combine the just proven & F*a < FOF'a 2 ~ ;a
and F & F*a < < F*a using anTisymu to obtain the 2= =4
a X OFa

desired quasiequation txp-rp. It is then left to prove
TKP-ABOVE and Tkp-LEAST. For Tkp-ABOVE, see the proof
tree above right. For Tke-LEAsT, we have the proof tree below, thus
completing the algebraic proof of Theorem 11.

a b Fb < b
F”-iNTROL
pe Fa < b ob = b
()F*a P -INTROI O

We obtain the Kleene fixed point theorem as an immediate corollary
of the Tarski-Kantorovich principle, namely by instantiating a = L
to obtain the very least fixed point (i.e. the least one above L), then
given by & F* L (cf. sup, F"(1)).

We can also read this corollary off the AIC proof of TKP. This
is because wherever a < Oa or a X Fa occur as assumptions
in our proofs and we have a = L, we can vacuously discharge
these assumptions by applying the axiom sot. Similarly, the Park
induction principle [28] for upper-bounding least fixed points of
continuous functions F, i.e.

Ve € L: F(f) £ ¢ implies Ifp FC¢
is an immediate instance of TKP-FP, TKP-ABOVE, TKP-LEAST for a = L
and b = ¢ ¢ ¢¢....In fact, we can readily read off our algebraic

proofs a generalized Park induction principle:

THEOREM 13 (GENERALIZED PARK INDUCTION). Letf,m € L and
F: L — L be w-continuous. Then

mC F(m) AmC ¢ AFEU)C¢ cCe.

= Ifp5,, F

Proor. Instantiate Tke-rp and Tkp-aBovE witha =mmmm. ..
andb =¢¢¢¢... (both flat). It follows that [ F*a]o = Ifpo,, F,
and thus Ifp,, F C ¢ by Tkp-LEAST. O

4.2 Olszewski

By the Tarski-Kantorovich principle (Theorem 11), seeding the
iteration of an w-(co)continuous map F with a pre- or postfixed
point of F converges to a proper fixed point. But how to find pre-
or postfixed points to begin with? A recent result due to Olszewski
shows that they emerge by iterating on an arbitrary seed element.

THEOREM 14 (OLszEWSKI [27]). Let F: L — L be w-cocontinuous
andt € L. Then inf,c., SUpys, FX(¢) is a postfixed point of F.

We recall Olszewski’s argument in Section A.10 for the convenience
of the reader. Under stronger assumptions on F, we can improve
on Olszewski’s result and obtain proper fixed points:

THEOREM 15. Let F: L — L be w-cocontinuous and c-continuous
and ¢ € L. Then inf ¢, supys, FX(¢) is a fixed point of F.

Remark 3. There is also a transfinite version of Theorem 14 that
only assumes monotonicity of F, see [26, Thm. 1]. Similarly to the
transfinite version of the Knaster-Tarski Theorem by Cousot and
Cousot [10], this result is currently out of scope of AIC.

a

O-c

A-INTROI

O-EXP

-QU
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AIC FORMALIZATION

-INTRC oF THEOREM 14 AND

Oa =2 a v THEOREM 15. As in Sec-
O¢CFa 2 FOOF a tion 4.1, the fixed seed
element ¢ is associated
with a variable a. The-

a 2 Oa

orem 14 then reads in
AIC as or-post-Fp shown
above left, where — analo-
gously to the AIC formal-
ization of Theorem 11
- we prove a more gen-
eral statement and hence
have an additional premise O a < a. Theorem 14 is obtained from
instantiating a with the flat sequence ¢ ¢ ¢ ¢. .., for which this
premise holds vacuously. Similarly, Theorem 15 is formalized as
oL-Fp shown above.
ALGEBR. PROOF
OoF THEOREM 14
AND THEOREM 15.
Similarly to the
proof of Tke-Fe, it
is useful to first
prove that F*a is a mino-majoral quasi fixed point of F, i.e. un-
der the scope of a nested minorum-majorum, it makes no difference
whether or not F is applied once more to F*g; formally, 0 O F Ffa =
0O F*a. Thus, we derive the two rules O¢-ouasi-posT-Fp and
O0<$-QUASI-PRE-FP shown in the box above.

OL-PRE-FP

FooFa X 0OFa

<

=

Oa Oa
OO0 Fa = FOooFa

a a

OL-FP

Oa =2 a
OO F'a = OOFFa

OO -QUASI-POST-FP

a 2 Oa
OOCFF'a £ O0O0Fa

O0<O-QUASI-PRE-FP

Oa % a For 0¢-quasi-posT-Fp, consider
H‘\‘ " OFa < FFa the upper left proof tree. Here,
‘ OOF'a = 0FF'a we can expand a O on the left,
o 0¢F'a =< OFFa which we did not have avail-

MONO

able for proving <-Quasi-POST-FP.
This is the algebraic essence of
why Olszewski will not require
a X Fa or alike.

00O Fa 2 OOFFa

OMM

oo¢F'a <X OO0FFa

OFa A OOOCFa 2 OOCFFa

O00F'a <X 0O0FFa For O¢-quasI-PRE-FP, we have

the lower proof tree. Notice that

R a 2 Oa we re-used the <-Quasi-PRE-FP

o OFF'a 2 OF'a rule from the proof of TKP. Us-
O0FF'a 2 00F'a

ing 0<O-QUASI-POST-FP, We prove
oL-posT-FP in Figure 4 (top). Finally, with or-post-Fp at hand, the
derivation of or-rr follows immediately from or-pre-rp which we
derive also in Figure 4 (bottom), thus concluding our algebraic
proofs of Theorem 14 and Theorem 15. O

4.3 Latticed k-Induction

Latticed k-induction [6] is a fixed point-theoretic generalization of
the prominent k-induction verification principle [31] for hard- and
software model checking [7, 11, 14, 17]. It has successfully been
employed for the verification of probabilistic programs [6, 36] and
probabilistic pushdown systems [35].

Fix an w-continuous F: L — L and an element ¢ € L. We call
G¢: L — L defined as G¢(m) = F(m) 1 ¢ the k-Induction operator.
The principle of k-induction is a generalization of Park induction:
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Oa X a OFF'a 2 FOF'a O¢CFa 2 ¢OFa
O00Fa 2 0O0FFa 0O FFa OF&Fra OFOF'a X FOoOFa
O00Fa 2 FOoFa

FOFa OFFa a X Oa

FOooF'a 2 OFOF a

=<
OFGFa 2 0OOFFa

OOFFa 2 0¢0Fa

FOooF'a 2 0OF'a

Figure 4: Proof of oL-post-Fp (top tree) and or-pre-rp (bottom tree).

THEOREM 16 (LATTICED k-INDUCTION [6]). For everyk € N,

F(Gke)) c ¢ implies IfpF E ¢.

AIC FORMALIZATION OF THEOREM 16. Analogously to Section 4.1,
we associate the fixed lattice element ¢ with a fixed b. To formalize
the k-fold application of the k-induction operator, we define for all

k € N the term G’bc b recursively by

k b ifk=0
Gyb =
FG{;‘1 b A b otherwise .

The above is meant to define syntactic equality of terms, so e.g.
defining that G} b is a name for the term FG; b A b.

The algebraic version
of Theorem 16 then reads
as a family of quasi-in- FGyb 3 b ob
equalities k-1np (shown OF'L % b
right, parametrized in k).
We require the additional premise Ob =< b for the same reasons
as in the formalization of Theorem 11. Classical k-induction (Theo-
rem 16) is obtained from k-inpforb = £ € £ ¢. .. forwhichOb <X b
holds vacuously. We prove k-inp enitrely within AIC; for every
k € N (cf. Section A.11.4), constructing proofs inductively on k.

IA
&

5 Mechanization

We mechanized AIC in Isabelle/HOL to confirm soundness and
usability. The mechanization is a shallow embedding of sequence
algebras on complete lattices as presented in Section 2. A shal-
low embedding means we do not separately formalize the algebra
as an object or define its syntax. Instead, we directly build on Is-
abelle/HOL’s formalization of complete lattices and define the op-
erators of the algebra as functions and constants in Isabelle. We use
functions from natural numbers to lattice elements as the type of
sequences. With this, the definition of operators is straightforward,
and integrates so well into the existing Isabelle lattice setup that
for instance our A and Vv coincide with existing Isabelle type class
operators LI and M applied to functions.

The equations and reasoning rules of the algebra can then be de-
rived as lemmas in Isabelle from the definition of the operators. This
builds up the algebra in the prover and at the same time constitutes
a soundness proof of AIC, as well as any derived rules.

Using our formalization, we proved all fixed point theorems of
Section 4. The proofs follow the paper presentation, with interme-
diate steps solved fully automatically by Isabelle’s sledgehammer.

Beyond that, if the extended axiom system AIC; is available,
sledgehammer is even able to prove many high-level theorems such
as Tarski-Kantorovich or Park induction fully automatically. We
also found that Isabelle’s counter-example finder is effective in
identifying misstated lemmas. Both show promise for the use of the
algebra and further exploration of fixed point principles directly in
the prover. Conversely, if we remove important derivable rules such
as 1Ter and O-exp as explicit lemma statements and force the prover
to work directly with expanded definitions and indexed suprema
and infima as in traditional fixed point formalizations, automation
tends to break down quickly. Sledgehammer is able to recover some
of these by reproving them inline, but higher-level theorems remain
out of reach. This means that the abstraction of the algebra brings
with it not only increased clarity, but also improves proof search.

6 Completeness and Incompleteness

In this section, we investigate aspects of completeness of the axiom
systems presented in Section 3. Completeness of AIC, means that
if a finitary quasiequation is valid for sequence algebras, then it
is derivable from AICy. In this section, we show that AIC, is not
complete. In fact, even if we restrict just to the © and O operations,
no finite axiom system of finitary quasiequations can be complete.
This situation changes when allowing infinitary quasiequations and
a slightly infinite notion of derivation, as we will see in Section 6.2.

6.1 Incompleteness of Finitary Axiomatizations

We now show that the validity of finitary quasiequations that just
involve the ® and O operations has no sound and complete finite ax-
iomatization. To this end, it suffices to consider a simplified version
of sequence algebras that drops all lattice-theoretic structure.

Definition 17. A discrete sequence algebra is given by the set A®
of sequences in a set A equipped with the two unary operations
®,0: A® — A“ defined exactly the same as in Definition 2 (2.3).

All syntactic concepts for sequence algebras (terms, quasiequa-
tions, finite derivations) carry over to discrete sequence algebras
by restricting all definitions to ® and O. We speak of discrete
terms, quasiequations, etc. for distinction. For instance, a discrete
quasiequation is a quasiequation whose terms use only ® and O.
A discrete quasiequation is valid for discrete sequence algebras if
it is satisfied by every discrete sequence algebra. A discrete axiom
system Ax (i.e. a set of discrete finitary quasiequations) is sound for
discrete sequence algebras if every quasiequation from Ax is valid
for discrete sequence algebras. It is complete for discrete sequence
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algebras if every quasiequation that is valid for discrete sequence
algebras has a finite derivation from Ax.

THEOREM 18 (INCOMPLETENESS). There is no finite discrete axiom
system that is both sound and complete for discrete sequence algebras.

Intuitively, the reason is that a finite discrete axiom system cannot
derive non-trivial statements about periodic sequences with large
periods, since the finitely many finitary axioms necessarily only
contain statements about periods of bounded length. Specifically,
for each positive integer N, consider the discrete quasiequation
N-1
oNa=a A /\@Oia:©oi+1a = Oa =a (6.1)
i=0
stating that if a sequence is periodic with period length N and its
first N elements are equal, then the sequence is flat. While (6.1) is
valid for discrete sequence algebras, one can show that for every
finite and sound discrete axiom system Ax, this quasiequation is not
derivable from Ax for sufficiently large N. Thus Ax is not complete.
Despite the simple underlying idea, the proof of Theorem 18 is
fairly involved,; it rests on the introduction of a suitable normal form
for quasiequations and a careful analysis of possible derivations
from normalized quasiequations. For details, see Section A.12.

6.2 A Complete Infinitary Axiomatization

As we have just seen, no finite set of finitary quasiequations can
completely capture validity. For achieving completeness, we need to
add possibly infinitary quasiequations, i.e. (A;e;'s =t) = s =t
where I may be infinite. As the size of I determines the branching
degree in derivation trees, we can no longer be satisfied with our
finite derivation trees (cf. Definition 7). It turns out that a slightly
different kind of finiteness provides just the right notion of deriva-
tion for infinitary quasiequational logic.

Definition 19 (Well-founded Derivation). An inference tree is well-
founded if every branch of the tree has finite height. Given an axiom
system Ax and an quasiequation Q, a well-founded derivation of Q
from Ax is defined exactly as in Definition 7, except that the underly-
ing inference tree is well-founded in lieu of finite. A quasiequation Q
is well-foundedly derivable from Ax, denoted Ax Fys Q, if Q has a
well-founded derivation from Ax.

By Kénig’s lemma, a finitely branching well-founded tree is finite.
Thus our previous notion of finite derivability (Definition 7) coin-
cides with well-founded derivability when all of the quasiequations
from Ax are finitary. In particular, since all AIC, axioms are finitary,
a quasiequation Q is derivable from AIC, if and only if AIC, Fysf Q.

Importantly, we also cannot be satisfied with inference trees of
finite height, even with infinitary branching. Indeed, if Ax could
contain (A ;e; 's = 't) = s = t with I = w and each identity ’s = ¢
with a derivation of height i, like so:

s=t

This is a derivation tree of infinite height, but it also well-founded,
because every branch has finite height. To summarize, well-founded
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Table 3: Axioms of AIC,, (a, b, ¢ € Vars are fixed variables).

avb =bva arb =bra
a X b= Fa <X Fb
av(bve) = (avb)ve

1L Xa a =T
Lattice: aAr(avb) =a=av (arb)

aAr(brc) = (arb)Ac

@L =1 @T =T ©@(arb) =®ar®b ®@(avb) =©aveb

Head:

ea ©Fa = Foa ©F'a=00a=00a=00a=00a=0a
Shif 1L =1 oT =T O(avb) =0avob O(arb) = 0arOb

ift: .

. OFa = Foa OFa=FFOa O¢a=00a Ofa=00a
Majorum/ a =X Oa Oa =X a oda =a Oda = a
Minorum: Oa 2 a & <¢a = a a X Oa & a X 0Oa

Neo"azb=00axb J\b=zo00" =b<ona
Sequence: "< new

/\©o"a =00" = a=1b

new

derivations are sufficient and (in general) necessary for reasoning
with infinitary inference rules. This is the content of the theorem
below, which appears to be folklore.® We state the theorem for AIC-
structures, but it extends to algebras over any finitary signature.

THEOREM 20 (SOUNDNESS AND COMPLETENESS OF WELL-FOUNDED
DERIVATIONS). Let Ax be an axiom system and let Q be a quasiequa-
tion. Then Ax kys Q if and only if for any AIC-structure A |= Ax, we
also have A |= Q.

An infinitary axiom system AlIC,, that is sound and complete for
sequence algebras is given in Table 3. (For economy of space, we
present the axioms as implications rather than inference rules.)
Note that there are exactly three infinitary axioms, namely the
sequence axioms found at the bottom of Table 3.

THEOREM 21 (SOUNDNESS AND COMPLETENESS OF AlC,,). For any
quasiequation Q,

AIC, Fwf Q iff Q is valid for sequence algebras.

The proof of Theorem 21 uses two results: The first one is Theo-
rem 20, which tells us that to show that a quasiequation is well-
foundedly derivable in AIC,,, it suffices to show that it is true in all
models (not just sequence algebras) of AIC,,. The second result is
the AIC,, embedding theorem below, which tells us that every AIC-
structure that satisfies AIC,, embeds into some sequence algebra.

TuEOREM 22 (AIC,-EMBEDDING). Let Ay |= AIC,, be an AIC-
structure. Then there exists a complete lattice (L, C) and a sequence
algebra A carried by L” such that A, embeds into A, in the sense
that there exists an injective algebra homomorphism e: Ay — A.

PROOF SKETCH OF THEOREM 22. Given an AIC-structure A, |=
AIC,,, we first need to find a complete lattice L, which later will
carry the sequence algebra A. We start by defining a (possibly
incomplete) lattice Ly as follows: let Ay carry Ay, and define Ly =
{©x | x € Ay}. Note that Ly C Ay. From the first row of the head
axioms in Table 3, we see that L, is a lattice when equipped with
the lattice operations of Ay: given x,y € Ay, we define

Ao Ao x |_|Lu ©:/(n y = @J"(u Ao

T =T and @ (x A7 y)

and similarly for 150 and Lo, Furthermore, for each F € Funcs, the
operation F70 restricts to a monotone map F0: Ly — Lo defined

®For the sake of convenience, a proof can be found in the appendix.
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by Flo(@ ®x) = @ "0 F7 (x) for each x € Ay by the bottom-left
equation in the Head Axioms of Table 3.

The only issue with stopping here and declaring that L = L, is
that Ly may be incomplete. This is where we make use of a theorem
of Macneille [23], which states that every lattice Ly admits an order-
embedding into a complete lattice L called the Dedekind-Macneille
completion of Ly. So, let m: Ly < L be the Dedekind-Macneille
completion of Ly. Every monotone map Fy: Ly — L; extends to a
(not necessarily unique) monotone map F: L — L, in the sense that
F o m =m o Fy; see [33, Proposition 3.3].

Thus, we arrive at the sequence algebra A and the injective
algebra homomorphism Ay < A that we were looking for. The
sequence algebra A is carried by L”, where L is the Dedekind-
Macneille completion of Ly, and for each function symbol F €
Funcs, the operation F 1 is the one obtained from some extension
of FX0: Ly — Ly to a monotone map F": L — L (see Definition 2).
The embedding ¢: Ag — L® is then obtained by forming sequences
using the head and shift operators: for any x € Ag and n € w, we
set £(x), = m(® O "x). Since m is an order-embedding, it follows
from the last axiom in the Sequence Axioms row of Table 3 that ¢
is injective. Verifying that ¢ is an algebra homomorphism amounts
to a long calculation; see appendix for details. O

ProoOF oF THEOREM 21. Soundness (=) holds by Theorem 20
and the observation that all axioms in AIC,, are valid for sequence
algebras. For completeness (<), consider any quasiequation @ and
suppose that for any sequence model A, A |= Q. We need to show
that AIC,, Fwf Q. By Theorem 20, it suffices to argue that Ay |= Q for
any AIC-structure Aj that satisfies AIC,,. But given any such Ay, by
Theorem 22 there is an injective algebra homomorphism ¢: Ay —
A into some sequence algebra A. Quasiequations are universally
quantified, so whenever an algebra satisfies some quasiequation, so
do all its subalgebras. Therefore, from our assumption that A |=
it follows that Ay |= @, as desired. o

7 Limitations and Outlook

AIC currently cannot reason about transfinite fixed point iterations.
If it could, this might enable reasoning about fixed points of arbi-
trary monotonic endomaps, e.g. by algebraizing the constructive
version of the Knaster-Tarski theorem by Cousot and Cousot [10].
As for a connection to modal logics, linear time temporal logic
(LTL) [29] seems to be very related to the sequence-part of AIC.
While the purpose of LTL is completely different and it does not
have iteration operations, it would still be interesting to investigate
how strong the connection between LTL and AIC really is. The fact
that both AIC and LTL admit expansion laws as well as absorption
laws a la & 0 <¢ a = O< a suggests that the connection is strong.
In verification, one could investigate whether Olszewski-type
fixed points admit a temporal interpretation a 1a “0 < F*a are the
states that always eventually reach a by taking F-transitions”.
Another promising direction for future work is to study non-
standard (i.e. non-sequence) models of AIC. From Theorem 21 ap-
plied to the axiom system AIC, and the incompleteness result of
Section 6.1, it follows that many such models exist. We leave it as
future work to discover interesting examples of non-standard mod-
els. Particularly interesting would be models where the inhabitants
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can also have a sort of “orientation” or “polarity” 4 la ascending/de-
scending. Possible candidates for such structures would be trees,
directed sets, continuous real-valued functions, or permutations.
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A  Omitted Proofs
A.1 Joins and Meets

LICS 26, July 20-23, 2026, Lisbon, Portugal

A.1.1T  V-ELim and A-ELIM.
avb < ¢ a 2 bAc
Y -ELIM — A-ELIM
b <¢ axXb
Consider the following two proofs.
REFLEX
b <xb
V-INTROR —mMmm—
b X bva
Y-COMM —————
b 2 avb avb < ¢
TRANS
b < ¢
REFLEX
b <b
A-INTROL
a X bac bve 2 b
TRANS
a Xb

A.2 Shifts

A.2.1 O-OvER-Y and O -OVER-A.

Oavy Ob = O(avb) O(arb) X OarOb

Note, that the other direction is proven semantically. Refer to the proof of soundness in Section A.8.

REFLEX REFLEX REFLEX REFLEX
a 2 a b <xb a2 a b <b
YV-INTROR ——mm— ———  V-INTROR A-INTROL ——— —— A-INTROL
a X avb b X av arb = a arb 2 b
O-MONO O-MONO O-MONO O-MONO
Oa 2 O(avb) ob 2 O(avb) O(aAb) =X Oa O(arb) 2 Ob
YV -INTROL A-INTROR
Oav Ob X O(avb) O(aarb) 2 OarOb

A.3 Majora and Minora
A.3.1 <& -INTROR, O -INTROR, & -ELIM and O -ELIM.

a b Ca 2 b

——  O-INTROR O-ELIM

a X o a =

a Xb a X 0Ob
O-INTROL O-ELIM

Oa =X a=b

For &-INTRO and -ELIM, consider the following two proofs:
O-INFLATE
a=b b 2 Ob
TRANS

a X oOb
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a X Oa

O0®a = <a

ay O0a = %a

V -INTROIL

O(avy O¢a) 2 O%a

REFLEX

O-MONO

NTROR

a=<a O(avy 00a) = 0%ava ”“‘ o .
a2avooa O(avy O¢a) = avY O%a 2 oa YR
oa 2 av O0da ©omrrol T Y 0od < oa -INTROI
ayY O%a = <¢a ANTISYMM

Figure 5: Proof of the expansion rules.

O-INFLATE
a X Oa Ca X b
TRANS
a 3 b
For O-INTRO and O-ELIM, consider the following two proofs:
O-DEFLATE
Oa = a aXb
TRANS
Oa X b
O-DEFLATE
a 2 0Ob ob 2 b
TRANS
a 3 b
A.3.2 <O-Exp and O-EXP.
-EXP O-EXP
Ca =avy O0la Oa = a A OOa
The proof of &-exp in in Figure 5.
A.3.3 <O-INTROL and O-INTROR.
a X b ob X b
O-INTROL
Ca 2 b
a 2 Oa a 2 b
O-INTROR
a 2 0Ob
Consider the following two proofs.
a Xb ob <X b
{-MONO -IND
Sa 2 Ob b <
TRANS
Sa X b
a X Oa a =
O-COIND O-MONO
a X Oa Oa =
TRANS
a X 0Ob

A.4 Flats and Limits
A.4.1 O -PoINT.
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Ga 2 Oa
—— O-FLAT
OCa = a

For the inference from top to bottom, consider the following proof tree:

SCa 2 Oa

SCa 2 Oa
O-ELIM O-ELIM
Sa =X a a X Oa
O-IND — [O-COIND
Oa X a a X Oa
ANTISYMM
Oa = a
For the converse inference, consider the following:
Oa = a OCa = a
WEAKENR WEAKENR
OCa = a a X Oa
O-IND O-COIND
Ca 2 a a 2 Oa
CUT
Ca 2 Oa
A.4.2 < -Asc-PoINT and O -DEsc-POINT.
a X Oa Oa X a
——  {-ASC-FLAT O-DESC-FLAT
OCCa X 0Ca

o0Oa X O0Oa

Consider the following proof.

a X Oa Oa X a
-  &-MONO - O-MONO
Ga 2 60a O0Oa X Oa
— 0O0-comMM — OO-comMm
Ca 2 00a OOa = Oa
—————— [-COIND ———— [O-COIND
Ca 2 00a $0Oa X Oa
—_— {-IDEM —_— —  [O-IDEM
OCQa 2 O00a OOa X OOa
A4.3 <&O/00-MoNo.
a xb

— <$0/0<$-MONO
ooa X2 O0ODb

Consider the following proof.

{-DESC
a < b oob X Ob

_INT - ————  [-MONO
O-INTROR < ob Doob < 0Ob
O-MONO —M ————— OO-coMM

Oa 2 OOD ooob 2 Oob

O-INTROL
COa 2 OOb

A.5 Functions, Monotonicity, Continuity

A.5.1 SEMI-CONT and SEMI-COCONT.

SEMI-CONT SEMI-COCONT

OFa X Foa Foa X OFa
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We show sEmI-coNT in ??. Consider the following proof for SEMI-COCONT:

O-ASC
Oa =X O0Oa O-DEFLATE
F-mono
Foa X FOOa Oa = a
FO -comm F-MmoNO
Foa X OF0Oa FoOa X Fa
O-INTROR
Foa X OFa
A.6 Iteration
ASC-ITER AND DESC-ITER
a 2 Oa Oa = a
ASC-ITER DESC-ITER
FF'a = OF'a OFa X FF'a
Consider the following proofs.
a X Oa Oa X a
F*-MONO " " " " F*-MONO
F'a 2 FOa FFOoa X Fa
F-monNO " " " " F-monoO
FFa X FF'Oa FF'Oa = FFa
ITER ITER
FF'a = OF'a OF'a =X FF'a
A.6.1 F*-INTROL and F*-INTROR.
axb Fb <X b
" F*-INTROL
Fa =<
a X Fa b
" F*-INTROR
a X F'D
Consider the following proof.
ASM. ASM.
a=xb Fb X b
F*-moNO " " " F-IND
F'a X F'b F'b X b
" TRANS
Fa X b
ASM. ASM.
a = Fa a =X
F-coIND " " " F*-moNO
a X F'a F'a X F'b
- TRANS
a X F'D
A.7 Distribution rules for 0 and ¢
<OVDist and OV Dist
Proor.
<>-DESC <{-DESC
oCa X Ca oob X Ob
O-INTROR O-INTROR Y -INTROL
a % Ca b < b 0<Cavoobh X Cavob
Y -INTROL O-OVER-Y
avb 2 Oavob 0 (Cavob) = Cavob
O-INTROL
Clavb) 2 CavOob
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REFLEX REFLEX
a X a b <b
V-INTROR —— ——— V-INTROR
a 2 aVvb b X avb
<-MONO O-MONO
Ca X O(avd) Ob 2 O(avb)
YV -INTROL
Cav<ob 2 Olavb)
REFLEX REFLEX
a2 a b <xb
YV -INTROR —————  VY-INTROR
a < aVvb b X avb
O-MONO O-MONO

aob 2 O(aVvb)
OaVvOob % O(aVvb)

V-INTROL

LICS 26, July 20-23, 2026, Lisbon, Portugal
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A.8 Soundness of AIC,

The axiom system AIC, is sound for sequence algebras.

We prove the statement by structural induction on the derivation. Let n € N be arbitrary but fixed.

Bor and Tor.

Batz, Kaminski, Kehrer, Klein, Urbat, Schmid

BOT TOP

1 X a a T

Proor. Both follow directly from the definition of T and L.

[1]» = L € [a]a (Def 1)
la]. & 7 = [T]x (Def T)
m}
Y -COMM, A -COMM, Y -ASSOC and A -ASSOC.
avb =bva aAb:bAa
(avb)vc‘:kav(bvc) (avb)vc‘; ayv(ch)
Proor. Follow directly from the lattice axioms.
laln v [b]n = sup{[a]n [b].}
= [[b]]n v [[aﬂn
[aln A [b]n = inf{[a],, [6]~}
= [[b]]n A [[a]]n
f[av (bv )], = [aln Y ([E]n V¥ [c]n)
= ([[a]]n v IIbIIn) v [[Cﬂn
= [(av b) v cln
f[ar (BAA], = [aln A ([B]n A [c]n)
= ([aln A [b]n) A [c]n
= [(@arb) Acn
O
av(é/\lb)za a/\(a\/i;):a
Proor.
[av (aAb)]n = [a]n v ([a]n A [B]n)
= ([a]n v [aln) A ([a]n v [6]n)
2 [@]x
[ar (av b)]n = [a]n A ([a]n Vv [0]n)
= ([a]x A [a]x) v ([aln A []n)
= [(@]x
The other directions are similar straightforward. O
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O -Mono.
a b
— O-MONO
Oa =% Ob
PrOOF. Assume a = b.
[0al, = [aln+s (Assumption)
= [[b]]n+l
= [ob],
m]
O-0F-1 and O-0F-T.
O-0F-L O-OF-T
oL X 1 T 0T
Proor. Both are direct consequences of the definition of the constants. O
O -OVER-Y and O -OVER-A.
O-OVER-Y O-OVER-A
O(avb) = Oa v Ob O(aAb) = Ca A Ob
Proor.
[o@v b)], = [aV bln+1 = [aln+r ¥ [O]ns1
= [oa], v [0b]a
= [oav 0b],
[0(arb)]n = [arb]nrr = [alner A [B]nn
= [oa], A [Ob]a
= [oar0b],
m]
&O-INFLATE and O-DEFLATE.
<>*IN1 LATE O-DEFLATE
a X Oa Oa 2 a
Proor.
la]» & sup[a]k
n<k
= [¢a]n
[Oa], = inf[a]
n<k
C [a].
m]

&-IDEm and O-IDEM. We only need to show one direction of the idempotence rule, since the other is a direct consequence of the inflate/deflate
rule.

O-IDEM O-IDEM

OCa = Oa OO0a = Oa
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Proor. Note that removing elements from a set can only lower the supremum. Dually, removing elements from a set can only increase
the infimum.

[©<a], = sup[Calk = supsup[a;

n<k n<k k<i
= sup[a];
n<i
= [©a]n
O-IDEM:
] = inf
[Ba]n = infla]x
= inf inf[al);
inf inflal:
= inf[Oa]x = [OOd],
n<k
m]
&-MoNo and O-Mono.
a 3 b a b
_— C*.\l(’)!\'ﬁ — [O-MONO
SCa X Ob Oa <X Ob

Proor. ¢-MonNo: Assume a =< b. To show that some element is upper bounding a supremum, it is enough to show that every element
from the set over which the supremum is formed is upper bounded by the aforementioned element. Thus to prove

[¢a]n = supla]x © sup[blk = [©bla
n<k n<k
it is enough to show the following for some arbitrary but fixed i > n:
[a]: € [b]: (by Assumption)
C sup[b]«

n<k
O-Mono: Assume a =< b. To show that some element is a lower bound of an infimum, it is enough to show that every element over which we
form the infimum is lower bounded by the aforementioned element. Thus to prove

[Bals = infld & inf[ble = [00,

it is enough to show for some arbitrary i > n

inf [all € [al;
n<k
C [b]; (by Assumption)
O
OO -Comm and OO -Comm.
O<O-coMM OO-coMM

O0Ca = &0a OOa = OO0a

PrOOF.
[ovaln = [¢Ca]nr = sup [a]k

n+1<k

= sup [afx+1
n<k
= sup[Oafx = [¢Od]n

n<k

inf [a]x

n+1<k

= inf [a]x41
n<k

[ooa], = [@a]n+

= rlzrsli[[oa]]k = [@od]n
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<&-Inp and O-ColND.

Oa

A
5]

O-IND

Sa

A
Q

VALIDITY OF $-IND FOR SEQUENCE ALGEBRAS. FROM TOP TO BOTTOM, assume that Oa < a, i.e.
Table 2

[[O aﬂn = ﬂa]] nt1 E [[a]]n (1)
for all n. This premise enables us to prove the conclusion of &-IND: First, notice that
Ca 2 a iff  Vn:sup[ax C [a].
n<k

iff  Vn,j:[a]ns; C [a]n

by definition of suprema. Now let n be arbitrary but fixed. We prove that the latter statement holds by induction on j. The base case j = 0 is
trivial. For the induction step, we have

1) LH.
[[a]]n+j+1 c [[a]]n+j c Haﬂn'

FROM BOTTOM TO TOP, assume < a = a, i.e. [ a], T [a],. Then
h k= 1
[oa] e [aln+1 R = sup [a]x
n<k
Table 2 by assumption

[[<> a]]n c [[a]]n . m]

Q
IA

Oa
O-COIND
a X Oa

Proor. We show both directions seperatly. Assume a X O a, i.e. a is an ascending chain.
ﬂa]]() C [[a]]l C [[(11]2 C Hﬂﬂ3 cC ...,

But then Oa > q, since

[=le]

Inf [alk

[a]» (a is an asc. chain)

Conversely, we assume a < Oa, i.e.

Ir

[alx

[oad], -

Then

[[ll]] n+1

= nf lel
[ea],
[al»

[od]n

LI

[}

FO -Comm and ITER.

FO -comMm

FOa = OFa

[OFd], = [Faln+1 = Flaln+1 = F[Oa]n = [FOd]n

ITER
OF'a = FF'Oa
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[0F s = [Falnst = F™ [a]nss
_ F"”[[Oa]]n
= F[F*d], = [FF'Oaq],
FF*-Comm.

FF"-comm

FF'a = F'Fa

[FF*a], = F[F*a], = FF"[a],
= F"[Fa], = [F'Fa],
F*-IND and F*-ColIND.

Fa
F*a

A
Q

F-IND

IA
Q

Assume F to be monotone and F a X a. We need to show [F*a], C [a],. By definition, this claim is equivalent to F*[a], C [a],. We
prove the strengthened version with an arbitrary but fixed m:

F*[a]m C [a]m
By induction on n, assume the following induction hypothesis (the base case follows directly by Reflexivity):
F* 'a]m C [a]m (IH)

We show F "[a], T [a]m. Using transitivity, it is enough to prove F "[a],, T F" *[a]» and F " '[a],» C [a]m- The second claim follows
directly with IH.

For the first claim, it is sufficient to show for an arbitrary index k that F¥[a],, T F¥"![a]». We use induction on k. While the base case
for k = 0 follows directly from the assumption F a < a, consider the following for the induction step: Assume the induction hypothesis
F*1a],, © F*?[a],,. We prove:

F¥la],, © F¥'[a]m

Since F is monotone, it is enough to show F¥! [a],, T F¥~2[a],,, which is exactly the induction hypothesis.

a 2 Fa

E— F-COIND
a X Fa

Assume F to be monotone and a < F a. We need to show [a], C [F*a],. By definition, this claim is equivalent to [a], E F"[a],. We
prove the strengthened version with an arbitrary but fixed m:

la]m E F*[a]m
By induction on n, assume the following induction hypothesis (the base case follows directly by Reflexivity):
lalm € F"'[a]m (IH)

We show [a]; T F "[a]n. Using transitivity, it is enough to prove F""[a],, T F "[a]n and [a] s T F "~ ![a]m. The second claim follows
directly with IH.

For the first claim, it is sufficient to show that for an arbitrary index k F*~![a],, T F*[a],,. We use induction for k. While the base
case k = 0 follows directly from the assumption a < F g, consider the following for the induction step: Assume the induction hypothesis
F*2[a], T F*'[a]n. We show:

F¥'a],, T F¥[a]n

Since F is monotone, it is enough to show F¥~2[a],, C F*~![a],,, which is exactly the induction hypothesis.
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A.9 Additional Proofs
A.9.1 Depth collapse.
THEOREM 23 (MAJORA/MINORA ALTERNATION DEPTH COLLAPSE). The majora/minora alternation depth hierarchy in iteration logic collapses

at level 2, i.e. for any formula a, the equivalences
MiMy - MkQO ... oOo---0a

Mle -~~MkE|E|-~-D<><>---<>a

S0Oa and
oda

hold, where the leading M --- My are any sequence of &’s and O’s.

Proor SKETCH. We only prove the first equivalence; the other one is analogous. Let b = My M -+ M OO -+ OO -+ - Oa. First, by
repeatedly applying <>-IDEM and O-IDEM, we can bring b into an alternation normal form M; M, --- M, &G Da.

Consider now the innermost subformula M, & Oa. If M, = O, then we can again apply ¢-IDEM to obtain the equivalent formula ¢ O a. If
M, = O, we can use the fact that O does not affect flats and again obtain the equivalent formula & Oa.

Consider the following:

OO-FLAT
O-DEFLATE &o0a X OO0Oa
- O-IDEM
OdoOa 2 &0a $SOa X O0OCOa

ANTISYMM
OodoOda = &0Oa

So in any case we could show that M, © O a = <& O a. Repeatedly applying this proof procedure to M,_; till M; finally leaves us with the
desired G Oa = b. O

A.9.2 FMono iff monotone.

F-MmoNO
Fa

IA

Proor. Assume FMoNo is admissible, i.e. if

Vn:la], 2 [b]a
then

Vn: [Fal, = [Gb].

for arbitrary a and b. Let n be arbitrary but fixed, we show that F is a monotone function. Given two lattice elements x, y, we show that if
x E y, then Fx C Fy. Take the constant sequence of x and y in Iteration Logic. The claim follows directly from the assumptions at every
possible step in the sequence.

For the other direction, let F be a monotone function. Assume a < b, for arbitrary n the following follows:

[Fa]. = Fla].

C F[b]. (Monotonicity)
= [Fb],
[m}
A.9.3 F*-mono is admissible, if F-mono is admissible.
a =
F*-MONO
F'a < F*

PRrROOF. Assume F-MoNoO is admissible. We show that for an arbitrary n the following holds

F'la]» € F'[b]n
assuming Vm : [a]m C [6]m-
It is enough to show the following:

Vk : F¥[a], © F*[b],
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We prove the claim by induction on k, the base case follows directly from the assumption. Consider the induction hypothesis F¥[a], T
F*[b],, we show:

Fk+1 [[a]]n C Fk+1 [[b]]n
Using F-MoNo, it suffices to show:
F¥[a], © F[b],
which is exactly the induction hypothesis. O
A.9.4 w-coNT is admissible iff F is omega-continuous.
a 2 Oa
— W-CONT
Fboa X OFa

Proor. We first show the if-direction. Assume F is omega-continuous and a is an ascending chain. Thus [a],, is a monotonically increasing
sequence. Let n be arbitrary but fixed.

[FCaln = F[Oa], = Fsupla],

n<m

In

sup Fla]n (Assumption)
n<m

= sup[Fa],

n<m

[ Fa],

For the other direction, assume w-CONT is admissible, i.e.

Vn: [FOal, < [© Faln
for an ascending chain a. We show F is omega-continuous, i.e.

F sup s, E sup Fsp,
m>n m2>n

for a monotonically increasing sequence s.
Let a be a ascending chain and take [a], = s Since a is an ascending chain, s is monotonically increasing.

Fsupsy, = Fsupla], = F[<Ca]a
m>n m>n
= [Foa]a
C [© Fd]n (Assumption)
= sup[Fa]m
m>n

sup Fla]m = sup Fsy,

m2n m2n

A.9.5 w-coconT is admissible iff F is omega-cocontinuous.

Oa X a
—— wW-COCONT
OFa X FOa

Proor. We first show the if-direction. Assume F is omega-cocontinuous and a is an descending chain. Thus [a], is a monotonically
decreasing sequence. Let n be arbitrary but fixed.

[oFa], = igf[[Fa]]n = inf F[a],

n<m

In

F inf [a], (Assumption)
n<m

F[oa]n
[Foa]n
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(}'IA, DEFLATIE (,'Ff_ BELOW

k+1 k k
Gyt'b X Gyb Gpb 2 b

b
k k
FGEb < Gkb

Kk
FGyb <

k-IND-PARK

ob
k
oGkb

IA

//\, -ASC-PRES

b
3 G
Gk

IA

Figure 6: Additional lemmas required for proving k-inp (cf. Section 4.3).

For the fi-direction, assume w-COCONT is admissible, i.e.
Vn: [OFa], 2 [FOd],

for an descending chain a. We show F is omega-cocontinuous, i.e.

inf Fs,, C F inf s,
mzn m2n

for a monotonically decreasing sequence s. Let a be a descending chain and take [a],;, = s;,- Since a is a descending chain, s is an monotonically
decreasing sequence.

inf Fs,, = ir;f Fla]m = inf [Fa],

m>n m>n

[oFa],
[Foa]n (Assumption)
Floa]m

F inf [a], = F inf Fs,,
m>n m>n

I

A.9.6 c-coNT and c-cocoNnT are admissible iff F is countably-(co)continuous.

C-CONT C-COCONT

FSa X OFa OFa X FOa

The proof follows analogous to the proofs for omega-cocontinuity, except that we do not restrict ourselves on monotonically increases
and decreasing sequences.

A.10 Appendix to Section 4.2

Proof of Theorem 14. We prove Theorem 14.(2).Suppose that F is w-cocontinuous and ¢ € L. Then inf,¢, supys, FX(#) is a postfixed point of
F as shown by the following computation:

inf F (sup Fk(f)) (by F w-cocont.)
new

k>n

F(inf sup Fk({’))
new k>n

[}

inf sup F (Fk (t’)) (by F semi-cont.)
new an
= inf sup FF'(¢)
new kzn
= infsuka(l’)

™ k>n

For the last step, observe that the sequences (supy ,, F*(£))pew and (supgs, F k+1) <., are both non-increasing, and the latter is a subsequence
the former, so they have the same infimum. O

A.11 Appendix to Section 4.3
First recall that in the definition of the k-induction operator
b ifk=0

Gkb =
b FG’;’1 b A b otherwise .
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we mean to define syntactic equality of terms, so e.g. defining that G} b is a name for the term F G, b A b. To keep proof trees concise, we
will often apply the inpiscern rule for replacing, e.g. s by s’ without explicitly mentioning the obvious (semantic) equivalence of s and s’.
For our proof, we require a few auxiliary lemmas (shown in Section A.11): We need that applying G{; once more to b takes us down in
the partial order (G¥-perLaTe). This in turn implies that Gf b < b (G§-BeLow). For a derivation, see Section A.11.1. As third auxiliary lemma,
we need that if F G{; b is below b, then F G’; b is even below G’; b (k-inp-park). We prove this in Section A.11.3. Finally, we require the rule
GK-asc-pres, which we prove in Section A.11.2. Now, k-IND for k = 0 is an immediate instance of Theorem 13. For k > 1, we employ the
preceding lemmas, resulting in the proof shown in Section A.11.4.

A111 G’bC -DEFLATE. By inudction on k. For k = 0, we have:

REFLEX
b 2b
A-INTROL 01 1 o 1
FG)b A b < b
INDISCERN
FGyb A b 2 Gyb
INDISCERN

G,b < G)b

For the induction step, assume the admissibility of G’; -DEFLATE for some arbitrary, but fixed, k > 1 and consider the following:

Gib < Gl
F-MmoNO ﬁ
FGfb < FG{™'b
A-INTROL b FGk b FGk*I b REFLEX
A =
A-COMM b b b b .
k k— ———— A-INTRO
FGyb A b < FG,7'b FGEbAb < b
INDISCERN INDISCERN
Git'b < FG;'b Git'b < b

A-INTROR

Gi'b 2 FG'b A b

INDISCERN

Git'b 2 Gpb

A.11.2  Proof of G{; -Asc-pres. By induction on k. The base case k = 0 is trivial. For the induction step, we have:

OGkb < Gfb
P F-MmoNO
FOGFb 2 FGFb

FO-comm
OFGfb =< FGyb ob < b

A-INTROL P P T A-INTROL

OFG,bAOb = FG,b OFG,bAaOb = b
A-INTROR

OFGKbAOb < FGFbAD

O-OVER-A

O(FGybAb) =< FGibAb

INDISCERN

o0 GMb < Gt'b
A.11.3  Proof of Third Auxiliary Lemma. By induction on k. The base case k = 0 is trivial. For the induction step with k > 1, we have:
GK-pEFLATE
Gib = Gy7'b
FGib = FGI™'b FGFb < b
FGib < FGE'bAb

F-moNO

A-INTROR

INDISCERN

FGib < Gfb

A.11.4  Proof of k-IND. The case k = 0 is trivial. For k > 1, we have:
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BOT FGIbC b <b . —O b2 GF -asc-pres
K-IND-PARK k k ’
1L = Glb( b FGIbC b = Glg b OG,b 2 Gyb GK-BELOW
TKP-LEAST
OF'L % Gyb Gib < b
TRANS
OF'L 2Xb o

A.12 Appendix to Section 6.1
We give a detailed account of Theorem 18, which states that the finitary quasiequational theory of the operators © and O on sequences has

no finite axiomatization.

A.12.1  Finitary Quasiequations in General. We first recall some standard terminology and notation from universal algebra, generalizing the
concepts introduced in Section 2 from sequence algebras to algebras over any finitary signature.

Notation 24. Fix a finitary algebraic signature %, i.e. a set of operation symbols with associated finite arities. Moreover, fix a countably

infinite set
Vars = {x,y,z,...}
of variables, and let X*Vars denote the set of 2-terms formed over the set Vars of variables. A X-algebra is a set A equipped with an operation
f4: A" — A for every n-ary operation symbol in ¥. Given a Z-algebra A, a variable interpretation I: Vars — A and a term t € X*Vars, we
write 3[t] € A for the value of the term ¢ in the algebra A under the given interpretation. Formally, *[¢] is defined inductively by
“E =30 and O w)] = O[] D)

where x € V, f is an n-ary operation symbol from ¥, and t1,...,t, € 2*V. Finally, given a substitution (a map o: Vars — X*Vars) and a
term t € X*Vars, we write t[o] € Z*Vars for the term obtained by applying the substitution o to the variables of ¢. Formally,

Definition 25. (1) A (2-)identity is an expression of the form

s=t where s,t € *Vars.
A (finitary X-)quasiequation is an expression of the form
P=s=t (A1)

where s = t is an identity and P is a finite set of identities. The quasiequation (A.1) is satisfied in a X-algebra A if for every variable
interpretation J: Vars — A,

Su] =S[o] forallu =vinP = 3[s] =>[4]. (A2)
(2) The substitution instance of (A.1) for a substitution o is the finitary quasiequation

Plo] = s[o] =t|o] where P[o] = {u[o] =v[o] | (u =0) € P}.

Notation 26. We commonly write

Si=H A .., ASp=t,=s=t
or simply

s1=t,...,Sp=tp, =>s=1
for a quasiequation

{s1=t,...,sp=th} =s=t

This notation allows to freely permute or duplicate premises.

Example 27. We denote by Ax- the following set of quasiequations, where f ranges over operations in ¥ and n is the arity of f.

= x=x (A3)

x=y=y=z (A4)
X=yy=z2=>x=2 (A.5)

X1 =Yty oo Xn =Y = (1, ..., %) =F(y1,- .-, Yn) (A.6)

These correspond to axioms of standard equational logic; in particular, they hold in every X-algebra.
Remark 28. 1f a quasiequation is satisfied in an algebra A, then so are all its substitution instances.

Definition 29. Given a set Ax of finitary quasiequations, a proof of a finitary quasiequation
P=s=t

from Ax is a finite tree with the following properties:
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(1) Every node is labelled with some identity u = v where u,v € X*Vars.
(2) The root is labelled with s = ¢.
(3) For every inner node labelled u = v with children labelled u; = vy, ...,u, = v,, the quasiequation
U =01, Uy =0p = U=0
is a substitution instance of some quasiequation in Ax U Ax-.
(4) For every leaf node, the label u = v is either an identity in P or a substitution instance of some premise-free quasiequation in Ax U Ax=.

A quasiequation P = s =t is Ax-provable, denoted
Ax+P = s =1,

if there exists a proof of it from Ax. It is provable in equational logic if it is O-provable, denoted
FP=s=t.
Remark 30. If Ax + P = s = t, then every Ax U {P = s = t}-provable quasiequation is Ax-provable. In other words, one can treat

quasiequations provable from Ax like additional axioms. Indeed, any use of a substitution instance P[o] = s[o] = t[o] in a proof from
Ax U {P = s =t} can be replaced with a proof of P[c] = s[o] = t[o] from Ax.

A.12.2  Discrete Stream Algebras.

Definition 31. A discrete sequence algebra is given by the set A“ of sequences over a set A equipped with the unary operations

©: A% 5 A°,  ©(p) = (¢(0),0(0),¢(0),...),
and
0:AY =AY, O(p) = (p(1),9(2),0(3),...).
Note that discrete sequence algebras are algebras for the algebraic signature A given by the unary operation symbols ® and O:
A={® :1, 0 :1}.
Definition 32. (1) A O -term term is a term of the form O ¥ (x), where k > 0 and x € Vars.
2) A O -identity is an identity s = ¢ between O -terms.
3) A © O -term term is a term of the form ® O *(x), where k > 0 and x € Vars.
4) A © O -identity is an identity s = ¢ between ® O -terms.
5) A homogeneous identity is either a O -identity or a ® O -identity.

(
(
(
(

Definition 33. A finitary A-quasiequation is valid for discrete sequence algebras if it satisfied in every discrete sequence algebra.

In the remainder of Section A.12, by a quasiequation we always mean a finitary A-quasiequation, and by a valid quasiequation we mean
one that is valid for discrete sequence algebras.

Example 34. The following quasiequations are valid:

= 0 (x) =0 2(x) (A7)
= 00 (x) =0 (x) (A.8)
x=0(y) =0 (x)=0(y) (A.9)
x=0(y) = O(x) =x (A.10)

Remark 35. If Ax is a set of valid quasiequations, then every Ax-provable quasiequation is valid. This is immediate from Remark 28 by
induction on the height of proof trees.

We start with a few technical results on quasiequations provable in equational logic.

Lemma 36. If+ P = s =t and all identities in P are homogeneous, then
(1) sisaO-term iff t is a O -term.
(2) sisa® O -term iff t is a® O -term.

Proor. Immediate by induction on the height of a proof tree for P = s = t. O
Proofs of quasiequations in equational logic have a convenient graphical presentation:

Definition 37. To every set P of homogeneous identities we associate the infinite undirected graph G(P) whose nodes are all pairs (x, n)
where x € Vars and n is a non-negative integer, and with two types of edges for (x,n) # (y,k):

o If - P = O"(x) = 0*(y), then there is a strong edge between (x, n) and (y, k).
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e If© 0™ (x) = © 0*(y) lies in P and the quasiequation P = O ™(x) = O *(y) is not provable in equational logic, then there is a weak edge
between (x, n) and (y, k).

By a strong path in G(P) we mean a path consisting of strong edges.

PRroPOSITION 38. Let P be a set of homogeneous identities, n,k > 0 and x,y € Vars.
(1) P = O"(x) = OX(y) iff there exists a strong path from (x,n) to (y, k) in G(P).
(2) F P = © 0 "(x) = © O*(y) iff there exists a path from (x,n) to (y, k) in G(P).

PROOF. (1) (=) Suppose that - P = 0"(x) = 0¥(y). If (x,n) = (y,k), there is a trivial path of length 0 from (x,n) to (y,k). If
(x,n) # (y, k), there is a strong edge from (x, n) to (y, k), that is, an strong path of length 1.

(&) Suppose that there exists a strong path from (x, n) to (y, k) in G(P), say

(x,n) = (x0,m0), (x1,1m1) ..., (x1,p) = (y, k).
This means that

FP= 0" (x;) = O™ (xi41) (0<i<l)
and therefore

FP = 0"(x) =0"(y)

via reflexivity (A.3) and transitivity (A.5).
(2) (&) Suppose that there exists a path from (x, n) to (y, k) in G(P), say

(x,n) = (x0,m0), (x1,1m1) -, (xp,1) = (y, k).
Then

FP=©0" (x;) =© O0"* (xi41) 0<i<l. (A.11)
Indeed, for each i, if there is a strong edge from (x;, n;) to (xjt+1, ni+1), then
FP = O"(x;) = O0"*" (xi41)
and therefore
FP= 00" (x;) =©0"* (xi41)
by congruence (A.6). If there is a weak edge from (x;, n;) to (xit1, ni+1), then the identity O " (x;) = O"™*1(x;41) lies in P and therefore
trivially
FP= 0" (x;) = O™ (xi11).
From (A.11) we now get
FP=00"(x) =00(y)

via reflexivity (A.3) and transitivity (A.5).

(=) Suppose that

FP= 00" (x) =00~ (y). (A.12)
We prove that there exists a path from (x, n) to (y, k) in G(P). The proof is by induction of the height of a proof tree for (A.12). For a proof
of height 0, the identity ® 0" (x) = ® O (y) is either an element of P, in which case there is an edge from (x, n) to (y, k), or it is substitution

instance of reflexivity (A.3), i.e. the terms © O " (x) and ® O *(y) are identical and there is a path of length 0.
Now consider a proof tree of positive height. If the last step is an substitution instance of the symmetry rule (A.4), then there is a proof of

P=001y) =00"(x)
of smaller height. By induction, there is a path from (y, k) to (x, n), hence from (x, n) to (y, k). If the last step is an instance of the transitivity
rule (A.5), then there are proofs of smaller height of
P=00"(x)=u and P=u=00Qy)

for some term u. By Lemma 36, the term u must have the form u = ® O™ (v) for some m > 0 and v € Vars. By induction, there is a path from
(x,n) to (v, m) and from (v, m) to (y, k), hence from (x, n) to (y, k). If the last step is an instance of the congruence rule (A.6), then there
exists a proof of smaller height of

P=0"(x) =0"(y).
Thus, there is a (strong) edge from (x, n) to (y, k), i.e. a path of length 1. O
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Lemma 39. Let P be a finite set of homogeneous identities and x,y € Vars. For allk <1 and m,n > 0,
FOM(x) =0'(x), 0™(x) =0"(y) = 0™ (x) =0"(y)
FoK() =0!(x), 0™ (x) =0"(y) = 0™(x) =0"(y)

where

m' =k + ((m - k) mod (I - k)).
Proor. By definition of m’, one has m = p - (I — k) + m’ for some integer p. From this the statements are immediate. O

Lemma 40. Let P be a finite set of homogeneous identities and x € Vars. If no quasiequation P = 0* (x) = O'(x) where k # I is provable in
equational logic, then the following holds:

(1) There exist only finitely many pairs k # | such that+ P = © 0*(x) =@ 0! (x).

(2) If moreovery € Vars and+ P = O™(y) = O"(y) for some m # n, then for every fixed q there exist only finitely many k with
FP=00fx)=00y).

PRrOOF. Suppose that no quasiequation P = 0¥ (x) = O!(x) where k # [ is not provable in equational logic.
(1) Consider the graph G(P) associated to P. For every node (y, n), there exists at most one node (x, k) with a strong edge from (y, n) to
(x, k). Indeed, if there exists a second such node (x, 1), k # I, we have r P = 0¥ (x) = 0!(x), a contradiction. Consider the set C C N x N
given by

(n,k) € C & there exists y € Var such that
(i) there exists a weak edge containing the node (y, n), and

(ii) there exists a strong edge (equivalently, a strong path) from (y, n) to (x, k).
Since P is finite and by the above argument, the set C is finite. Pick an upper bound K such that
V(n,k) e C.k <K.

Now suppose that

FP=00Fx)=00!(x) (A.13)
where k # . Then there exists a path from (x, k) to (x,1) in G(P) At least one of its edges is weak; otherwise, by Proposition 38, we have
F P = 0*(x) = 0!(x), a contradiction. Let (y, n) be the end node of the last weak edge on the path. Then the subpath from (y, n) to (x,1)
is strong, and so (n,[) € C, which implies I < K. By considering the reversed path from (x, 1) to (x, k) instead, we see that k < K. Hence
there are only finitely many pairs k # [ with (A.13)
(2) Suppose that - P = 0™ (y) = O"(y) for some m # n. Then no quasiequation P = O(x) = 0/ (y) is provable in equational logic.
(Otherwise, this proof could be used to construct a proof of some P = 0*(x) = 0!(x) where k # ) Now fix gand let - P = @ O ¥ (x) =
©® 0 9(y). Then there exists a path from (x, k) to (y, q) in D(P), and by the above argument this path is not strong. Let (z, p) be the start
node of the first weak edge on the path. Consider the set C and the upper bound K as above. Then (p, k) € C and so k < K, which implies
that there only finitely many choices of k.

O

Lemma 41. Let P be a finite set of homogeneous identities and x,y € Vars. Ifx # y and no quasiequation P = 0*(x) = 0!(x) or
P = 0*(y) = 0!(y) fork # | is provable in equational logic, then the following holds:

(1) Forallp,p’,q,q, ifr P = OP(x) =0%(y) and+ P = O (x) =07 (y) thenp—q =p' — ¢ .

(2) There exist only finitely many pairs k, | such that - P = © 0*(x) = © 0'(y) and the quasiequation P => O *(x) = 0 (y) is not provable
in equational logic.

PROOF. Let x # y and suppose that no quasiequation P = 0*(x) = 0!(x) or P = 0*(y) = 0(y) where k # [ is provable in equational
logic.
(1) Suppose that+ P = OFf(x) = 09(y) and + P = o? (x) =07 (y). If ¢ = ¢, it follows by symmetry and transitivity that - P =
0?(x) = 0% (x), and so p = p’ by hypothesis, i.e. p—q = p’ —q’. Now suppose that g # ¢, say ¢ < ¢’. Then+ P = or*d -9 (x) =07 (x)
by congruence and so - P = OP*(@'~9(x) = O (x) by symmetry and transitivity. This implies p + (¢ — q) = p’ by hypothesis,
iep-q=p' —q.
(2) Suppose that

FP=00x)=00'(y) (A.19)

and the quasiequation P => 0¥ (x) = 0!(y) is not provable in equational logic. Consider again the set C and the upper bound K as defined
in the proof of Lemma 40. By hypothesis, there is a path from (x, k) to (y, ) in G(P) but the path is not strong. Let (z, n) be the start node of
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the first weak edge on the path. Then (n,k) € C and so k < K. A symmetric argument, swapping the roles of x and y, shows that also [ is
bounded from above by some constant L. This shows that there are only finitely many pairs k, [ satisfying (A.14). O

PROPOSITION 42. Let P be a finite set of homogeneous identities, and let x and y be distinct variables. Then there exists a finite set B of
homogeneous identities over the variables x and y such that
(u=v) € B implies +P= u-=nu, (A.15)
and moreover, for any homogeneous identity u = v where u,v € A*{x, y},
FP=u=v iff FB=u=u. (A.16)
We call such a set B a basis for P w.r.t. x and y.

ProoF. Let D(P) be the set of all homogeneous identities u = v where u,v € A*{x,y} and
FP=u=vo.

For every finite subset B C D(P), the implication (A.15) and the right-to-left implication of (A.16) clearly hold. We show that there is a
choice of B for which also the left-to-right implication of (A.16) holds. For this purpose, we need to distinguish several cases:
Case 1: D(P) contains two identities O*(x) = 0!(x) and 0" (y) = O "(y) where k # [ and m # n.
Choose two such pairs k,  and m, n, where w.l.o.g. we assume k < [ and m < n. Let B C D(P) be given by
(i) all identities O (x) = 09(x) and ® O?(x) =© 0 9(x) in D(P) where k < p,q < [;
(ii) all identities O?(y) = 09(y) and ® OP(y) =© 0 4(y) in D(P) where m < p,q < n;
(iii) all identities O?(x) = 09(y) and ® OP(x) =® 09(y) in D(P) where k <p <landm < q < n;
Clearly, B is a finite set. We claim that the left-to-right implication of (A.16) holds. Thus suppose that - P = u = v. We only consider
the case that u = v is of the form O?(x) = 09(y), since the other cases are entirely analogous. By Lemma 39 there exists an identity
oF (x) = Oq’(y) in B (namely, take p’ =k + ((p — k) mod (I — k)) and ¢ = m + ((¢ — m) mod (n — m))) such that
FOK(x) =0'(x), 0™(y) =0"(y), 0¥ (x) =07 (y) = 0’ (x) = 0(y).
Since all three identities in the premise lie in B, we conclude - B= O”(x) = 0 4(y).
Case 2: D(P) contains no identity O*(x) = 0/(x) where k # [ but contains some identity O™ (y) = O "(y) where m # n.

Choose such a pair m, n, and assume w.l.o.g. that m < n. Let B C D(P) be given by

(i) all identities ® OF(x) =® 0!(x), k # [, in D(P).

(ii) all identities ® O *(x) = © 0 9(y) in D(P) where m < q < n;

(iii) all identities ® O?(y) =@ 09(y) and ® OP(x) =© O (x) in D(P) where m < p,q < n;

Then B is a finite set by Lemma 40. Moreover, - P = u = v implies+ B= u = v:

e For u = v of the form 0¥ (x) = 0!(x), one has k = [ by hypothesis, so - B = u = v by reflexivity.

e For u = v of the form ® 0¥ (x) = ® 0 !(x), if k = [ then - B => u = v by reflexivity, and if k # [, then the identity u = v is contained in B,
so + B = u = v trivially.

e u = o cannot be of the form 0 *(x) = 0 9(y), for otherwise from this and F P = O ™(y) = 0™(y) a non-trivial P = 0P (x) = 09(x) is
provable.

e For u = v of the form ® O *(x) = ® 0 9(y), one can assume w.l.o.g. that m < g < n by Lemma 40, and then u = v lies in B, so - B = u = .

e For u = v of the form OP(y) = 09(y) or ® OP(y) = ® 0 (y), one can assume w.l.o.g. that m < p,q < n by Lemma 39, and then u = v lies
inB,so+rB=u=nuo.

Case 3: D(P) contains some identity O *(x) = O!(x) where k # [ but no identity 0 ™ (y) = 0 "(y) where m # n.
Symmetric to Case 2.
Case 4. D(P) contains no identity 0*(x) = 0!(x) where k # [ and no identity 0 ™(y) = O "(y) where m # n.
We call an identity O *(x) = 0 ™(y) in D(P) minimal if there exists no identity 0¥ (x) = 0™ (y) with k’ < k. By Lemma 40, there exists at
most one minimal identity in D(P).
We let B C D(P) be given by
i) all identities ® O F(x) =© 0!(x), k # [, in D(P);
ii) the minimal identity in D(P), if any;
iii) all identities ® O ¥ (x) =© O™ (y) in D(P) such that O (x) = O ™(y) is not contained in D(P).
iv) all identities ® O™ (y) =©® O™(y), m # n, in D(P).
Then B is a finite set by Lemma 40 and Lemma 41. Moreover, - P = u = v implies - B = u = uv:

~ o~ o~ o~
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e For u = v of the form 0% (x) = 0!(x) or 0*(y) = 0(y), one has k =l and so - B = u = v by reflexivity.

e For u = v of the form ® 0% (x) =© 0!(x) or® 0¥ (y) = ® O!(y), the identity u = v lies in B, so - B => u = v trivially.

e For u = v of the form O *(x) = 0™(y), the identity is provable via congruence from the minimal identity in D(P) by Lemma 41, and so
+ B = u = v since the latter lies in B.

e For u = v of the form ® O ¥ (x) = ® 0™ (y), if 0 (x) = 0™ (y) in D(P), then u = v is provable from the minimal identity (which lies in B)
via congruence; otherwise, the identity u = v lies in B. In both cases, - B = u = 0.

This concludes the proof of (A.16). O
PROPOSITION 43. Let P a finite set of homogeneous identities, and let B be a finite basis for P w.r.t. x and y. Then for any homogeneous identity

u = v whereu,v € A*{x,y},
P = u =v isvalid iff B=u=uvisvalid (A.17)

Proor. We use the notation D(P) from the proof of Proposition 42. Clearly, since B C D(P), the right-to-left implication holds. Conversely,
suppose that P = u = v is valid, let A be a set, and let 3: Vars — A® be a variable interpretation such that

S[s] =[] foralls=t¢inB. (A.18)
It suffices show that there exists an interpretation J: Vars — A® such that

3(x) =3(x), 3(y) =3(y), 3[s]=3[t] foralls=¢tinP. (A.19)

Then, since P = u = v is valid and u,v € A*{x, y}, it follows that

3u] = [u] =[] =[]
proving that B = u = v is valid. For the definition of S, we consider the graph G(P) (Definition 37). For each connected component
C C Vars X N, we define an element ac € A as follows:
e If C contains a node (z,n) € C where z € {x,y}, put
ac =3J(z)(n).
Note that ac is independent of the choice of (z, n): if (w, m) is another element of C where w € {x, y}, then there exists a path from (z, n)
to (w, m) in G(P), so
FP=00"(z) =0 0™ (w).
This implies
FB=00"(z) =@ 0™(w)
by (A.16), in particular the quasiequation B = © O"(z) = ® O™(w) is valid. Therefore, from (A.18) it follows that 3[© 0"(z)] =
3[® 0*(w)], which means
3(2)(n) =3I(w) (k).
e If C does not contain any node (z, n) where z € {x,y}, choose an arbitrary element ac € A.
Now define J: Vars — A® by

g(z)(n) =ac., where C, ) is the connected component of (z, n) in G(P).
We show that 3 satisfies the desired properties (A.19). Indeed, if z € {x, y}, then
3(2)(n) =ac,,, =3(2)(n)  foralln>0

by definition of ac, , , and so 3(z) = §(z). Now suppose that s = ¢ is an identity in P. If s = ¢ is a O -identity O ¥ (z) = 0 !(w) then for every
n € N the pairs (z,k + n) and (w, [ + n) lie in the same connected component of G(P) since they are connected by a strong edge, and so

SsI(n) =3[0 (](0) = 3(2)(k + 1) = ac g,y = acpem = W) +n) =3[0 (W) (n) = [t (n),

whence S[s]] = 5[[t]] Similarly, if s = t is a ® O -identity ® 0*(z) = © O!(w), then the pairs (z, k) and (w, ) lie in the same connected
component of G(P) since they are connected by a (strong or weak) edge, whence

3s) =3[0 0% (2)] = (3(2) (k) = (ac,,))” = (ac,,,,))* = (S(w)(1)* = [0 (w)] =[1].
This concludes the proof. O
The existence of finite bases allows us to reduce quasiequations to a very simple form:

Definition 44. Fix a pair of distinct variables x # y. A quasiequation P = s =t is normalized (w.r.t. x and y) if the following conditions
hold:
(N1) All identities in P are homogeneous.

(N2) The term s and ¢ and all terms occurring in P are elements of A*{x, y}.
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(N3) P contains no identity of the form 0! (y) = 0¥ (x).
(N4) All identities in P of the form O *(x) = 0!(y) have the same degree k on the left hand side.
(N5) If the identities O*(x) = 0!(y) and 0 *(x) = 0™ (y) lie in P, then so does O ' (y) = 0™ (y).

Definition 45. Given a set Ax of quasiequations, a set Ax’ of quasiequations strengthens Ax if every quasiequation in Ax is Ax’-provable
(equivalently, by Remark 30, if every Ax-provable quasiequation is Ax’-provable).

THEOREM 46 (NORMALIZATION). For every finite set Ax of valid quasiequations, there exists a finite set AX’ of valid quasiequations such that
AX’ strengthens Ax and all quasiequations contained in Ax" except (A.7)—(A.10) are normalized.

Proor. We may assume that Ax contains the quasiequations (A.7)-(A.10), which are all valid; otherwise, add them to Ax. We show how
to replace, step by step, non-normalized quasiequations in Ax (i.e. quasiequations not satisfying one of the requirements (N1)-(N5)) with
equivalent normalized ones, until a set of valid quasiequations is reached that strenghtens Ax and contains, except for (A.7)-(A.10), only
normalized quasiequations.

(N1) Suppose that Ax contains, except from (A.7)-(A.10), some quasiequation of the form
P,okz)=u=s=t (A.20)
where u contains © . (The case u = O ¥(2) is handled symmetrically.) Thus u = v(® O ™(w)) for some unique term v and variable w. Replace
(A.20) with
P, 0" (2) =0*(2), @0F(2) =@ 0™ (W) = s = 1t. (A.21)
This quasiequation is valid since the identity O*(z) = 0(® O ™(w)) is semantically equivalent to the conjunction of O **1(z) = 0*(z) and
© 0*(2) = ® 0™ (w). Moreover, the quasiequation (A.20) is provable from (A.21) using equational logic and (A.7)—(A.10). Therefore, the
resulting set of axioms strengthens Ax (Remark 30). Repeating this process yields a strengthening of Ax where all quasiequations except
(A.7)-(A.10) satisfy (N1).
(N2) Suppose that all quasiequations in Ax except (A.7)-(A.10) satisfy (N1). First, by renaming variables if necessary, we may assume that
for every P = s =t in Ax, one has s, t € A*{x, y}. Replace every quasiequation
P=s=t (A.22)
in Ax not satisfying (N2), that is, with variables distinct from x, y in the premise, by the quasiequation

B=>s=t (A.23)

where B is a finite basis of P w.r.t. x and y (Proposition 42). Then (A.23) is valid by Proposition 43. Moreover, since + P = u = v for all
u = v in B by (A.15), the quasiequation (A.22) is provable from (A.23). Thus we obtain a strengthening of Ax where all quasiequations except
(A.7)-(A.10) satisfy (N1) and (N2).
(N3) Suppose that all quasiequations in Ax except (A.7)-(A.10) satisfy (N1) and (N2), and that Ax contains a quasiequation
P,ol(y)=ok(x) =s=t. (A.24)
Then replace this quasiequation with
P,o*(x)=0!(y) = s=t. (A.25)
This quasiequation is valid because O!(y) = 0*(x) and 0¥ (x) = 0!(y) are semantically equivalent. Moreover, (A.24) is provable from

(A.25) via symmetry (A.4), so the resulting set of axioms strengthens Ax. By repeating this process, we end up with a strengthening of Ax
where all quasiequations except (A.7)-(A.10) satisfy (N1)-(N3).

(N4) Suppose that all axioms in Ax except (A.7)-(A.10) satisfy (N1)-(N3), and that Ax contains a quasiequation
Po*(x) =u0l(x) =v =s=t (A.26)
where u and v are O -terms over {y} and k # [, say k < . Replace (A.26) with
Pol(x) =0 u, @0 i (x) =@ 0l () (i=0,....1-k), 0l(x) =0o = s =1t. (A.27)
This quasiequation is valid because O*(x) = u is semantically equivalent to the conjunction of the identities O’(x) = O’ *u and
©0*i(x) =@ 0(u) fori =0,...,1 — k. Moreover (A.26) is provable from (A.27) using the congruence rule (A.6) of equational logic. Thus
the resulting set of axioms strengthens Ax. By repeating this process, we obtain a strengthening of Ax where all quasiequations except
(A.7)-(A.10) satisfy (N1)-(N4).
(N5) Finally, suppose that all axioms in Ax except (A.7)-(A.10) satisfy (N1)-(N4), and that Ax contains a quasiequation
P,o*(x) =0!(y), ok (x) =0™(y) = s =t (A.28)
where | # m and O!(y) = 0™ (y) does not appear in P. Replace (A.28) with

P,0*(x) =0l(y), oF(x) =0™(y), o' (y) =0™(y) = s =t. (A.29)
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This quasiequation is valid because the conjunction of 0*(x) = 0!(y) and 0 *(x) = O ™(y) is semantically equivalent to the conjunction of
o*(x) =0!(y), oF(x) = 0™(y), and O'(y) = ©™(y). Moreover, (A.28) is provable from (A.29) using the symmetry (A.4) and transitivity
rules (A.5) of equational logic. Thus the resulting set of axioms strengthens Ax. Repeating this process yields a strengthening of Ax where all
quasiequations except (A.7)-(A.10) satisfy (N1)-(N5), and thus are normalized. O

A.12.3  Finite Axiomatizability. We are now ready to prove the non-existence of finite axiomatizations for the quasiequational theory of
discrete stream algebras. A discrete axiom system Ax (i.e. a set of finitary A-quasiequations) is sound for discrete sequence algebras if every
quasiequation from Ax is valid for discrete sequence algebras, or equivalently, if every quasiequation provable from Ax is valid for discrete
sequence algebras. The axiom system Ax is complete for discrete sequence algebras if every quasiequation that is valid for discrete sequence
algebras has a finite derivation from Ax.

THEOREM 18 (INCOMPLETENESS). There is no finite discrete axiom system that is both sound and complete for discrete sequence algebras.

PRrROOF. Suppose towards a contradiction that there exists a finite discrete axiom system Ax that is sound and complete for discrete
sequence algebras. By Theorem 46, we may assume w.l.o.g. that all quasiequations in Ax except (A.7)-(A.10) are normalized w.r.t. the variables
x and y. The key to the proof is to exploit that, since Ax is finite and all quasiequations in Ax are finitary, for O -identities O *(z) = 0!(2),
z € {x, y}, arising in the premise of any quasiequation in Ax, the difference |k — I| of the degrees of the O -terms is necessarily bounded from
above. In other words, we can choose a natural number N such that

(P=s=t)eAx and (0%(z)=0%2)eP  implies |k—1I <N. (A.30)

Fix a variable a € Vars and consider the following quasiequations:
oN@) =a ©0%@) =00 " (a) (0<k<N)=0(a)=0/(a) (Nti-j) (A.31)
oN@) =4 00%@) =00 " (a) 0<k<N)=s=t (A32)

where i, j > 0, and s, t ranges over all pairs of terms in A*{a} such that one of the two terms is a O -term and the other contains ® . Note
that all the above quasiequations have the same premise P. Moreover, they are all valid for discrete sequence algebras since the premise P
semantically implies that a represents a flat sequence. Therefore, by completeness of Ax, each of the quasiequations (A.31) and (A.32) is
Ax-provable. Among them, choose a quasiequation

P= Smin = tmin (A.33)
with a proof from Ax of minimum height hy,;,. Fix a proof tree of (A.33) of height Apmin, and let
P=s=t (A.34)

be the axiom from Ax U Ax- used in the last proof step. We now consider several cases, corresponding to the type of axiom used, and
demonstrate that in each case a contradiction arises.

Case 1: (A.34) is the reflexivity axiom (A.3) from Ax=.
Then spin and i, are identical terms, but this not the case for the conclusion of any of the quasiequations (A.31) and (A.32), a contradiction.
Case 2: (A.34) is the symmetry axiom (A.4) from Ax-.

Then there exists a proof of P = fmin = Smin from Ax of height Ay, — 1. This is a quasiequation of the form (A.31) or (A.32), since (A.33) is,
contradicting the minimal choice of (A.33).

Case 3: (A.34) is the transitivity axiom (A.4) from Ax-. Then there exists a term u such that
P= spn=u and P = u=tun (A.35)

have a proof from Ax of height less than hy;,. By definition of (A.31) and (A.32), one of the terms spyin OI tmin is a O -term, say Smin = O k(a)
(the other case is symmetric). Note that # must be a term in the variable a: otherwise, since the premise P contains only terms in a, the
Ax-provable quasiequation P = smin = u is clearly not valid, contradicting soundness of Ax. We consider two subcases:

Subcase 3.1: u contains © .
Then P = syin = u is one of the quasiequations (A.32), and it has a proof of height less than hpyin, which is impossible.
Subcase 3.2: u = O (a) for some [ > 0.
Then the Ax-provable quasiequations (A.35) take the form
P=o0%a=0%a) and P= 0%a)="tun.

Then tnin cannot contain ®@ , since otherwise the second quasiequation above is of type (A.32) and has a proof tree of height less than hpin,
which is impossible. Thus tmin = O ™(a) for some m > 0. Since the above two quasiequations have proof trees of height less than Apin, they
cannot be of the form (A.31), so N divides both k — [ and I — m. Thus N divides k — m. But this is impossible: since (A.33) is the quasiequation

P = 0*(a) =0™(a)
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and thus of the form (A.31), we have that N does not divide k — m.
Case 4: (A.34) is the congruence axiom (A.6) from Ax=.
Then there exists a quasiequation _
P=u=v (A.36)
with a proof of height Api, — 1 such that f(u) = spmin and f(v) = tyin for some f € {©, O }. Since syin OF tmin is a O -term (say Smin), we have

f = O, and moreover u is a O -term. If the term v contains ®@, then (A.36) is a quasiequation of type (A.32), which is impossible because it has
a proof of height less than hmin. If v is a O -term, then (A.36) takes the form

P=0'(a) =0/(a)
for some i, j > 0, and spi, = O “*1(a) and ty, = O07/*1(a). Since i — j = (i + 1) — (j + 1), the quasiequation (A.36) is of type (A.31). This is
impossible since it has a proof of height less than Apin.
Case 5: (A.34) is the one of the quasiequations (A.7)-(A.10).

We first note that no substitution instance of the conclusion of (A.7)-(A.9) is a O -identity or an equation where one term is a O -term and
the other contains © . Therefore, neither of these quasiequations can be used in the last step of a proof of (A.33). It thus only remains to
consider the case where (A.34) is (A.10), i.e.
x=0(y) = 0 (x) =x.
Then there exists a substitution o such that
Smin = O (0(x)) and tmin = 0(x).

Then o(x) is necessarily a O -term in A*{a} (otherwise (A.33) cannot be of the form (A.31) or (A.32)). Therefore, we have a proof of

P = o(x) =@ (0(y)) (A.37)

from Ax of height Ay, — 1, where o(x) isa O -term in A*{a} and ® (o (y)) contains ® . Note that o (y) € A*{a}, for otherwise the quasiequation
(A.37) is not valid, contradicting soundness of Ax. Therefore, (A.37) is a quasiequation of type (A.32), contradicting the minimal choice of
(A.33).

Case 6: (A.34) is a quasiequation from Ax and none of (A.7)-(A.10).
Then (A.34) is normalized, i.e. satisfies (N1)-(N5) of Definition 44. Moreover, there exists a substitution ¢ such that
Smin = $[0] and tmin = t[o], (A.38)
and
Ax + P = u|o] =v|0o] forall (u=0) € P (A.39)
with respective proofs from Ax of height less than hy,;,. We start with a simple observation; in the following, we write O * for O if the
specific exponent p does not matter .

(%) Claim. If z € {x,y} and o(z) = O *(a), then P contains no identity 0¥ (z) = 0(z) where k # I.

Proof. Suppose that P contains some identity 0*(z) = 0!(z) where k,I > 0, and let 6(z) = O7(a). Then, by (A.39) we have that
Ax + P = 0**/(a) = 0 *J(a) with a proof of height less than hy,. This means that this quasiequation is not of type (A.31), so N divides
(k + j) — (I + j) = k — I. On the other hand, we have |k — I| < N by the choice (A.30) of the upper bound N, and so necessarily k — [ =0,
i.e. k = 1. This proves (x).

Since (A.33) is a quasiequation of type (A.31) or (A.32), at least one of the terms Spin OI Imin is @ O -term; by symmetry, we assume that sy,
is a O -term. Since sy, = s[o], also s is a O -term:

s=0(z) for some i > 0 and z € {x,y}. (A.40)
Moreover, we have
o(z) =07(a) for some j > 0
so that
Smin = O i (a)
Choose an upper bound to the degrees of ® O -identities in P, that is, a natural number K such that, for all v, w € {x, y},
(@0F() =00 (w)) e P  implies kI<K. (A.41)

We now consider several subcases, corresponding to whether the variable z € {x,y} of (A.40) is x or y, and to which kinds of identities
occur in P.

Subcase 6.1: z = x, and P contains some identity O *(x) = 0™ (y) where k, m > 0.

Let us make the following observations:
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(O1) P contains no non-trivial identity O *(x) = O *(x). This follows from (*) since o(x) = O *(a).

(02) We have o(y) = O*(a). Indeed, o(y) cannot contain a variable b # a, since otherwise the quasiequation P = 0*(c(x)) = 0" (o(y)),
which is Ax-provable by (A.39), is clearly not valid, contradicting the soundness of Ax. Moreover, it is not possible that o(y) = u for a term u
using @ , since then we have a proof of P = 0*(o(x)) = 0™ (a(y)) of height less than hp;, and this quasiequation is of type (A.32), a
contradiction.

(O3) P contains no non-trivial identity O *(y) = O *(y). This follows from (02) and ().

(04) The identity O*(x) = 0 ™(y) is the unique identity of type O *(x) = O *(y) in P. Indeed, suppose that there is another such identity
0!(x) = 0"(y) where (k,m) # (I, n). By the normalization condition (N4) we know that k = I. Therefore m # n, and by (N5) the identity
O™(y) = 0"™(y) lies in P, contradicting (O3).

In summary, we have shown that P contains only one non-trivial O -identity, namely O *(x) = O™ (y). Fix a countably infinite set
A= {L, al,ag,a3,...} (A42)

and define the interpretation 3: {x,y} — A® by

I(x) = L5*q1a5a5 - - and S(y) = L% a 0505 - - (A.43)

where K is the upper bound on the degrees of ® O -identities in P given by (A.41). Then all identities in P are satisfied under J: for the
identity O¥(x) = O ™(y) this is clear, and all ® O -identities in P are satisfied because they refer to the first K elements of 3(x) and 3(y),
which have value L.

We now look at the conclusion of the axiom (A.34), recalling that s = O !(x):

Subsubcase 6.1.1: (A.34) is of the form P = O (x) = 0?(x) where p > 0.

Then (A.33) is the quasiequation P = O (o (x)) = 0?(o(x)), ie. P = 0*/(a) = 0P*/(a) since o(x) = O/ (a). Thus it is a quasiequation
of type (A.31), and so N does not divide (i + j) — (p + j) = i — p. On the other hand, since all identities in P are satisfied under J and the
axiom (A.34) is valid, it follows that O (J(x)) = 0?(J(x)). But by definition of J(x), this is only possible if i = p. In particular N divides
i — p, a contradiction.

Subsubcase 6.1.2: (A.34) is of the form P = 0 (x) = 0?(y) where p > 0.

Since all identities in P are satisfied under J and the axiom (A.34) is valid, it follows that O ¥(J(x)) = 0?(J(y)). By definition of J(x) and
J(y), this is only possible if
k-m=i-p.

Now consider the quasiequation (A.33), i.e. P = 0(o(x)) = 0 (o(y)). We have o(x) = 07(a) and o(y) = 09(a) for some g > 0, the
latter by (O2). Thus (A.33) is of the form (A.31), which means that N does not divide (i + j) — (p + q). Now by (A.39) the quasiequation
P = 0*(a(x)) = 0™(c(y)) has a proof from Ax of height less than hp,. This quasiequation is equal to

P = 0" (a) = 0™(a), (A.44)
and we have

(k+j)-(m+g=k-m+(-@=>-p+0U-9=>0+j)-(p+9.

Thus N also does not divide (k + j) — (m + g), which means that (A.44) is a quasiequation of type (A.31) with a proof of height less than
Amin, a contradiction.

Subsubcase 6.1.3: (A.34) is of the form P = O (x) = t where ¢ contains © .

Since all identities in P are satisfied under 3 and (A.34) is valid, it follows that O (3 (x)) = 3[¢]. But this is impossible: the sequence J[¢] is
flat (since ¢ contains ® ) but the sequence O (J(x)) is not.

Subcase 6.2: z = y, and P contains some identity O*(x) = O™ (y) where k, m > 0.

Using arguments symmetric to Subcase 6.1, one shows that

(O1’) P contains no non-trivial identity O *(y) = O *(y).

(02’) a(x) =0*(a).

(03’) P contains no non-trivial identity O *(x) = O *(x).

(04’) The identity O*(x) = O™ (y) is the unique identity of type O *(x) = O *(y) in P.

Therefore P contains only one non-trivial O -identity. The rest of the argument is exactly like in Subcase 6.1.

Subcase 6.3: z = x, and P contains no identity O *(x) = 0 ™(y) where k,m > 0.

We first observe that
(O1”) P contains no non-trivial identity O *(x) = O *(x). This follows from (%) since o(x) = 07 (a).
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Take the set A given by (A.42) and define the interpretation 3: {x, y} — A“ by
S(x) = LXajaza5 - - - and g(y) =1 (A.45)

Then all identities in P are satisfied under 3: all ® O -identities are satisfied because they refer only to the first K elements of g(x) and g(y)
by (A.41), and all non-trivial O -identities are of the form O *(y) = O *(y), and they are satisfied because J(y) is a flat sequence.
We now consider the axiom (A.34) and distinguish three cases:

Subsubcase 6.3.1: (A.34) is of the form P = 0 (x) = 0?(x) where p > 0.
Then (A.33) is the quasiequation P = O (o (x)) = 0P (o(x)), ie. P = 0*/(a) = 0P*/(a) since o(x) = O/ (a). Thus it is a quasiequation
of type (A.31), and so N does not divide (i + j) — (p + j) = i — p. On the other hand, since (A.34) is valid and all identities in P are satisfied

under the interpretation 3, it follows that O/ (g(x)) =0°f (g(x)). But by definition of g(x), this is only possible if i = p. In particular N
divides i — p, a contradiction.

Subsubcase 6.3.2: (A.34) is of the form P = 0 (x) = O (y) where p > 0.

Since (A.34) is valid and all identities in P are satisfied under the interpretation 3, it follows that O i(g(x)) =0Pf (g(y)). But this is impossible
because O?(J(y)) is flat and O *(J(x)) is not.

Subsubcase 6.3.3: (A.34) is of the form P = O(x) =t where t contains ® .

Since (A.34) is valid and all identities in P are satisfied under the interpretation 3, it follows that O /(3 (x)) = g[[t]] But this is impossible: the
sequence > [] is flat (since ¢ contains ® ) but © (3 (x)) is not.

Subcase 6.4: z = y, and P contains no identity O *(x) = 0™ (y) where k,m > 0.

Analogous to Subcase 6.3.

This concludes the proof of Theorem 18. O

A.13 Appendix to Section 6.2

Let us begin our approach towards the completeness proof for AIC,,.

Completeness of infinitary quasiequational logic

As stated, it appears that the completeness of well-founded derivations for infinitary Horn logic is folklore. We include a proof here for
convenience’s sake, although we make no claim for originality.

THEOREM 20 (SOUNDNESS AND COMPLETENESS OF WELL-FOUNDED DERIVATIONS). Let Ax be an axiom system and let Q be a quasiequation.
Then Ax +ys Q if and only if for any AIC-structure A |= Ax, we also have A |= Q.

ProoOF. We are only going to cover the case where I is always a countable set, since this is the case relevant to AIC,,. However, our proof
extends to the general case by replacing w; with another regular cardinal that is an upper bound on the cardinalities of the index sets I that
appear in quasiequations in Ax.

(=) Let us begin with soundness. Suppose that @ = (A;c; s = t) = s = t is a quasiequation such that Ax +y¢ Q, and that A is an
AIC-structure with A |= Ax. We need to prove A |= Q. Let D be a well-founded derivation of Q. We show more generally that for every node
of D with label s’ = t’, we have A |= @’ where @' = (A;¢; 's = t) = s’ =t'. The proof is by well-founded induction.” Thus, fix a node of
D. If the node is a leaf labelled with one of the premises /s = ¢ (j € I), then @’ is the quasiequation (A;¢; s = t) = /s = /¢, which holds
in every AIC-structure, so A |= @’. Otherwise the node is a point of branching

EDl (for ,I' e L) EDz/

— (A.46)
s =t

and, by induction hypothesis, A satisfies all the quasiequations (A;c; s = 't) = ‘u = ‘o where [ € L. Since (A.46) is a substitution instance

of either some axiom of equational logic or of some axiom in Ax, and A |= Ax, it follows that A |= Q’.

(&) Let @ = (Ao 's = 't) = s = t and suppose that A |= g for every AIC-structure A satisfying Ax. We construct an AIC-structure
A that satisfies the property that if A |= o, then Ax kys Q: let & C Terms? be the relation defined such that u ~ o if and only if
AX Fui (Ajer’s = 't) = u = v. Since Ax includes equational logic (fig. 1), ~ is a congruence. This allows us to form the quotient
homomorphism [—]~: Terms — A where the AIC-structure A is carried by A = Terms/~.

7Given a well-founded tree T, a property P(n) holds for all nodes n of T whenever the following can be shown: for all nodes n, if P(m) holds for all children m of n, then P(n)
holds.
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Let us check that A |= Ax. Let P = (/\ j¢; Je =/f) = e = f be an axiom in Ax. Suppose that o: Vars — A(= Terms/~) is an interpretation
that satisfies °[/e] = °[/f] for all j. By definition, this means that Je[o] ~ /f[o], which is equivalent to there being a well-founded
derivation D; of (A;¢; 's = 't) = Je[o] = /f o], for every j € J. Since P € Ax, we can then form the derivation

:D; (for j, j" € J) :Dj
Je[a] =/f[o] Telo] =7 flo]

(A.47)

in Ax, where by our definition of a derivation of a quasiequation, each D; is allowed to have ‘s = 't show up as a leaf for any i € I. This
derivation is well-founded because D; is well-founded for each j € J.® It follows that Ax kys (A;er 's = 't) = e[o] = f[o], and therefore
by definition, e[c] ~ f[o] and thus °[e] = °[f]. This proves that A |= P. Since P was an arbitrary axiom of Ax, we conclude that A |= Ax.

Now, by our assumption that A |= Ax implies A |= Q, we infer that A |= Q. This means that for any given interpretation o: Vars — A, if
“[is] = °[t] for all i € I, then °[s] = °[t]. We can therefore boldly choose o: Vars — A to be the quotient map restricted to the variables,
o(x) = [x]~, for which the hypothesis holds trivially: unravelling the definitions, for any j € I, °[/s] = °[/t] means that /s ~ /¢, which is
the same as saying Ax kyf (A;e; 's = t) = Js = Jt. A derivation D of height 1 exists for this quasiequation, because /s = /¢ is allowed to
appear as a leaf—in particular, as both a leaf and the root. Hence, °[’s] = °[t] for each i, and from this we infer that °[s] = °[¢]. In other
words, s ~ t, which is to say that Ax Fyf Q. O

Completeness of AIC,,

We are now ready to give the details behind the proof of Theorem 22. We begin with the following result, which is stated without a proof
in [33, Proposition 3.3]. Admittedly, we found it less “completely straightforward” than Theunissen and Venema, so we have included a
proof for the sake of completeness.

Lemma 47 (Monotone Lifting). Let N be any lattice. There is a complete lattice L and an order-embedding’ m: N < L that preserves all meets
and joins that exist in N such that for any monotone map F: N — N, there is a monotone F: L. — L such that Fom =mo F.

Proor. The lattice we have in mind is the Dedekind-MacNeille completion of N [23], which can be described as follows. For each subset
V C N, define

VA={xeN|VYoeV,v<x} VV={xeN|VoeV,x<o}

Then the operation C: 2Nl — 2INl defined CV = (V)Y is a closure operation. This gives rise to the complete lattice L = {V € 2Nl | v =V},
ordered by set inclusion, and the embedding m: N — L defined m(v) = C{v}. It is known that the embedding m: N — L preserves all meets
and joins that exist in N. It is worth noting that (=)® and (=) are both antitone, and that this implies that C = (=)¥ o (=) is monotone.

Now let F: N — N be a monotone map. We extend F to L by defining F: L — L by F(V) = C(F[V]). The operation F is clearly monotone.
We are left with showing that F o m = m o F. Observe that for any v € N,

m(v) = C{o} = ({0}")" = {x e N | Vy € {o}",x <y}
={xeN|VWelo,x<y}={xeN|x<o}=|o

The second to last equality can be seen by taking y = v. In particular, m o F(v) = C{F(v)} = |F(v) for any v € N. On the other side, we have
Fom(v) =CF[C{v}] = CF[lv] = C{F(x) | x < v}

Therefore, our goal is to show that C{F(x) | x < v} = |F(v). This will happen in two parts, one for each inclusion.
Given any x < v, by monotonicity we see that F(x) < F(v). It follows that {F(x) | x < v} € |F(v). Since | F(v) € L, by monotonicity of C
we have

C{F(x) [ x <v} € C(IF(0)) = |F(0)

This establishes one inclusion.

For the opposite inclusion, let y < F(v). We want to show that y € C{F(x) | x < v} = ({F(x) | x < v}*)Y, which is equivalent to the
statement that for any u € N such that F(x) < u for all x < v, we havey < u. So, let u € N such that F(x) < u for all x < v. Then in particular,
F(v) < u.Buty < F(v). This tells us that y < u, so y € C{F(x) | x < v} as desired. o

THEOREM 22 (AIC,,-EMBEDDING). Let Ay |= AIC,, be an AIC-structure. Then there exists a complete lattice (L, C) and a sequence algebra A
carried by L® such that A, embeds into A, in the sense that there exists an injective algebra homomorphism e: Ay — A.

8We feel it is important to note that this is where well-foundedness plays a role. If we instead altered our definition of derivation to require finite height instead of well-foundedness,
then this step no longer goes through: if the set of derivations D has no upper bound on their heights (say, J = @ and the height of D is j like in ??), then we could no longer form
the derivation in (A.47).

A monotone map between posets f: X — Y is an order-embedding if for any x, x’ € X, x < x’ if and only if f(x) < f(x’). Order-embedding maps are necessarily injective,
and surjective order-embeddings are order isomorphisms.
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PRroOF. Start by constructing the lattice of heads,
LO = {@ "/(()a | ae€ Ao}
This is a lattice with lattice operations interpreted as

Ly _ Ay Lo Ao

Lo —g o — Mg

(© :’(ua) I—]Lg (© J/l(,b) -® Aoy ((l A:f(u b) (© Ay a) |_|L0 (© J/l[yb) ) Aoy ((l V/(n b)

T

because ® 7

given by

commutes with the lattice operations (see Table 3). This allows us to further define the lattice homomorphism e’: Ay — L

e(a)(n)=e (0 ") "a

where (O 710)" is the n-fold application of the shift operation. That e’ is a lattice homomorphisms folllows from the Head and Shift axioms,
which ensure the the ® and O operations preserve commute with the lattice structure. It follows directly from the first sequence axiom in
Table 3 that e’ is injective. Note that the function operations F"* for F € Funcs restrict to L, since F '@ a = @ Fa.

By Lemma 47, there is a complete lattice L and an order-embedding m: Ly < L such that every monotone operation G: Ly — L, extends
to a monotone operation G: L — L. Write m®: Ly — L* for the pointwise embedding defined by m® (o) (n) = m(o(n)) for any o € Ly’ and
n € w. We obtain a sequence algebra A carried by L by lifting each operation F”: Ly — L, to a monotone operation F on L and applying
it pointwise to sequences to obtain the unary operation F’': L® — L®.

From here on, most superscripts indicating the type of the operations will be supressed, since they can be inferred from context.

Finally, let ¢ = m® o e’. We obtain the following diagram:

0—>L‘”

\ / e(a)(n) =m® oe’(a)(n) = m(®@ 0 "a)

It follows from the injectivity of m® and e’ that ¢ is injective. It now suffices to see that ¢ is a homomorphism of AIC-structures.

Lattice Since m is a lattice homomorphism, so is the pointwise application m®. Therefore ¢ is a lattice homomorphism, being the composite
of the lattice homomorphisms e’ and m®.

Head Given a € A, we have

e(@a)(n) =m(@0"®a)

=m(®@©a) (Head)
=m(®a) (Head)
= ¢(a)(0) (definition of ¢)
= (@¢(a))(n) (sequence algebra)

Shift Given a € Aj, we have

e(0a)(n) =m(©@0"0a)

— m(© o n+1 )
=¢(a)(n+1) (definition of ¢)
= (0¢e(a))(n) (sequence algebra)
Functions Given a € Ay and F € Funcs, we have
e(Fa)(n) = m(® O"Fa)
=m(® FO"a) (Shift)
=m(F® O "a) (Head)
=F(m(®@ 0"a)) (F extends F)
= F(e(a)(n)) (definition of ¢)

= (F"e(a))(n) (sequence algebra)
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Iteration Given a € Ay and F € Funcs, we have

e(F*a)(n) =m(®@ O"F*a)
=m(® F'F'0"a)
=m(F"® F'O"a)
=m(F"®0"a)
=F"om(®@0"a)
=F"(e(a)(n))
= ((F")"e(a))(n)

Batz, Kaminski, Kehrer, Klein, Urbat, Schmid

(Shift)

(Head)

(Head)

(F lifts F70)
(definition of ¢)
)

(sequence algebra

Majorum/Minorum We will just do the majorum case (tail-suprema), because the minorum case is symmetric. We begin with the following
observation: for any k € w and ¢ € Ay, by the Maj/Minorum and Shift axioms, 0% ¢ T & c. We therefore have ® 0% ¢ T @ ¢ ¢ for all
k € . The Sequence axioms now tell us that ® < ¢ is the least upper bound of {® O*c | k € w}, and that this least upper bound exists in

Lo. Now, if we let ¢ = O "a, we see that
©00"a=| |eo*o"a
k>0

:u©on+ka

k>0

:U©oka

Since m preserves all suprema that exist in Ly, we can derive
e(Ca)(n) =m(©@0"C a)
=m(® < 0"a)

=m(|_|©Oka)

k>n

= u m(@oXa)

k>n

= |

k>n
= (0 e(a) (k)

Hence, ¢ is an algebra homomorphism. This completes the proof of the embedding theorem.

(Shift)

(® ¢ a a least upper bound)
(m preserves joins)

(definition of ¢)

(sequence algebra)

[m]
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